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Preface to the Third Edition 


In this revision, extensive changes have been made in the problem 
lists. Previous problems involving general relationships and results 
have been retained, but formal ones of the drill variety and those en¬ 
tailing numerical computations have, for the most pari;, been replaced 
by fresh ones. Problems have also been added to many of the lists, 
and new sets likewise accompany topics appearing in this edition for the 
first time; as a result, the number of problems in this book is more than 
twenty per cent greater than in the second edition. 

Among the changes made in the text, the following may be noted. 
A theorem on reversion of power series has been included in Art. 38. 
An introductory account of Legendre’s equation has been added to 
Chapter VI, and physical applications of Legendre polynomials appear 
there and in Chapter VII, where Laplace's equation in spherical co¬ 
ordinates is considered. Chapter IX has been recast: the previous 
discussion of permutations, combinations, and elementary probability 
theory has been shortened, and two articles on the important topic of 
numerical methods for solving ordinary and partial differential equa¬ 
tions have been inserted. A third section, on Laplace transforms and 
their applications, has been added to Chapter XI. 

Answers to all problems are again given in the back of the book. 

Frederic H. Miller 


New York, N. Y 
January, 1955 




Preface to the Second Edition 


■ |iiIbis new edition, the plan and features of the original book have, 
for the most part, been retained. Notable changes are principally of 
fttijf|tfnds, which may be described briefly as follows: 

1. An appendix, concerned with a short discussion of dimensional 
analysis and systems of physical units, has been added. It is believed 
that the basic concepts and methods of dimensional analysis are of 
considerable value to the engineer, and that the engineering student 
should therefore be acquainted with the rudiments of the subject. 
Moreover, since various systems of units are employed in this book 
and elsewhere, an indication of the bases of these systems and of their 
rr tionships should also be a part of the student’s training. 

2. The problem lists have been completely revised. All the original 
problems have been kept, with only occasional changes of wording for 
the sake of clarity, and numerous additional problems have been 
inserted. Some of the new problems will serve as further drill problems 
to illustrate the principles established in the text; others exemplify 
new kinds of physical problems. In all, the number of problems has 
been increased by more than fifty per cent. 

3 . Discussions of a few new topics have been added. In particular, 
a mechanical-brake problem involving elliptic integrals has been 
inserted in Chapter III, the treatment of Fourier series in Chapter V 
has been somewhat extended, and the vibrating membrane is considered 
in Chapter VII as a typical problem dealing with a partial differential 
equation containing three independent variables. 

■ :;4. A number of derivations and illustrative examples have been 
replaced or revised in order to clarify the concepts and theory and to 
aid the student further in his work with the problems. 

One minor change should also be mentioned. The natural logarithm 
of a? is now denoted by In z, and the symbol log x is used only for 
the common logarithm. This notation has been adopted to conform 
f%ith the present trend in scientific writing. 

, vii 
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PREFACE TO THE SECOND EDITION 


As in the first edition, answers to all the problems are given in the 
back of the book. 

H. W. R. 

F. H. M. 

New York, N. Y. 

September, 1946 



Preface to the First Edition 


The present book has evolved from courses given by the authors to 
juniors and seniors in civil, electrical, mechanical, and chemical engi¬ 
neering at The Cooper Union Institute of Technology. These courses 
were designed to show some of the various roles played by advanced 
mathematics in engineering technology. 

In constructing such courses, the problem of what to include and 
what to omit is particularly difficult. Here, as opposed to the mathe¬ 
matics courses previously encountered by the engineering student, 
there is no well-defined, unifying thread; rather, the whole must be 
made up of a number of more or less distinct topics. It is hoped that 
the selection of material included in this book will afford each teacher a 
Si "'iciently broad range of topics from which to make his individual 
choice. 

Anyone about to take up the study of advanced mathematics should 
have had as background a thorough training in engineering mathe¬ 
matics through the calculus, and would normally continue with the ele¬ 
mentary theory of ordinary differential equations. For a number of 
years it has been recognized that some knowledge of methods of solving 
differential equations is a valuable tool for the engineer, inasmuch as so 
many physical problems arising in all fields of engineering are naturally 
formulated in the guise of differential relations. Accordingly, Chapter I 
is devoted to the standard methods of manipulating the common types 
of ordinary differential equations. In addition, differential equations 
arise again and again in the later chapters so that, upon completion of 
his course, the student should have acquired not only as full a knowl¬ 
edge of the theory of differential equations as is usually obtained in a 
separate course, but also more practice in their applications to his 
special field. However, it may be considered desirable in some schools 
to offer a separate course in differential equations and to follow it by a 
course beginning with the second chapter of this book. It is, of course, 
entirely feasible to follow this procedure and to consult the first chapter 
whenever necessary or as indicated in the text. 

The authors believe that it is becoming more and more important 
in engineering training to include courses wherein the student will meet 
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many of the topics, pertinent to his field, which are discussed in this 
volume. As the Table of Contents shows, topics of value to all branches 
of engineering have been included. Throughout, emphasis has been 
placed on physical applications by presenting, with each principal topic, 
problems relating to the four main fields of engineering. The order of 
arrangement minimizes the number of references forward in the text; 
at the same time, one chapter leads naturally into the next so as to 
yield as much continuity of treatment as possible. The assignment of 
the more difficult material to the later chapters takes advantage of the 
growing mathematical maturity of the student as he proceeds in the 
text. 

With the interests and needs of engineering students constantly in 
mind, the authors have not attempted overmuch rigor. The engineer 
rightly wants to know how each piece of mathematical theory can be 
utilized in his work, and questions of rigor are of secondary importance 
to him. Nevertheless, comprehension of the underlying theory and of 
some of the subtler points is necessary if the ideas are to be correctly 
applied to a new problem. This viewpoint has not been overlooked. 
Critical discussions are introduced whenever they are deemed neces¬ 
sary. References are given when lack of space, or insufficient back¬ 
ground on the part of the student, prevents the insertion of the entire 
argument; cn the other hand, the details of each demonstration are set 
forth wherever possible. 

The authors make no claim to originality of content or of treatment, 
but they have taken particular care to present definitions, statements of 
physical law's, theorems, problems, and the physical units employed, 
in a thorough and cleareut. manner. They have endeavored to produce, 
also, a textbook sufficiently flexible that material may be chosen for 
courses of various lengths suitable for students of civil, electrical, 
mechanical, or chemical engineering. For example, Part II of Chapter 
X may be omitted without disturbing the continuity. In fact, any 
combination of topics from Chapters VIII to XI may be chosen, except 
that the material in Part III of Chapter X is essential to the proper 
understanding of Part II of Chapter XL Thus, while a minimum 
course may properly contain most of the fundamental material of 
Chapters I-VII, with selected applications and problems, a longer 
course will naturally include also various of the more specialized sub¬ 
jects treated in the later chapters. 

H. W. Reddick 

I „ i F. H. Miller 

New York, N. Y. 

July, 1938 
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CHAPTER 1 


Ordinary Differential Equations 


1. Introduction. A vast number of the problems the engineer 
encounters in advanced work have to do with differential equations. 
The mathematical treatment of such problems consists, in general, of 
three phases or processes. In the first place, the physical principles 
forming the background of the problem are expressed mathematically 
by the formulation of one or more differential equations; these relations, 
involving rates of change of one variable with respect to another, are 
thus symbolic statements of certain physical laws. Secondly, the dif¬ 
ferential equations must be manipulated mathematically so as to obtain 
other relations among the variables of the problem. Finally, we inter¬ 
pret. these new relations, which are the logical consequences of the 
original ones, so as to get additional information concerning the manner 
in which the physical quantities involved depend upon one another. 

./e shall see in our subsequent work numerous examples of this 
mode of reasoning. The first and third steps of the process will depend 
upon the particular problem under discussion, and it will appear in this 
and later chapters how they are carried out. The second step, the 
manipulation of differential equations, is of a more formal and genera] 
nature, and is the principal concern of the present chapter. Our pur¬ 
pose, then, will be to classify and examine a number of types of dif¬ 
ferential equations with which the engineer has to deal. 

We shall call an equation containing one or more derivatives a 
differential equation. The differential equation may sometimes, as a 
matter of analytical convenience, be written in a form in which differ¬ 
entials rather than derivatives appear, but such an equation will 
always be equivalent to one involving derivatives. 

By the order of a differential equation is meant the order of the 
highest-ordered derivative contained in the equation. 

Differential equations may be divided into two main classes, ordinary 
and partial differential equations, if all derivatives appearing in the 
differential equation are ordinary derivatives, the equation is said to be 
an ordinary differential equation. If, on the other hand, the derivatives 
present in the equation are partial derivatives, the equation is called a 
partial differential equation. 


l 
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In this chapter, only ordinary equations will be considered. In 
Chapter VII wc shall discuss some problems leading to partial differen¬ 
tial equations, and shall apply special devices to the manipulation of 
such equations. 

If there is only one dependent variable whose relation to the inde¬ 
pendent variable is desired, we shall have in general a single differential 
equation; if there are two or more dependent variables to be considered 
we shall be led to a system of simultaneous differential equations , and 
the number of equations in the system will usually be equal to the 
number of dependent variables. 

By a solution of a differential equation we mean any functional 
relation among the variables, free of derivatives and reducing the 
given equation to an identity. For example, the relation 

y = (i) 


is a solution of the differential equation of second order, 
d 2 y dy 

-i-5 - + 62,-0, 

dx dx 


( 2 ) 


since substitution in (2) of y and its derivatives as given by (1) yields 
the identity 

■Jc 2 * - 10e 2x + 6e 2x « 0. (3) 

A more general solution of (2) is y ■ ■ c x e 2x , where c x is an arbitrary 
constant, and a still more general solution is y = c x c 2x + c 2 e 3x , where 
Ci and c 2 are both arbitrary constants. Now it is shown * in the theory 
of differential equations that an equation of order n possesses a solution 
containing n essential arbitrary constants, and that no solution of such 
an equation can contain more than n. A solution containing the 
maximum number of constants is called the general solution; thus 
y — c x e 2x + coe 3x is the general solution of (2). Any solution obtain¬ 
able from the general solution by giving specific values to one or more 
of the arbitrary constants is called a particular solution; for instance, 
y = e 2x and y — c x e 2x are particular solutions of (2). 

In a physical problem, the differential equation involved is usually 
accompanied by certain auxiliary conditions on the variables. For 
some, notably the linear differential equations discussed in Part II, 
it is easiest first to find the general solution of the equation and then 
obtain a particular solution satisfying the imposed auxiliary conditions, 
as well as the differential equation, by determining the specific values 
of the arbitrary constants in the general solution. For others, the 

♦ See, for example, E. L. Ince, “Ordinary Differential Equation*.’' 
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constants may be evaluated as they appear in the process of solving 
the differential equation. Examples of both methods of attack will 
arise in the problems treated in this and subsequent chapters. A fully 
determinate physical problem should provide a sufficient number of 
initial or boundaiy conditions for the evaluation of all constants that 
may appear. 

We proceed now to classify some types of ordinary differential equa¬ 
tions, and to discuss the standard methods of solving them. 

PART L EQUATIONS OF THE FIRST ORDER AND MISCELLANEOUS 
EQUATIONS OF HIGHER ORDER 

2. Variables separable. The type form of the differential equation 
of first order is 

dy 

— « fa, v)- (i) 

dx 

It may happen that the function J(x, y) is such that the variables may 
be separated, so that the equation may be written in the form 

F(x) dx + G(y) dy * 0. (2) 

The general solution of the equation may then be obtained at once by 
integrating; we get 

J* F{x) dx G(y) dy = c, (3) 


where c is an arbitrary constant. That (3) satisfies equation (2) is 
immediately apparent, for differentiation of (3) leads to the relation (2). 
As a simple example, let there be given the equation 


dx 

(4) 

Since e*“ 2y -* e* ■ e~ 2v , we may write 


- (? v dy « 0, 

(5) 

whence 


e* - - c. 

(6) 


If the function f(x, y) contains no constants whose values are unspeci¬ 
fied, a single corresponding pair of values of x and y suffices to determine 
c, and hence a particular solution of equation (2) subject to the given 
value-pair is obtainable. If, however, the differential equation involves 
additional constants of unknown value, further conditions on x and y 
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must be given in order that the functional relation (3) be of use for 
computation. 

To illustrate the latter situation, consider two liquids A and B boiling 
together in a vessel. Suppose that it is found experimentally that 
the ratio of the rates at which A and B are evaporating at any in¬ 
stant is proportional to the ratio of the respective amounts of A and B 
still in the liquid state. Letting y and x denote the respective amounts 
of A and B present in liquid form at time t, the physical law stated 
yields the differential equation 

dy 


df _ y 
dx x 9 


(7) 


dt 


where k is an unknown constant of proportionality. In this form, the 
differential equation involves one independent variable t and the two 
dependent variables x and y, but if we desire merely the functional 
relation between x and y we may eliminate t and write 


~ - k V 
dx x 


( 8 ) 


Here f(x, y) = Jcy/x, and consequently the variables may be separated. 
We have 



(9) 


whence, by integrating, w r e get 


In y = k In x + In c. 


( 10 ) 


Since only logarithmic functions of x and of y appear here, it is con¬ 
venient to write the arbitrary constant of integration in the form In c 
instead of merely c. Taking antilogarithms, we then obtain 

y = cx k . (11) 


Evidently we should need two sets of values of x and y to determine 
the particular solution from which further corresponding values of 
x and y could be obtained. 

3. Integrable combinations. If it appears that we cannot separi V 
the variables in the equation 


dy 

dx 


di 


/(*, y), 
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it may still be possible to put it in a form which allows us to integrate 
by combinations. 

For example, consider the equation 

dy 2 x + y 

dx ~ 3 - x•’ 
or 

(2x + y) dx + (x - 3) dy = 0 

Here the coefficient of dx contains y and that of dy contains x, and no 
manipulation in the equation will separate the variables. Now the 
terms 2x dx and —3 dy are capable of integration individually, and thus 
need give no concern. The remainder of the left-hand member of (3), 
y dx + x dy, consists of the sum of two terms neither of which can be 
integrated by itself. But as a combination, this sum may be integrated; 
we recognize it as the differential of the product xy. Consequently, if 
we write (3) as 

2 x dx — 3 dy 4- (x dy + y dx) = 0, 
we get, upon integration, 

x 2 - 3 y + xy = c. (4) 

Evidently (4) is the general solution of (2), for 

d(x 2 — 3y 4~ xy) s 2x dx — 3 dy + x dy + y dx — 0, 
whence (2) results. 

When equation (1), written in differential form, 

M(x, y) dx + N(x, y) dy = 0, (5) 

is such that M dx 4- N dy is the exact differential of some function 
u(x, y), 

M dx 4- N dy = du , 

we say that (5) is an exact differential equation , and its solution is 

u(x, y) = c. (6) 

Thus (3) is an exact equation. Note also that any equation with 
variables separable may be written as an exact equation. 

Exact differential equations for which the variables are not separable 
are comparatively rare in applied work, and when they do occur an 
examination of them usually brings into evidence the integrable com¬ 
binations without much difficulty, so that the> are readily solved. 
Sometimes an equation may easily be made exact by multiplying it. 


( 2 ) 

(3) 
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when written in the form M dx + N dy = 0, by a suitable function of 
x and y. To illustrate, consider the equation 

(2 xy 2 + y) dx - x dy = 0. (7) 


No term of this equation is individually integrable, nor is it exact as it 
stands. But the combination y dx — x dy occurs in the differential 


/z\ _y dx — xdy 
\y/ y 2 

which suggests that we divide (7) by y 2 , or, in other words, multiply 
it by 1 /y 2 . Doing this, we get 


2x dx + 


y dx — x dy 

r 


= o. 


This is now exact, and integration yields immediately 


( 8 ) 


x 2 + - = c, x 2 tj + x = cy. (9) 

y 

The factor l/y 2 by which (7) was multiplied so as to get the exact 
equation (8) is called an integrating factor. The process of solving a 



first-order differential equation can often be made short and simple 
by noting that some combinations of terms may be made integrable 
by the use of an integrating factor, whereas the standard methods 
for solving the equation may be long or complicated. Practice and the 
experience gained thereby will do much to aid the student in finding 
such short cut\ We give here a few of the frequently occurring inte- 
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grable combinations and the functions of which theee combinations 


are the exact differentials. 

a) 

xdy + ydx - d{xy), 

(ID 

xdy - ydx ^^ 

an) 

xdy — ydx / x\ 

y* \ y)’ 


xdy — ydx 

(IV) 

xdy — y dx j? 

* 2 + y 2 , , /y \ 2 


;)■ 


(V) 

1 

II 

■# „ 

1 1 

H 

(VI) 

2 xy dy — y 2 dx 

7 

(VII) 

2 xy dx — x 2 dy 

= d 


xdy - ydx 


■GO 


An interesting illustration of the usefulness of the above method 
arises in connection with the following physical problem. It is required 
to find the shape of a reflector such that light emanating from a point 
source is reflected parallel to a fixed line, so that the beam of light con¬ 
sists of parallel rays. Take the origin 0 as the point source and the 
x-axis parallel to the fixed line. The reflector will then have the shape 
of a surface of revolution generated by rotating a certain curve ACB 
about the 2 -axis (Fig. 1). If the tangent be drawn to any point P{x t y) 
on the required curve, the angle a between it and the incident ray OP 
must, by the physical law of reflection, be equal to the angle 0 be¬ 
tween the tangent line and the horizontal reflected ray PQ . Now 
tan 0 = dy/dx , and tan Z XOP =* y/x. Hence, since Z XOP ■■ a + 0 
— 20, we have , 


-(!)’ 
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Solving for dy/dx, we get 



dy —x± y/x 2, + y 2 
dx y 


( 12 ) 


a pair of differential equations. When the curve opens to the right, as 
in the figure, y and dy/dx have the same sign on either the upper or 
lower half of the curve, so that y dy/dx > 0 and the positive sign in 
(12) applies; when the reflected rays proceed to the left, y dy/dx < 0, 
and the negative sign in (12) is proper. If desired, therefore, we may 
fix our attention on either equation obtainable from (12); however, 
it is just as easy here to consider both possibilities simultaneously. 
We have 

x dx + y dy = ± Vz 2 + y 2 dx, 

and thus see that the combination x dx + y dy — \ d(x 2 + y 2 ) appears. 
Moreover, the function vi 2 | y 2 of the combination (x 2 + y 2 ) is 
also present, and we therefore form the integrable combination 


Integrating, we get 


x dx + y dy 

V? + if 


= dx. 


±\4 2 4- y 2 — x + c, 


x 2 + y 2 = X 2 + 2cx + c 2 , 

and 

y*=2c( r + ^- 


(13) 


These are our generating curves, a family of parabolas with foci at the 
origin, the point source of light. When c is positive, the parabolas open 
to the right; and when c is negative, they open to the left. The stu¬ 
dent will remember that paraboloids of revolution do have the prop¬ 
erty of reflecting a beam of parallel rays when a point source of light 
is placed at the focus; this is the well-known “focal property” of a 
parabola. We have here shown that, conversely, only parabolas possess 
this characteristic. 
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PROBLEMS 

Find the -general solution of each of the following differential equations. 


1. 

dy 

dx 

- 

*y. 

2. 

dy 

dx 

- 

x 2 C "* 

3. 

dy 

dx 

- 

sin 2z 

y 

4. 

dy 

dx 

- 

cot x tan y. 

6. 

dy 


(2 - y) 5 

6. 

dy 


y In x 

dx 


2\/ 1 4- x 

dx 


X 

7. 

dy 


1 4- y 2 

8. 

dy 


\x 4- xy 2 

dx 


sec x 

dx 


y - x 2 y 

9. 

dy 


2 x - y 

10. 

dy 


x - 2 y 

dx 


X 

dx 


2 x - y 

11. 

dy 



12. 

dy 


V 

dx 


1 — 2 x r y 

dx 


x 4 4y 3 

13. 

dy 


x 42 y 

14. 

dy 


x 3 - xy 1 - ! 

dx 


2x 

dx 


x*y — y 3 

15. 

dy 


V 

16. 

dy 


y - x l - y 2 

dx 


x — 2 x-y 

dx 


X 

17. 

dy 


3j- 3 - 3 xy 2 4 y 

18. 

dy 


2 y Vy 

dx 


X 

dx 


2xv / y - X 2 

19. 

dy 


sin y 

20. 

dy 


X 3 4 y 

dx 


1 — x cos y 

dx 


X — X 2 // 

21. 

dy 


2 y 3 4 y 

22. 

dy 


2 xy 

dx 


x — 2xiy 2 

dx 


Z\] r -'r* 

23. 

dy 


e~ y 

24. 

dy 


2x 4 y sin x 

dx 


2y+xF*' 

dx 


cos x 


25. Using each of the relations (lO-II)-(lO-V) of Art. 3, obtain the solution of 
the equation x dy — y dx * 0 in the form y « ex. 

4. Homogeneous equations. A function g(x, ?/) is said to be homo¬ 
geneous of degree m if, for any quantity r, we have identically 

g(rx, ry) = r m g(x, y), 

that is, if the replacement of x and y by rx and ry } respectively, yields 
the original function multiplied by r m . If, in particular, such replace¬ 
ment leaves the function unaltered, so that it is homogeneous of degree 
aero, then with r = l/x we have g(x,y) = ^(1, y/x) } and g may be 
expressed as a function of the single argument or combination y/x. 
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For example, consider the function 

r 2 

, V X — ' u if , cr , , 

g(x, y) = — r^r: — 7 - h sin - + In 

Then we have 


xr - 2xy + Sy 2 . y Vx 2 + y 2 


2x 2 + y 2 


9 (rx, ry) 


r 2 x 2 — 2 r*xy + 3 r 2 y 2 


ry 


n .. 2 . 22 ■ + sin — + In 

2 r 2 x 2 + r*y 2 rx 


Vr 2 ! 2 + rY 


ri 


= ffO, y). 


so that this function is homogeneous of degree zero. We may therefore 
write it as a function of the single argument y/x\ 



Likewise, if g(rx, ry) = g(x, y), we get by choosing r = l/y, g(x, y) 
= g(x/y, 1), a function of the single argument x/y. 

If the right-hand member f(x, y) of the differential equation 


dy 

dx 


= f(*> y) 


(i) 


is homogeneous of degree zero, we may put it in the form 



( 2 ) 


in this event, equation (1) is said to be a homogeneous differential 
equation . Either of the substitutions 

V = vx (3|) 

or 

x = vy (3o) 

will then reduce (2) to an equation in which the variables x and v, or 
y and v, are separable. We shall show this to be true for the substitu¬ 
tion (3i); an entirely analogous argument holds when the relation (3>) 
is employed. Using (3i), equation (2) becomes 
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Now when F(v) — v, equation (4) reduces to xdv/dx - 0, whence 
v — e, and y « cx is the complete solution. This is, of course, a trivial 
problem, for when F(v) = v, equation (2), which takes the form 
dy/dx = y/x, is immediately solvable by separating the variables. 
Supposing, therefore, that F(v) v, (4) gives us 


and 


dv 

x-j- * F{v) - v , 
dx 


dv dx 

F(v) — v x 


(5) 


Since the variables x and v have been separated, integration of (5) 
yields a relation between x and v (and an arbitrary constant). Replac¬ 
ing v by its value y/x t we then get the desired functional relation be¬ 
tween x and y. 

As an example, consider the equation * 


dy 

dx 


x - 2 y 


2x — y 

which is readily seen to be homogeneous. Letting y 

1 - 2v 


( 8 ) 


vx, we get 


dv 

V + x — 
dx 

dv 1 — 2v 


x — 
dx 


2-v 


2 - v 

_ 1 - 4« + v 2 
2-v ’ 


2 — v dx 

-- dv = — , 

1 — 4v + v 2 x 

-4 + 2v dx 

- r dv +■ 2 — = 0, 

1 — 4v + r 2 x 

In (1 — Av + \?) + 2 In x = In c, 

In x 2 (l — 4v -|- v 2 ) = In c, 

x 2 - ixy -|- y 2 » c. 


(7) 


Equation (6) might equally well have been solved by means of the 
substitution (3 2 ). Sometimes it may happen that the solution of a 

* See Problem 10, Art. 3. 
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homogeneous equation is more quickly or easily obtained by one of the 
substitutions (3) than by the other, but this is usually difficult to pre¬ 
dict beforehand. Generally speaking, the only guide in making a choice 
between the two possible substitutions is the following. Write the 
given homogeneous equation in the form M dx + N dy = 0; if the 
coefficient M of dx contains fewer or simpler terms than N, set x = try, 
dx = v dy -f- y dv; and if A r is simpler than il/, set y = vx, dy = v dx 
+ x dv. This procedure will simplify somewhat the multiplication of 
one of the coefficients bv the new differential expression. 

5. Linear equations. A differential equation of the first order is 
said to be linear when it is of the first degree in the dependent variable 
and its derivative. Thus the equation 

dy 

r = v) (i) 

dx 


is linear if/(.r, y) is of the first degree in y; it may then be written in 
the form 

d// 

7 4- Py = Q, (2) 

dx 

whore V and Q are functions of x only. Since (be left-hand member of 
(2) consists of the sum of two (onus, one containing // and the other its 
derivative, the possibility is suggested of multiplying (2) throughout 
by some function of ;r so as to have on the left the exact derivative of 
a product, i.e., it may be possible to render the equation exact by the 
use of an integrating factor that, involves x only. Hence we seek 
tentatively a function R\x) such that 

dy 

P ( - + RVy (3) 

dx 

shall lie the derivative of some combination. Now the first term in the 
expression (3) will arise if we differentiate the product Ry, and we 
therefore try to find R such that. 


dy d dy dR 

R 7- 4- RPy = - - (Ry) = R 7 + y 
dx dx dx dx 


This relation will evidently hold if 


dR 

— = RP. 
dx 


w 
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But y since P is a function of x only, (4) is a separable differential equa¬ 
tion for the determination of the integrating factor R. We thus have 


dR 

— = Pdx y 
R 


In R 



R = J Pdx . (5) 

We have omitted the introduction of a constant of integration since we 
seek merely one integrating factor, and as simple a one as possible. 
The function R given by (5) thus serves to solve the linear equation 
(2); we have, in fact, 

J r “*l + J r *P,-Q/' ", 

dx 

J Pdx y = §Q^ PdX ck 4 ‘ c, 

V = e - Jpi *$Qj Pix dx + ce- IPix ( 6 ) 


Equation (6) is in effect a formula for the solution of (2). The function 
y a a given by (6) thus will be completely determined provided merely 
that the two indicated integrations are performed. 

Linear differential equations (including those of order higher than 
the first, which are considered in Part II of this chapter) are of consid¬ 
erable importance in engineering applications because of their frequent 
occurrence. Some of the physical problems leading to linear equations 
of first order will be discussed in Art. 7 and in later chapters; we now 
examine a formal problem in order to illustrate the manner in which a 
linear equation is solved. Consider the equation 


dy e* - 3 xy 

(7) 

dx x 2 

This may be written in the form (2), 


dy 3 e 

d* + i y -s’ 

(8) 


so that it is linear with P 
R 


3/x, Q — e*/x 2 . We have here 

/'*-/* 


( 9 ) 
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In the last step we have made use of the identity e 1 " A * A, which is of 
frequent utility in our work. Multiplying (8) by x 3 , we then get 


x 3 -h 3x 2 y = xe*, 

dx 


which is evidently exact, as it should be. Consequently 
x 3 y = J xe* dx = (x — l)e* + c, 


and 




(x - l)c* 

• X 3 



( 10 ) 


In all the foregoing, Arts. 2-5, we have arbitrarily assigned to x and y 
the roles of independent and dependent variables, respectively. Evi¬ 
dently this is a matter of nomenclature only, and similar discussions 
may be applied to the equation 

dx 

— = ( 11 ) 

dy 

If a given differential equation is homogeneous when written in the 
form dy/dx = f(x, y), it is apparent that the equation dx/dy — 1 //(x, y) 
— ^(x, y) will likewise be homogeneous. If the equation is one in 
which the variables are separable or one for which an integrating 
factor may be found by inspection, it is again immaterial whether we 
consider the form dy/dx = f(x, y) or the form dx/dy = 4>(x, y). But 
it may happen that a given differential equation, when written in the 
form (1), is not linear in y and dy/dx , whereas it will be linear in x and 
dx/dy .when written in the form (11). For example, the equation 

dy _ y 2 
dx e? — 3xy 

is obviously not linear in y and dy/dx , but if we write it 

dx t? — 3 xy & 3 

2 ~ 2 ^ 

dy it y y 

w'e see that it is linear in x and dx/dy —it is, in fact, identical in form 
with (7), only x and y having been interchanged. If, therefore, a 
specific equation does not appear to be susceptible to the methods of 
Arts. 2-4 and is not linear in y and dy/dx when written in the form 
(1), it is well to put the equation in the form (11) to see whether it 
may he linear in x and dx/dy . 
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Solve each of the differential equations in Problems 1-30. 


t dy _ 3y* - x* 
dx 3xy* 

. dy y v 

dx x x 

dy 

5. — — (1 + y) esc x — cot x. 
dx 

„ dy ** + 2y 

- 7 “ 

dy V — x sin x — cos x 


u. -V- 

dx x + Vxy 

im — - v ~ ~ y 8 

dx " i 


dy 

16. - 


17. ^ - 1 + - - cos* - 


19 ^ j v 2 + y 

dr i 


2. ^-4e*+2y, 
dx 

dy 3 - xy 


^ dy _ 4x* 4- 3y* 

' dx 2xy 

dy 4x» -2y 
dx x 

10 ^ + y 

dx x 

dy 4 In x — 2x*y 


dy sin x — (x — y) oofl x 


16 . *! . JLZ±. 

dx ye 1 ' — x 

18. ^ ^ _ 

ax i i In (y/x) 

30 — - 21 +2y 
dx 3x + y 


21- Solve Problem 22 of the list following Art. 3 by considering the equation aj 
homogeneous. 

22. Solve Problem 24 of the list following Art. 3 by considering the equation as 
linear. 

23. Solve the equation dy/dx - y/(x + y) by three methods. 

24. (a) By making the substitutions x — xj 4- A, y m yi + k, and then deter¬ 
mining proper values of the constants h and k, show -that' the equation 

dy aix + byy 4" Cj 
dr a*x -I- 6*y + cj' 

where ai/6| ** at/bt, may be transformed into the homogeneous equation 
dyi QiX! 4- biyi 

dxi a*zi + 6*yi 

Hence solve the equation 

dy 2x + 2y — 6 
dx 3x 4- y — 7 

(b) If, in the equation of part (a), ai/6| — a*/6t, show that the substitution 
* - oix 4- hy will transform this equation into one in which the variables are 
separable. Hence solve the equation 

dy x + 2y — 3 
dx 2x + 4y — 1 
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To illustrate the procedure, let us solve the equation 

Cpy 


[Chat. I 


dry (dyV 
P dx 2 \dx) 


+ 4 


Since * is absent, we set dy/dx = p, d 2 y/dx 2 = p dp/dy, getting 

yp-r + P 2 + 4 = 0, 
dy 

pdp + dy = 0 


p 2 + 4 

i In (p 2 + 4) + In y = In c u 
(p 2 + A)y 2 = c 2 , 


2 c? , Ci - 4p* 

p =?- 4 = -^ r ~' 


dy 


— 4l/ 2 


( 8 ) 


ydj/ 


= ± cfx, 


Vc\ - I )/ 2 

— Vc 2 - 4i/ 2 = ±4(x + c 2 ), 
16(x + c 2 ) 2 + 4 y 2 = c?.* 


( 9 ) 


There are other types of equations that may be solved by special 
methods, but we shall consider in this book only one other class of 
equations of order higher than the first. These, designated as linear 
differential equations, are of such great importance in engineering that 
we shall devote all of Part II of this chapter to their study. 


PROBLEMS 

Solve the following differential equations; y\ y", and respectively, denote 
dy/dx, d 2 y/dir t and d*y/dx*. 

1. y" — x cos x — 24x 2 . 2. yy n = i/' 2 . 

3. x 2 y" -f 2xy' - 1. 4. y" + y’ 2 -f 1 — 0. 

6. (l + y ’y = Ay" 2 . 6. j*y"’ + xV' - 2x - 3. 

• It may l»e observed that this particular example can be solved more easily if 

we notice that the first two terms of equation (8) represent the exact derivative of 
y dy/dx; hence one integration yields y dy/dx + 4x » C\/2A A second integration 
then gives us the solution y 1 + 4x 2 — C\x -f Cj, which is equivalent to (9). 
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7. *y" - 2xy* + y* - 0. 

•. yy" f 2y* - 0. 

1L y" + k 2 y - 0. 

M. yY' - v'- 

15. W" - 2y' 2 + 4y*. 

17. xs/" - ary'* - y'. 

19. yy " + y* + 1 - 0 . 


8. yy" + V* - V- 
10. 2yy" + V* - v*. 

12. yy" - y* + y' - 0. 

14. x 2 y" 4- y'* + xy r - 3x*. 
16. *y" + y* - 1. 

18. 2x l y” + y' 2 - 4xy # . 

20. yy" + y' 1 - 2y"*. 


7. Applications. We shall treat in this article a few geometric and 
physical problems leading to differential equations. Further problems 
into which first and higher order differential equations enter are con¬ 
sidered in connection with other topics in later sections of this book. 

(a) Orthogonal trajectories. By an orthogonal trajectoiy of a family 
of curves is meant a curve that cuts each member of the given family 
at right angles. Thus, if the given family consists of the straight lines 
y = c parallel to the x-axis, the straight line x = const, will be an 
orthogonal trajectory, and the aggregate of lines x * c' will constitute 
a family of orthogonal trajectories to the family y *= c. 

In the preceding simple example, it was easy to obtain the orthogonal 
trajectories by geometric intuition. To illustrate the general procedure, 
let us ''~\d the orthogonal trajectories of^the family of circles 

x 2 + y 2 = cx, (1) 

all of which pass through the origin and have their centers on the x-axis. 
In order that two curves shall intersect at right angles, it is evidently 
necessary that the slope of one curve at the point of intersection be 
equal to the negative reciprocal of the slope of the other curve at that 
point. Hence we first find the expression for the slope of the circles at 
the point (x, y) and then take the negative reciprocal of this expression 
as the value of dy/dx for the orthogonal trajectories. Differentiating, 
with respect to x, the equation of our family of circles, we get 

dy 

2x + 2y — = c. (2) 

dx 


Eliminating the arbitrary constant c between the given equation (1) 
and the derived equation (2), we have 

X 2 + y 2 = 2X 3 + 2xy ^, 


and the slope of the circles is given by 

dy y* - ** 


dx 2xv 


( 8 ) 
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Consequently the differential equation of the required trajectories 
will be 


dy _ 2 xy 

dx x? — y 2 


(4) 


This is a homogeneous differential equation which may be solved by the 
method of Art. 4. However, if we write it in the form 


2 xy dx - x 2 dy + y 2 dy = 0, (5) 

the combination 2xy dx — x 2 dy suggests the differential of x 2 /y\ 
d(x 2 /y) = (2 xy dx — x 2 dy)/#*. Hence 1 /y 2 is an integrating factor 
for (5), and we have 


2 xy dx — x 2 dy 

y 2 


+ dy 


x 2 

- + y 


y 

x 2 + y> 


o, 

c', 

c'y. 


( 6 ) 


The orthogonal trajectories (6) of the circles (1) are therefore also 
circles passing through the origin but with their centers on the y- axis. 

In our definition of orthogonal trajectories we have emphasized the 
fact that each member of the given family is to be cut at right angles. 
It is therefore important that we eliminate the arbitrary constant 
between the given equation of the family and the derived equation in 
order to obtain an expression for the slope of any one of the given 
family. Thus (3) represents the slope of the circle through the point 
(x, y), and since this may be any point we have an expression for the 
slope of each circle. If we had taken the value of dy/dx as given by (2), 


dy c — 2x 
dx 2 y * 

and had taken instead of (4) the relation 
dy _ 2 y 

dx 2x — c* 


we should have obtained 

dy 2 dx 

y 2x — c* 

m In y = In (2x — c) + In c", 
y » c"( 2x - c). 


( 7 ) 
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a doubly infinite family of straight lines. Now, for any particular value 
of c, equation (1) gives us a particular circle with center at (c/2, 0), 
and then (7) represents the family of straight lines cutting that circle 
at right angles. For a given value of c', equation (6) gives us a curve 
cutting all the curves (1) orthogonally, whereas (7) yields merely a 
system of straight lines no one of which cuts all the circles (1) at right 
angles. Hence equation (6) represents the true orthogonal trajectories 
of our circles (1). 

The concept of orthogonal trajectories has been presented here as a 
purely geometric application. It is, however, also of considerable 
importance physically in connection with field problems, as we shall 
see in Chapter X. 

(b) Dynamics. Of fundamental importance in mechanics are 
Newton’s three laws of motion, which we state here for ready reference. 

I. A particle persists in its state of rest, or of motion in a straight 
line with constant velocity, unless some force acts to change that state. 

II. The rate of change of momentum of a particle is proportional to 
the fo e acting on it and is in the same direction as the force. 

III. Action anti reaction are equal in magnitude and opposite in 
direction. 

The second law, which includes the first as a special case, states that 
the force F acting on a particle of constant mass m moving with vary¬ 
ing velocity v is proportional to the time rate of change of the mo¬ 
mentum rnv, or 

d dv 

F = k — (mv) — km — = kma. 
dt dt 

where a = dv/dt is the acceleration of the particle and A; is a constant 
of proportionality depending upon the system of units employed.* 
When e.g.s. (centimeter-gram-second) units are used, so that mass is 
measured in grams and acceleration in centimeters per Becond per 
second, we may take F in dynes, so that k = 1, or we may take F in 
grams, so that k = 1/g, where g is the gravitational constant, approx¬ 
imately equal to 980.5 cm./sec. 2 When f.p.s. (foot-pound-second) 
units are used, so that mass is measured in pounds and acceleration 
in feet per second per second, F may be measured in poundals, making 
fc * 1, or in pounds, making k -= l/g f where now g = 32.17 ft./sec. 2 
approximately. 

Consider now a mass of 100 lb. being drawn along a rough surface. 
Let the force in the direction of motion be 30 lb., let the force of friction 
be 20 lb., and let there be an air resistance whose magnitude in pounds 

• See Appendix. 
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is equal to twice the speed in feet per second at any instant. If the 
body starts from rest at time t = 0, what will be the velocity and the 
displacement from the initial position at time t ? 

Let x (ft.) be the displacement from the initial position (x = 0), 
and let v (ft./sec.) be the velocity at time t (sec.). Here the force acting 
in the direction of motion will be positive, and the forces opposing the 
motion will be negative. Consequently the resultant force F (lb.) will 
be 30 — 20 — 2v = 10 — 2v, and we have as the equation of motion 


10 - 2v = 


100 dv 
g dt 1 


( 8 ) 


w r here g = 32.17 ft/sec. 2 This is a differential equation of the first 
order in which the variables are separable, so that we write 


dv q 

-= — dt. 

5 - v 50 


( 9 ) 


Instead of finding the general solution of (9) and then determining the 
arbitrary constant, it is more convenient to integrate (9) between 
limits. Since the body starts from rest at time t = 0, we have v = 0 
when t — 0. This corresponding pair of values will serve as lower 
limits in our integration, the upper limits being v — v and t = t. 
Hence we have 

-- dt, 

,50 


r" dv r l i 
Jq 5 — v 5 


In 


*’) 

5 — v 

5 — v 


_ _ 0* 

" 50 * 

= 6 -“ /50 , 


and 


dx 

. - - - 5(1 - e~ gt,b0 ) ft./sec. 


Likewise, since x = 0 when l = 0, we get 

fdx = f 5(1 - e- gllb0 ) dt } 

Jo J o 

/ 50 50\ 

x = 5 (* + —e-* ,/so -) ft. 

V 9 Q' 


( 10 ) 


(ID 


( 12 ) 


Equations (11) and (12) give us the velocity and displacement as 
functions of t. 
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We see that both v and x are zero for t == 0, as they should be. 
Moreover, both v and x increase with increased t, but x increases with¬ 
out limit while v tends to a limiting value: 

lim v = 5 ft./sec. (13) 

t * 

This agrees with the value of v found by setting dv/dt = 0 in equation 
(8). The values of v and of x at a particular time t are readily found 
by using a table such as Peirce's.* Thus, when t ~ 1 sec., we get 

= 5(1 - e- T2 ' 7l!i0 ) = 5(1 - 

= 5(1 - 0.5255) = 2.37 ft./sec., 



50(0.5255 - 
32.17 



1.31 ft. 


(c) Chemical solutions. Consider a tank initially holding 100 gal. 
of a salt solution in which 50 lb. of salt are dissolved. Suppose that 
3 gal. of brine, each containing 2 lb. of dissolved salt, run into the 
tank t minute, and that the mixture, kept uniform by stirring, runs 
out of the tank at the rate of 2 gal./min. Find the amount of salt in 
the tank at any time t. 

Let Q be the number of pounds of salt present at the end of t min¬ 
utes. Then dQ/dt will be the rate at which the salt content is changing. 
This in turn will be the number of pounds gained per minute owing 
to the inflow of brine, minus the number of pounds lost per minute 
owing to the outflow of the mixture. The rate of gain will evidently 
be 3 (gal./min.) X 2 flb./gal.) ~ 0 (lb./min.). Let C (lb./gal.) de¬ 
note the concentration; then the rate of loss will be 2 (gal./min.) 
X C (lb./gal.) = 20 (lb./min.). Now' the number of gallons of brine 
present after t minutes will be 100 + t, since the original number, 100, 
is increased by 1 gal. each minute. Hence C = (*>/(100 + t). and we 


get the relation 


<IQ = G _2 

dt J 100 + / 


(14) 


This is a linear differential equation of the first order (Art. 5), the 
integrating factor for which is readily found to be (100 + t ) 2 . Thus 
we find, upon integration, the general solution 

000 + t) 2 Q = 2(100 + tf + k, 


• B. O. Peirce, u A Short Table of Integrals." We shall make frequent reference 
to this book. 
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where k is a constant. Using the initial conditions, Q = 50 when 
t = 0, we obtain k = —1,500,000, and therefore 


Q = 2(100 + t) - 


1,500,000 

(100 + 0 2 


lb. 


( 15 ) 


It is seen that Q is an increasing function of t. At the end of 30 min ., 
for example, we have 




260 - 


1,500,000 

16,900 


171 lb. 


(d) Heat flow. Experimental studies of the flow of heat in a body 
lead to the following laws: 

I. The quantity of heat in a body is proportional to its mass and 
to its temperature. 

II. Heat flows from a higher to a lower temperature. 

III. The rate of flow across an area is proportional to the area and 
to the temperature gradient, i.e., the rate of change of temperature 
with respect to distance, normal to the area. 

Let us apply laws II and III to a problem in steady-state heat flow, 
that is, flow, the rate of which is independent of the time.* We shall 
use c.g.s. units. Let q (cal./sec.) be the constant quantity of heat flow¬ 
ing through an area A (cm. 2 ), perpendicular to the direction of flow, in 
each second, let u (°C.) be the temperature at a point P of the body, 
and let x (cm.) be the distance, taken as positive in the direction of flow, 
from some point chosen as origin to the point P. Then by law III, the 
magnitude of q will be KA du/dx , where the constant K is a property 
of the material of the body and is called the thermal conductivity 
(cal./cm. deg. sec.). But, by law T II, the temperature decreases in the 
direction of flow, and consequently du/dx will be negative. Hence we 
have the relation 

du 

q - KA — (16) 

dx 


Now consider a cylindrical pipe containing steam and covered 
with an insulating material of thermal conductivity K. Let the 
inner and outer radii of the insulating cylindrical shell be x\ and x 2t 
respectively, and let the corresponding temperatures be u\ and 112 , 
respectively. Under steady-state conditions, heat will flow radially, 
and the area A perpendicular to the direction of flow will be the lateral 
surface of a cylinder of radius 2 , where x\ ^ x ^ x 2 . For a length L 

* The more general problem of heat flow at a rate varying with the time leads 
to a partial differential equation: see Chapter VII, Art. 71. 
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(cm.) of pipe, we therefore have A = 2rxL, and consequently out 
differentia] equation (16) here takes the form 

du 

q = -2*KLx — (17) 

dx 

Separating the variables and integrating between limits, we get 

J r*i dx r 1 * 

— = —2ttKL I du 

Xi x 


and 


q In -- = — 2tKL(u 2 — ui) J 


2rKL(v\ — vj 
~bi (xz/xxi 


(18) 


Hence the rate of flow of heat tlirough a cylindrical shell is directly 
proportional to the difference of inner and outer temperatures and 
inversely proportional to the logarithm of the rath* of outer to inner 
radius 

(» Electric circuits. We shall consider hen mereh a simple circuit 
containing a resistance and an inductance in series with a source of 
electromotive force (e.m.f.).* Resistance is that circuit parameter 
which opposes the current, and which causes the dissipation of energy 
in the form of heat. If a potential drop Er (volts) across a coil is pro¬ 
portional to the current I (amperes) flowing through the coil, we have 
Ohm's law, 

Er = RI, (19) 


where R (ohms) is the resistance. Inductance is that circuit parameter 
which opposes a change in current, and is analogous to inertia in 
mechanics. If a change in the magnetic flux linking with a circuit, 
due to a variation of current flowing in the circuit, gives rise to a counter 
e.m.f., there will be a corresponding drop in potential El proportional 
to the time rate of change of current, 

dl 

where L is the inductance and t the time; when El is given in volts, 
/ in amperes, and t in seconds, L will be measured in henries. 

* Series circuits containing resistance, inductance, and capacitance are considered 
in Art. 14 (d). More complicated network problems are discussed in Chapter XI. 
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The fundamental laws for electric circuits and networks are known 
as Kirchhoff’s laws: 

I. The algebraic sum of all the potential drops around a closed 
circuit is zero. 

II. The algebraic sum of all the currents flowing into a junction is 
sero. 

In dealing with a single closed circuit, only law I is needed. For 
our case, it leads immediately to the relation 


or 


dl 

E — RI — L — = 0, 
dt 


L— + RI = E, 
dt 


( 21 ) 


where E is the impressed e.m.f. and I is the instantaneous current at 
time t. Let us solve the differential equation (21) under the assumption 
that a constant e.m.f. E is impressed at time t — 0, no current having 
flowed previously. Since the variables are then separable, we have 


r 1 dl _ r l dt 
J 0 E - RI ~J 0 L’ 

[i» 

E — RI Rt 
In--— = - —, 


I 


E 


= -(l 


( 22 ) 


Inspection of equation (22) shows us that the current increases with 
increase of t , and approaches as a limit the Ohm’s law value E/R. 
Usually the ratio R/L is numerically large, so that after only a short 
time the current value I differs from E/R by a negligible amount. 

g (/) Deflection of beams . Con- 

( " ~ 0 5—sider first a rod under tension 

(Fig. 2), and assume that 
Hooke’s law is obeyed, so that 
the force F is proportional to the elongation e produced. The work 
done by the force F * ke will then be 


Fig. 2 
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Thus the work done is equal to the product of the average force, 
■J(0 + F), and the distance through which the varying force acts. 

We now thin* of the rod as being a fiber of a small piece of a bent 
beam (Fig. 3). Let AA (ft. 2 ) be the cross-section area of the fiber and 
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let S (lb./ft. 2 ) be the stress per unit cross-section area, so that the force 
S A A now corresponds to an elongation Ae (ft.). If As (ft.) is the nat¬ 
ural unstretched length of the fiber, Ae/A s is the stretch per unit 
length. Consequently we have, by Hooke's law, 

Ae 

S-E — , (23) 

As 

where the constant of proportionality, E (lb./ft. 2 ), is Young’s modulus, 
or the modulus of elasticity. 

The surface containing those fibers whose lengths are unaltered 
when the beam is bent is called the neutral surface. The curve of one 
of these fibers, BB% is called the elastic curve of the beam. The line 
NN' t lying in the neutral surface and shown in the cross-section view 
of Fig. 3(6), is called the neutral, axis for that section. Let R (ft.) be 
the length of BC , the radius of curvature of the fiber BB\ and let s 
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(ft.) be the distance of AA from AW'. Then we have the proportion 


Ae z 


A 8 R 


(24) 


The moment of the force S AA about AW' is zS A A. Summing 
all such moments over the cross-section of the beam, we get the bend¬ 
ing moment M producing the deflection of the beam: 

Af = CzSdA = fzE — dA = CzE-dA = -fz 2 dA 
J J As J R RJ 

by (23) and (24). But the last integral represents the moment of 
inertia I (ft. 4 ) of the cross-sectional area of the beam with respect 
to the neutral axis AW'. Hence 

El 

M - -■ (25) 

Since the force jSAA acting on the fiber of length As corresponds to 
the elongation Ae, the work done in deforming this fiber, and hence 
the potential energy stored in the fiber, is AW = ^5 A A Ae. Making 
use of relations (23) and (24), we then get 


AW 


1 n Ae 
-E— A A 

2 As 


Ae = - Ez 2 A A 
2 


As 

R 2 ’ 


Integrating first over the area A, we find that the potential energy 
stored in the portion of the beam of length As and radius of curvature 
R is \El As//? 2 ; integrating again along the entire length L (ft.) of 
the beam, we get 


W = 


m f L ds 
2 Jo R 2 


(26) 


as the total potential energy stored in the beam. 
Now we have, from differential calculus, 


R 


(1 + y' 2 ) H 


ds = (1 + y' 2 )* dx, 


ds y" a dx 

R 2 “ (l +2/' a )*' 


When the bending is small, y f is small, and we may neglect y* 2 in com¬ 
parison with unity, obtaining the close approximations 
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Using these approximations, equations (25) and (26) become 

M - Ely", (27) 

El r L 

w = — I V " a dx. (28) 

2 Jo 

Formula (27) is applied in several problems in this chapter; formula (28) 
will be used in connection with the beam problem of Art. 52, Chapter V. 

Suppose that the beam rests on supports at the ends and is slightly 
bent under the action of a number of concentrated loads (Fig. 4). 


a' 

y 


i 

l 

A* ; 


Af(! 

(| Jf+AJtf 


v o ! 

i 

! 

■ ~A 


a 6 
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Take t' •> sections, aa' at x and W at x + Ax, with no forces between 
them acting on the beam, and let M and M + AM be the bending 
moments at the two sections. We now define the vertical shear Q 
at the section aa ' as the algebraic sum of all the vertical forces acting 
on the beam to the left of an', including the reaction at the end. 
Choosing the upward direction as positive, Q will be positive or nega¬ 
tive according as the resultant force to the left of aa! is upward or 
downward. For the difference between the bending momenta at the 
two sections, we have approximately 


whence, in the limit, 


AM = Q Ax, 


dM 



(29) 


Using the approximation (27) for M, (29) becomes 

W" = Q ■ (30) 

Suppose now that the beam carries a load q per unit length. Then 
AQ, the (negative) increment in Q in going from section aa ' to section 
bb', is approximately 

A Q = —q Ax, 

which gives, from (30), in the limit, 

EIy ir = 


-ff- 


(31) 
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When this equation is used with the y-axis positive toward the convex 
Side of the curve, as in the application of Art. 25, Chapter II, it becomes 

Ely™ = q. (31') 

As an example let us find the equation of the elastic curve of a 
beam L ft. long resting on supports at the ends and slightly bent under 
a uniform load of q lb./ft. We take the origin at the left support and 
the y -axis positive upwards, then consider the bending moment at a 
section through P at a distance x from the origin (Fig. 5). We set the 



Fig. 5 


expression for bending moment at P, Ely " (equation (27)), equal to 
the sum of the moments of all the forces acting on the beam on one side 
of P, say to the left. Since y " is positive on a curve when it is concave 
toward the positive direction of the y- axis, we write a moment as posi¬ 
tive when it tends to produce concavity in the direction of the positive 
y-axis. Since y " is negative on a curve when it is concave toward the 
negative y-axis, we write a moment as negative when it tends to produce 
concavity in the direction of the negative y-axis. The load qL is equally 
distributed on the supports causing an upward force qL /2 at the left 
support, and the load on OP, acting downward at the middle point 
of OP, is qx . The differential equation of the elastic curve of the beam 
is therefore 

qL x 

Ely" = ~ x — qx • (32) 


Here x and y are in feet, E in pounds per square foot, and I in feet to 
the fourth power. Integrating, 


qLx 2 gx 8 

w- V- hr + c " 

4 O 

Since yf — 0 when x — L/2, C\ — —gL 3 /24. Integrating again, 


gLx 3 gx 4 qL*x 


+- Oa 


Ely 


12 24 24 
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Since x = 0 when y ** 0, Cj = 0, and the elastic curve of the beam is 

y-ih (x '- 2Ll, + L ' x) - 

The maximum deflection is the value of — y when x =* L/2, that iB 
? /L 4 2L 4 ZA 5qL* 


Max. defl. 


24£7 \ 16 


8 + 2 . 
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We could have obtained the differential equation (32) by starting 

with equation (31), iv 

Ely = —q. 

Integrating, 

Ely"' = -qx + C. 

Since the shear Q — Ely"' = 0 when x = L/2, C = gL/2. Integrat¬ 
es again, 2 

JWy" = - — + — x + C. 

2 2 

Since the bending moment M — Ely" = 0 when x * 0, C' 0. 

Hence 2 r 

qx qLx 

EIy " = - T + 2 ■ 


It is clear that thiB differential equation (32) holds for any position 
of the point P, that is, for all values of x in the range 0 £ x £ L. 
Accordingly, we are justified in using deflection values y and slope 
values y', wherever they are known in that range, for the evaluation 
of the constants of integration C i and C 2 , and the resulting elastic 
curve equation is valid throughout that range. 

Suppose now that our beam, of length L ft. and simply supported 1 
at its ends as before, carries a concentrated load of W lb. at its center 
instead of a uniform load of q lb./ft. Then for any point P in the left 
half of the beam we have 

„ W L 

Ely i = — x, 0£xg-, (33) 

and for a section in the right lialf, 

W / L\ W L 

-gx^L. (34) 

Using the conditions = 0 for x = 0, y\ = 0 for x = L/2, (33) yields, 
as the equation of the left half of the elastic curve, 

EIy t - *!Fx(4x a - 3L a ), 0 £ x Z L/2; 


(35) 
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similarly, with y 2 = 0 for x — L and yi = 0 for x * L/2, we get 

Ely 2 = -&W{L - x)(V 2 - 8 Lx + 4X 3 ), L/2 £ x ^ L, (36) 

for the right hah of the elastic curve. Because of symmetry, only (33) 
and its solution (35) are needed in this particular problem; (34) and 
(36) are obtainable, if desired, by replacing x by L — x in (33) and 
(35), respectively. 


PROBLEMS 

1. Find the orthogonal trajectories of the family of hyperbolas ** — y 2 -* cy. 

2. Find the orthogonal trajectory, through the point (0, 1), of the system of 
curves y «■ 2x -f ceF. 

8. Find the orthogonal trajectories of the ellipses 4x 2 + y 1 == cx. 

4. Find the curves that cut the circles x 2 + y 2 c at an angle of 45°. 

5. If a cylindrical can with vertical axis contains a liquid and is rotated about 
its axis with constant angular velocity o>, show that the surface of the liquid forms 
a paraboloid of revolution. 

6. A 20-lb. weight moves in a horizontal straight line under the joint action of 
a constant force of 12 lb., in the direction of motion, and a resisting force whose 
magnitude in pounds is equal to four times the instantaneous velocity in feet per 
second. If the body starts from rest, find its velocity and the distanoe traveled 
after J sec. 

7. A weight of 100 lb. falls from rest. If the resistance of the air is propor¬ 
tional to the speed, and if the limiting speed is 173 ft./sec., find the speed at the 
end of 5 sec. 

8 . A body falls in a medium offering resistance proportional to the speed at any 
instant. If the limiting speed is 50 ft./sec., and if the body attains half that speed 
in 1 sec., what was the initial speed? 

9. A 10-lb. weight is projected downward with an initial velocity of 15 ft./sec. 
If the air resistance is proportional to the speed, and if the limiting speed is 30 
ft./sec., how far has the body traveled when it has reached a speed of 20 
ft./sec.? 

10. A 100-lb. weight falls from rest against resistance proportional to the speed 
at any instant. If the body attains speeds of v\ and vj ft./sec. after 1 and 2 sec. 
in motion, respectively, find an expression for the limiting velocity. 

11. A 10-lb. weight falls from rest against a resistance proportional to the speed 
at any time t (sec.), (a) Letting L (ft./sec.) denote the limiting speed, find an ex¬ 
pression for the velocity v (ft./sec.). (6) Find the ratio of the times required to 
reach h and A of the limiting speed. 

12. A body falls from rest against resistance proportional to the square root of 
the speed at any instant. If the limiting speed is 36 ft./sec., find the time required 
to attain a speed of 25 ft./sec. 

18. A 10-lb. weight falls from rest against a resistance proportional to e*, where 
v ( T t./sec.) is the speed. If the limiting speed is 3 ft./sec., how long will it take the 
body to attain a speed of 2 ft./sec.? 

14. A body falls from rest against a resistance proportional to the cube of the 
speed at any instant. If the limiting speed is 10 ft. /sec., find the time required to 
-♦♦lin a speed of 8 ft./sec. 



Art. 7] 


APPLICATIONS 


38 


15. A body falls into a liquid of the same density as the body. The entering 
velocity is 16 ft./sec., and the velocity 1 sec. later is 9 ft./sec. Assuming resistance 
proportional to where v (ft./sec.) is velocity, find the time required for the speed 
to be reduced to 10% of its initial value. 

18. A body falls into a liquid of the same density as the body, the entering 
velocity being 1 ft./sec. at time t » 0. When t * ti and t ■■ h sec., the velocity 
has the respective values t>i and V 2 ft./sec. Assuming that the resistance is propor¬ 
tional to v n (n ^ 1), show that the constant n satisfies the relation ^(ri 1- " — 1) *■ 
fi(p2 l ~ n — 1). and hence may be determined. 

17. A rope is wound on a rough circular cylinder of radius a (ft.) and with hori¬ 
zontal axis (Fig. 6). Let the coefficient of friction be p, 
let T (lb.) be the tension in the rope at any point P, and 
let 0 be the angle AGP. Neglecting the weight of the 
rope, show that, when the rope is on the point of slipping 
in the counterclockwise direction, 


whence 


dT 

di-* 7 ’ 

T - TV*, 



where Tq is the tension at A. 

18. If the rope of Problem 17 is of linear density p (lb./ft.), show that when 
friction is sglected the tension T is given by 


dT 

---pa cos 9, 


whence, assuming T *» 0 for 0 « 0, 


T - pa sin 0. 


19. (a) Taking into account both the weight of the rope of Problems 17 and 18, 
and the friction, show that 

dT 
~do 


1 tiT -f - pa(cos 0 ■+■ n sin 0). 


( b ) If one end of the rope is at the level of the axis of the cylinder and the other 
hangs down to a distance L (ft.) below the axis, show that 


L 


2na 

i 


(1 + e**). 


(c) If one end of the rope is at the top of the cylinder and the other is at the 
level of the axis, show that 

tan 2a - 

where u * tan a. 

20. A particle moves in a horizontal line acted upon only by an attractive force 
which varies inversely as the cube of the distance x from a fixed point 0. If the 
particle starts from rest when x - 20 ft., and if x - 10 ft. when t — I sec., find 
the time it takes to travel three-fourths the total distance to O. 

21. A particle of weight w (lb.) is constrained to move in a horizontal circular 
path of radius a (ft.), (a) If the particle is subjected only to a resistance propor¬ 
tional to the square of the speed at any instant, show that the differential equation 
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of motion may be written as 



where 0 (rad.) is the angular displacement and t (sec.) is time. (b ) If the particle 
starts with an initial speed t>o (ft./sec.), show that 

w , / kgvf)t\ 

e ~kia' n V + ~^)' 

22. A particle moves from rest at a distance of 16 ft. from a center of attraction, 
the force varying inversely as the three-halves power of the distance, and the initial 
acceleration being 1 ft./sec. 2 Find the time required to reach the center. 

23. A particle falls from rest toward the earth (radius R *» 3960 miles) at a 
distance R from the earth’s surface. Using the inverse square law of attraction, 
find the time required to reach the earth. 

24. Two electrically charged particles repel each other with a force varying in¬ 
versely as the square of the distance between them. One particle is fixed, and the 
other, of weight 2 grams, is free to move without friction. Initially both particles 
are at rest and 20 cm. apart, (a) Find the initial force of repulsion if the velocity 
is 100 cm./sec. when the particles are 40 cm. apart. ( b ) Determine the time re¬ 
quired for the particles to be 80 cm. apart. 

25. A tank initially contains 50 gal. of fresh water. Brine, containing 2 lb./gal. 
of salt, flows into the tank at the rate of 2 gal./min., and the mixture, kept uniform 
by stirring, runs out at the same rate. How long will it take for the quantity of 
salt in the tank to increase from 40 to 80 lb.? 

26. A tank contains 50 gal. of fresh water. Brine containing 2 lb./gal. of salt 
runs into the tank at the rate of 2 gal./min., and the mixture, kept uniform by 
stirring, runs out at the rate of 1 gal./min. Find (a) the amount of salt present 
when the tank contains 60 gal. of brine; (b) the concentration of salt in the tank 
at the end of 20 min. 

27. A tank originally contains 100 gal. of brine holding 100 lb. of salt in solution. 
Two gallons of brine, each containing 3 lb. of dissolved salt, enter the tank per 
minute, and the mixture, assumed uniform, leaves at the rate of 3 gal./min. (a) 
Find the time for the concentration to reach 90% of its maximum value. ( b) Find 
the maximum amount of salt in the tank, and sketch a graph showing the varia¬ 
tion of salt content with time. 

28. A tank contains 100 gal. of brine. Three gallons of brine, each containing 
2 lb. of dissolved salt, enter the tank per minute, and the mixture, assumed uni¬ 
form, leaves at the rate of 2 gal./min. If the concentration is to be 1.8 lb./gal. at 
the end of 1 hour, how many pounds of salt should there be present in the tank 
originally? 

29. A tank contains 100 gal. of water. Brine containing A lb./gal. of salt enters 
the tank at the rate of 3 gal./min. The mixture, thoroughly stirred, leaves the 
tank at the rate of 2 gal./min. If the concentration is to be 2 lb./gal. at the end 
of 20 min., find the value of A. 

30. A tank contains fresh water. Brine holding 2 lb./gal. of salt runs into the 
tank at the rate of 4 gal./min., and the mixture, assumed uniform, runs out at the 
rate of 3 gal./min. If the concentration is to reach 90% of its maximum value in 
30 min., how many gallons of water should there be in the tank originally? 

81. A tank holds 100 gal. of brine. Brine containing 4 lb./gal. of salt flow's into 
the tank at the rate of 1 gal./min., and the mixture, kept uniform, flows out at the 
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rate of 2 gal./min. If the maximum amount of salt in the tank occurs at the end 
of 20 min., what was the initial salt content of the tank? 

82. Tank A initially contains 50 gal. of brine in which 50 lb. of salt are diaaoived. 
Two gallons of fresh water enter A per minute, and the mixture, assumed uniform, 
passes from A into a second tank B, initially containing 50 gal. of fresh water, at 
the same rate. The resulting mixture, also kept uniform, leaves B at the rate of 

2 gal./min. Find the amount of salt in tank B at the end of 1 hour. 

88. Tank A contains 100 gal. of brine holding 50 ib. of salt in solution, and 
tank B contains 100 gal. of water. If the brine runs out of .4 into B at the rate of 

3 gal./min. while the mixture, kept thoroughly stirred, is pumped back from B to 
A at the same rate, when will A contain twice as much salt as B ? 

84. A pipe 20 meters long and 30 cm. in diameter contains steam at 100° C. 
The pipe is covered by a layer of insulation 10 cm. thick and having a thermal 
conductivity K = 0.00225 cal./cm. deg. sec. If the temperature of the outer sur¬ 
face of the insulation is kept at 35° 0., find (a) the heat loss in calories per hour; 
(6) the temperature halfway through the insulation. 

36. A pipe 20 cm. in diameter contains steam at 100° C. and is covered with a 
certain insulation 5 cm. thick. The outside temperature is kept at 40° C. By how 
much should the thickness of insulation be increased in order that the rate of heat 
loss shall be decreased 20%? 

36. A steam pipe of radius 3 cm. and at 100° C. is wrapped with a 1-cm. layer 
of insulation of thermal conductivity 0.0003 cal./cm. deg. sec. and then that layer 
is wrappt with a 2-cm. layer of insulation of conductivity 0.0002 cal./cm. deg. sec. 
At what temperature must, the outside surface be maintained in order that 0.008 
cal. will flow' from each square centimeter of pipe surface each second? 

87. A pipe, 10 cm. in diameter, contains steam at 100° C. It is to be covered 
with two coats of insulating material, each 2.5 cm. thick, one of asbestos (K ■■ 
0.00060 cal./cm. deg. sec.) and the other of magnesia (K »* 0.00017 cal./cm. deg. 
sec.). If the outside surface temperature is 30° C., find the heat loss per hour from 
a meter length of pipe when the asbestos is inside and the magnesia outside, and 
vice versa. Compare the two results for efficiency of insulation. 

88. Generalize Problem 37 as follows. I^et r be the radius of the pipe, let K\ 
and A *2 lie the thermal conductivities of inner and outer coats, respectively, let t 
be the common thickness of the two coats, and suppose the pipe and outride tem¬ 
peratures to be fixed. Show' that less heat loss is obtained wdien K\ < K%. 

39. According to New r ton ? s lawq the rate at which heat is lost by a heated body 
is proportional to the difference in temperature between the body and the sur¬ 
rounding medium when that temperature difference is small. If a thermometer is 
taken outdoors, where the temperature is 5° C., from a room in which the tem¬ 
perature is 20°, and the reading drops 10° in 1 min., how long after its removal 
will the reading be 6°? 

40. An inductance of 2 henries and a resistance of 20 ohms are connected in 
series with an e.m.f. of E volts. If the current is zero w’hen time f * 0, find the 
current at the end of 0.01 sec. if (a) E — 100 volts; (b) E ■* 100 sin 150f volte. 

41. A constant inductance of 1 henry and a variable resistance R are connected 
in series with a constant e.m.f. E (volts). If R — 1/(5 + t ) (ohms) at time f (sec.), 
and if the current / » 0 at t •» 0, what is E to be in order that the cuneot be 
30 amp. when t — 5 sec.? 

48. A coil of inductance 1 henry and resistance 10 ohms is connected in aeries 
with an e.m.f. of E 0 sin I Of volte, where f (sec.) is time. When f - 0, the aurrent 
I (amp.) is aero. If / — 5 amp. when f — 0.1 sec., what must be the value of Btf 
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43. An inductance of 1 henry and a resistance of 2 ohms are connected in series 
with an e.m.f. of Ee~ l volts. No current is flowing initially, (o) If the current 
/ — 10 amp. when t — 1 sec-, how much must E be? ( b) If E ■ 50 volts, when 
will the current be 5 amp.? 

44. An inductance L (henries) and a resistance R (ohms) are connected in series 
with an e.m.f. of Ee~ at volts, where E and a are positive constants and t is time 
(sec.). Initially the current / (amp.) is zero. Find an expression for / as a func¬ 
tion of t, and determine at what time the current reaches its maximum value. 

45. When a resistance R (ohms) and a capacitance C (farads) are connected in 
series with an e.m.f. E (volts), 'he charge Q (coulombs) on the condenser and the 
current / (amp.) are given by 


dQ Q 

R i + ~c- E ' 


dt ’ 


dl I dE 
R dt + c~H‘ 


If R mm 2000 ohms, C » 5 X 10~ 6 farad, and 7 = 10 amp. for t — 0, find the cur¬ 
rent when t » 0.01 sec. if (a) E = 100 volts; ( b) E — 100 sin 120rt volts. 

46. An e.m.f. of 100 volts is applied to a circuit containing a resistance of 1000 
ohms and a capacitance of 5 X 10 -fl farad in series. When the condenser is fully 
charged and current no longer flows through the resistance, the e.m.f. is removed 
and the circuit closed. Using the relations of Problem 45, find the current and the 
charge on the condenser 0.01 sec. after the removal of the e.m.f. 

47. Radium decomposes at a rate proportional to the amount present. If the 
half-period is 1600 years, i.e., if half of any given amount is decomposed in 1600 
years, find the percentage remaining at the end of 100 years. 

48. In a certain chemical reaction, a molecule of one substance A combines with 
one of a second substance B to form one molecule of C. If a and b are the amounts 
of A and B , respectively, at time t *» 0, the amount of C at time t is given by 

^ - k(a - x)(b - x ), 


where k is a constant and x — 0 when t — 0. If x — 1 when t — 10 min., find x 
at the end of 20 min. (a) when a » 4, b — 3; (6) when a — b «■ 4. 

43. A tank of cross-sectional area A (ft. 2 ) at water level has an orifice of area B 
(ft.*) at the bottom. If h (ft.) is the depth of water in the tank at any time t (sec.), 
the rate of flow from the tank is given by 

A~ - -O.BBVfyh, 

at 

where g * 32.17 ft./sec. 3 Find the time required to empty a cylindrical tank 4 ft. 
in diameter and 8 ft. long through a hole 2 in. in diameter if the tank is initially 
full and its axis is (a) vertical; (6) horizontal. 

10. Two tanks, one in the form of a right circular cylinder with vertical axis and 
the other a right circular cone with vertex down, have equal base radii and identical 
orifices. If the time required to empty completely is the same for both faml™, find 
the ratio of their altitudes. 

51. A tank in the form of a right circular cone, with vertex down, has an orifice 
at the bottom whose area, controlled by a float valve, is proportional to the depth 
of water in the tank at each instant. Of the time to empty completely, what per¬ 
centage is required for half the volume of water to escape? 

52. (a) If p 0b./in. 2 ) is the atmospheric pressure and p (lb./in. 1 ) is the density 
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dp 

— + p - 0 . 

dh P 


(b) Assuming that p is proportional to p, and taking p — 14.7 and 12.0 lb./in.* at 
the surface of the earth and at a height of 1 mile, respectively, find the pressure 
at a height of 3 miles. 

63. Using the same data as in Problem 52, but assuming that p is proportional 
to p 1 4 , find the theoretical height of the atmosphere. 

54. If sea water under a pressure of P lb./ft. 2 weighs 04(1 + 2 X 10~ 8 P) lb./ft.*, 
find the weight of a cubic foot of water at a depth of 2 miles below sea level. 

66. A l>eam L ft. long is held horizontal at its ends by having its ends embedded 
in masonry. Find the equation of the elastic curve and the maximum deflection of 
the beam if it carries a uniform load of q lb./ft. Note: This problem differs from 
the example of the text in that there is, in addition, an unknown moment exerted 
by the masonry which keeps the beam horizontal at the end; but we also have the 
additional condition that dy/dx — 0 at the end. 

66. Work Problem 55 if, in addition, there is a concentrated load of P lb. at the 
middle point of the beam. 

67. A cantilever beam (one end free and the other fixed horizontally) of length 
L ft. we. a q lb./ft. and carries a load of P lb. at its free end. Taking the origin 
at the free end, find the equation of the elastic curve. Show that the same effect 
at the free end can be produced by distributing a load of W lb. uniformly along 
the beam as by applying a load of 37.5% of W lb. at the free end. 

68. A beam L ft. long, weighing q lb./ft., is simply supported at one end and is 
fixed horizontally at the other. Find the distance from the simply supported end 
to the point of maximum deflection. 

69. A beam 12 ft. long and weighing 2 lb./in. is simply supported at two points 
35 in. From each end. Determine whether the middle point of the elastic curve is 
above or below the level of the points corresponding to the supports, and draw the 
elastic curve. 

60. A 12-ft. beam, weighing 20 Jb./ft., is simply supported at its left end and 
at a point 4 ft. from its right end. Taking the origin at the left end, find the equa¬ 
tion of the portion of the elastic curve between supports and the distance from the 
left end to the point of maximum deflection within that span. 

61. Making use of the result of Problem 00, find the equation of the portion of 
the elastic curve for 8 £ r S J 2. 

62. A beam 6 ft. long and of negligible weight is simply supported at its ends. 
Two concentrated loads, each equal to 100 lb., are supported at the points of tri¬ 
section of the beam. Find the distance from an end to the nearer point where the 
deflection has half its maximum value. 

63. A beam 8 ft. long is simply supported at its ends. Three concentrated loads, 
each equal to P lb., are supported at distances 2, 4, and 6 ft., respectively, from 
one*end. Neglecting the weight of the beam, find the maximum deflection. 

64. One end of a 2-ft. beam is fixed horizontally in masonry, its midpoint is 
simply supported, and a concentrated load of 20 lb. is applied to its other end. 
Neglecting the weight of the beam, find the reaction at the simple support. 

65. A beam 4 ft. long and of negligible weight is simply supported at its ends 
and carries a load of 100 lb./ft. uniformly distributed over the central 2 ft. of ics 
length. Find the ratio of the maximum deflection of this beam to that of a simply 
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supported 4-ft. beam having the load of 200 lb. uniformly distributed over its 
entii^ length. 

66. A 0-ft. beam, simply supported at its points of trisection, carries a load of 
9 lb. at each end. Neglecting the weight of the beam, find the ratio of the ' Sec¬ 
tion at the center to that at an end of the beam. 

67. A cantilever beam is L ft. long and has a rectangular cross-section of breadth 

b ft. and depth h ft. It carries a load whose density is w lb./ft.* and whose depth 
is proportional to the distance from the free end. Neglecting the weight of the 
beam, find the maximum deflection. * 

68. A beam of length 2 L ft., carrying a uniform load of q lb./ft., is supported 
at its ends and at its middle point. Taking the origin at the middle point, find the 
equation of the elastic curve of the right half of the beam. Show that the maxi¬ 
mum deflection is (39 + 55^/55 )qL*/2 lt EI, and that this is 42% of the value it 
would have if the beam were cut in two at its middle point. 

69. A simply supported beam L ft. long carries a concentrated load of P lb. at 
a distance of c ft. from the left end. (a) Taking the origin at the left end, find the 
equation of the elastic curve of the portion of the beam to the left of P and of that 
to the right of P. (b) If c < L/2, show that the distance from the left end to the 
point of maximum deflection is greater than c and less than L/2, and find the 
maximum deflection. 


PART II. LINEAR EQUATIONS OF HIGHER ORDER 

8. Definitions and properties. In engineering applications, the most 
important and most frequently occurring differential equations of order 
higher than the first are those called linear equations. A linear differ¬ 
ential equation of order n is one of the form 

d n y d n ~ l y dy 

Oq(x) — + a^x) —zi H-1" a n- iW — + a *( x )y = /(*)> (1) 

dx n dx n 1 dx 

where do, dj, ■■■, a n , f are functions of the independent variable x 
only, do 5^ 0. It derives its name from the fact that it is linear, i.e.," 
of the first degree, in the dependent variable y and its derivatives. 

We have already considered, in Art. 5, the linear equation of first 
order, and we found a formula in terms of the coefficients P and Q for 
the general solution of this particular linear equation. Unfortunately, 
it is impossible to find a similar formula for the general solution of (1) 
when n is greater than unity. It is possible, however, to find the 
general solutions of certain linear equations of special types, as we 
shall see. 

Before discussing methods of solving on equation of the form (1), 
let us investigate the properties of such an equation. We can deduce 
one of its properties from our knowledge about the first-order linear 
equation, dy 

f- + Pv-Q. 


( 2 ) 
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It was found in Art. 5 that the general solution of (2) is of the form 


y = u + cv, 


( 3 ) 


where u and v are functions of x determined from P and Q, and c is an 
arbitrary constant. Now if we set c = 0 in (3), we get a particular 
solution y = a ; that is, 



u = Q 


identically. 

have 


Moreover, since v = e f Pdx by equation (6), Art. 5, we 

( d \ -fpdx -fpdx 

d ^ / n ” ~~ c ^ c J c ^ >e J = 0 


identically. Thus the right member of the general solution (3) of 
equation (2) consists of the sum of two parts; one of these parts, ?/, when 
substituted for y in the left-hand side of (2) yields the function Q, 
while the other, cv, yields zero. In other words, y — u is a particular 
solution of (2), free of any arbitrary element, and y ~ cv is the general 
solutio: of the equation obtained from (2) by replacing the right 
member by zero. 

This property of the first-order equation is possessed by the linear 
equation (I) of any order n. For, if ?/ = Yp is any particular solution 
of (l), and if y = Y c , involving n arbitrary constants, is the general 
solution of the equation 


d n y d n b/ dy 

Oil + a, -+ • ■ • + «„_! .- + a n y = 0, (4) 

ax dx dx 


obtained from f l) by replacing fix) by zero, then 


oc 


dP{Yp + YJ 


Cli 


d n ~'(Yp + F,) 
dx n ~ f 


+ ■ ■ • + p -f* Y e ) 


/ d H Y P \ ( d n Y c 

v 0 ~d?~ + ' + a * Yp ) + v°° dF 


H-h O'nYc 


) 


*=/+ 0. (5) 

Since y = Y P + Y c is, by (5), a solution of equation (1), and, more¬ 
over, is one containing n arbitrary constants, it is the general solution 
of (1). 

Any function Yp, satisfying (1), is called a particular integral of (1), 
and the expression Y c , satisfying (4), is called the complementary funo 
non of (1). An equation of the form (4) is said to be a homogeneous 
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linear equation; an equation of type (1), with f(x) ^ 0, is called 
non~homogeneoiL8. The result found may then be stated as follows. 
The general solution of a non-homogeneous linear equation is made up 
of the sum of a particular integral of the given equation and the 
general solution of the corresponding homogeneous equation. 

Now suppose that y — y\ is any solution of the homogeneous equa¬ 
tion (4), so that 

tTyi d n-1 2/i 

&o H-t" a nV\ = 0 (6) 

dx n dx n 1 


identically. Then y = Ciy u where ci is an arbitrary constant, will also 
satisfy (4). For we have 


do ——-h ai 

dx 11 


dx n ~ l 


H-h a n (c iyi ) 


= Ci 



d n y 1 
dx n 


d n ~ l y 1 

01 d + r - r+ "’ +anl/1 


0 , 


by (6). If y = 2/1 and y = y 2 are any two solutions of (4), we can 
show also that y = yi + y 2 will be a solution. For by hypothesis we 
have 

<Tyi <r- l Vl f 

—■ + ai r— r H h a n yi = 0 , 

dx n dx n 1 

d n y 2 d n ~ l y 2 

a °^ + ai ^ + '" +anV2 = 0 ’ 

whence 


<T(y, + y 2 ) d n 1 {y l + y 2 ) 
do-—-K o x 


dx" 


dx n 


-|-1- On ( 2/1 + 2 / 2 ) 


d n yi , d n ~ 1 y i 

= a0 '^ + ai ^ + "" fO " Vl 


+ Oo 


<f n y2 

dx" 


= 0. 


ai-^r + ---+0,3/2 


From these two facts it further follows that, if y — yi, y = y 2 , • ■ 
y — y« are n solutions of the homogeneous equation (4), the linear 
combination 

ciyi + C 2 y 2 H-h c„y„, (7) 


where the c's are arbitrary constants, will likewise satisfy (4). Now 
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it may happen that there exists among the functions j/i, y 2 » • • *, y n 
a linear relation 

biyi 4 - b 2 y 2 + ■ • ■ 4 - b n y n = 0, (8) 

where the b’ s are definite constants not all zero, satisfied identically in x. 
For example, suppose that y\ — sin .r, y 2 = cos x, 7/3 — cos (x + ir/ 3 ). 
Then since 

n\ tt , 

- I = cos x cos-sin x sin - 

3/3 3 


2/3 


= cos ^x 4- 


1 V3 

= - cos x —-sin i 

2 2 


there exists the identical linear relation 


V3 i 

~ Vl ~ ~V 2 + 1/3 = 0 , 


of the form (8) with b, = -\/ 3 / 2 , b-> = — J, b :i =• 1. When a relation 
(8) doc' 1 exist among y X} y 2t • ■ ■, y n , these n functions are said to be 
linearly dependent; and when no such relation exists, the functions 
are linearly independent * If y u y 2> ■ • ■, y n are linearly dependent, the 
linear combination ( 7 ) may be expressed in a form involving less 
than n arbitrary constants. Thus, for y v — sin x, y 2 = cos x, y 3 
= cos (x ^/ 3 ), we have 


c 3 C3 v 3 

ci ?/i + c 2 y 2 4 C31/3 = c Y sin x 4* c 2 cos x 4-cos x--— sin x 

2 2 


= C\ sin x + c 2 cos x, 


where c\ = c, - c 3 V 3 / 2 , c ' 2 = c 2 + c 3 /2. If, however, y t , y 2 , ■ ■ ■, y n 
are linearly independent, the constants Cj, c 2y ■■■, c n in ( 7 ) are all 
essential, and hence the linear combination ( 7 ) will be the comple¬ 
mentary function of equation (1): 


Y c = cj 7/i 4 c 2 y 2 H-h c n y n , 


( 9 ) 


and y = Y c will be the general solution of ( 4 ). 

* There are several ways of testing a set of functions for linear dependence, the 
most common of which depends upon the vanishing or non-vanishing of a functional 
determinant called the Wronskian. It is beyond the scope of this Iwok to consider 
the theory involved; the interested student is referred to E. L. Incc, “Ordinary 
Differential Equations.'’ 
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In order to solve a linear equation (1), we therefore proceed as 
follows. We first find n linearly independent solutions y — y 
* jfe» *' • t V = Vn of the corresponding homogeneous equation (4) and 
form the complementary function (9); if f(x) = 0, y = Y e gives us the 
genera] solution of the equation. If f(x) 9 * 0, we next find a particular 
integral Y P \ then y = Y P + Y c will be the general solution sought. 

When the coefficients a 0 , a u • * ■, a n of equation (1) involve x, the 
process of finding the general solution usually requires special methods. 
When, however, the a’s are all constants, or when the given equation 
may be transformed into a linear equation with constant coefficients, 
the methods for finding the general solution are of an elementary nature. 
We devote the remainder of Part II of this chapter to a discussion of 
these methods. 

9. Operators. In order to solve a linear equation with constant 
coefficients, 

d n y d 1l ~'y dy 

a o — + t^-T ^ - a n-i —■ + a n y = f(x), (1) 

dx dx 1 dx 

we introduce the concept of a differential operator. Let D be a symbol 
denoting the operation of differentiation with respect to the inde¬ 
pendent variable, 

d 

D = —■ (2) 

dx 

D is not a quantity, but an operator; when placed to the left of any 
function of x, it indicates that the function is to be differentiated, and 
the result of operating on the function with D is the derivative of that 
function. Thus, 

D(3z 2 ) = 6x, D(sin 2x) = 2 cos 2x, D(ze x ) = (x + l)^. 

We may generalize the definition (2) by writing D r to indicate the 
operation of finding the 7-th derivative, 

D r 55 (r *0,1,2, (2') 

dx 

thus, 

D 2 (3* 2 ) * 6, D 3 (sin 2x) = -8 cos 2x, D r (xe*) = (x + r)e r . 

Although these operators are not algebraic quantities, they have 
many of the properties of such quantities, for they obey the following 
fundamental laws of algebra: 

. m. . f (I) The commutative law, a + b — b + a. 

1011 1(11) The associative law, a -f (6 + c) = (a + b) + c. 
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(III) The commutative law, ab ■ ba. 

(IV) The associative law, a (be) — ( ab)c . 

Multiplication | (V) The distributive law, a(b + c ) =» ab + oc. 

(YT) The index law, a r a* - a r+t , r and s positive 
integers. 

By the formulas of the calculus, for u a function of x, we have 
analogously, 

(I) (D r -I- D *)u = (D a + T> r )u. 

(II) [D r + (D* + D f )]u = [(D r + D*) + D ']u. 

(III) (D r D a )u = (D"-D r )w. 

(IV) D r (D fl ■ D')u = (I) r ■ jy)D l u. 

(V) + D l )u = (D r -ir + D r -D')w. 

(VI) (D r -D> = D r+ V 
Moreover, 

D f (cu) = cD r u, 

when c is any constant. Hence we may say that these operators, and 
sums of such operators with constant coefficients, behave as if they 
were algebraic quantities, and may be manipulated algebraically sub¬ 
ject to the above laws. 

Using operator notation, equation (1) may be written as 
(a<)D n + aiD n 1 • • ■ + a*_iD + a n )y = fix), 

or, briefly, as 

*(D)y - fix), (3) 

where 

0(D) - ooD" + ai D n ~ 1 H-1- Orfi—i D + a*. (4) 

We employ the functional notation 0(D) to indicate that the operator 
(4) is a polynomial function of D with constant coefficients, and as such 
may be treated in accordance with the above laws in the same manner 
as any other polynomial in a single letter or argument. In particular, 
0(D) may be expressed in factored form as the product of n linear 
expressions in D. If r lf r 2 , ■ • - , r n are the n roots of the equation 

0(m) * Ooto 71 + aim" -1 H-f- a n ^m -f a n = 0, (5) 

we have 

0(m) s ao(m - ri)(m - r 2 ) • • ■ (m - r n ), 
and consequently 

0(D) s oo(D - rO(D — r 2 ) ■ ■ • (D — r n ). 


m 
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It should be noted that the roots r 1? r 2 , • • ■, r n of the auxiliary equa¬ 
tion (5) may be arranged in any order, so that the order the factors 
in (6) is immaterial. 

Let us illustrate what we are doing by means of a concrete example. 
Consider the operator 

0(D) = D 2 - 3D + 2, 

and let 0(D) operate on the function u = x 2 — 3 sin x. Then we have 
0(D)u = (D 2 - 3D + 2) (x 2 - 3 sin x) 

= D 2 (x 2 — 3 sin x) — 3D(x 2 — 3 sin x) + 2(x 2 — 3 sin x) 

= 2 + 3 sin x — 6x + 9 cos x + 2x 2 — 6 sin x 
= 2 — 6x + 2x 2 — 3 sin x + 9 cos x. 

Now the roots of the auxiliary equation, 

0(m) s m 2 — 3m + 2 = 0, 

are 1 and 2. Hence 

0(D) « (D - 1)(D - 2), 

or, alternatively, 

— 0(D)-(D-2)(D-1). 

Then 

0(D )u - (D - 1)[(D - 2) (x 2 - 3 sinx)] 

— (D — l)(2x — 3 cos x — 2x 2 + 6 sin x) 

■■ 2 + 3 sk — 4x + 6 cos x — 2x + 3 cos x + 2x* — 0 sin x 

= 2 — 6x + 'lx" — 3 sin x + 9 cos x, 
or 

0(D)u - (D - 2)[(D - l)(x2 - 3 sin x)] 

« (D — 2) (2x — 3 cos x — x 2 + 3 sin x) 

“2 + 3 sin x — 2x + 3cosx — 4x + 6 cos x + 2x 2 — 6 sin x 

* 2 — 6x + 2x 2 — 3 sin x + 9 cos x. 

We thus get the same result when operating upon u “ x 3 — 3 sin x 
with all three forms of 0(D). 

The factored form (6) of the operator (4), obtained by the algebraic 
process of determining the roots of the auxiliary equation (5), will be 
of considerable utility in our later work. 
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We proceed now to the consideration of a few formulas involving 
operators. To begin with, we have 


De mx = me mx } D V" s = m 2 e mx , 

DV“-mV* 

where m is any constant, whence 


<f>(D)e mx •= (ooD n 4 aiD n '" 1 4* 

■ ■ + o»i-iD ■+■ Oe” 11 

= (aom n 4 dim n ~ 1 4 • • 

• + a„_ l m + aje”* 


(7) 


Now if u is a function of x, 

D{c mx u) = r mx I )u 4 me mx u = c mx (D 4 m)u, 

D 2 (e mx u) = D[c mx (D 4 m)u] = c mx ( D 2 + mD)u 4 mc^(D 4 m)u 

= e mx (D 2 4 2 m D 4 m 2 )u 

= 6> mx (I) + m) 2 u. 

These two relations suggest that 

D r (e mx u) = c m *(D 4 m) r u (8) 

for any positive integer r. Let us prove the truth of equation (8) by 
mathematical induction. If we operate on both members of (8) with 
D, we get 

D r+1 (e mx u) = D[e mi (D 4 m) T u\ 

= e mx D(T> 4 m) r u 4 me^^D 4 m) r u 

= e mx {D 4 m) r+1 u. (9) 

Therefore, if (8) is true for any particular value of r, it is true for the 
next higher value of the exponent, since (9) is the same relation as (8) 
except that r 4 1 replaces r. But we have found that (8) holds for 
r = I and for r - 2. Consequently, it holds for r — 2 4 1 = 3, and 
therefore for r = 3 4 1 = 4, and so on, so that it is true for any positive 
integer r. It follows that 

*(D)(e"“u) = (a 0 D n + «,D n - 1 + • • •+ a„_ ,D + a^e^u) 

= « m >o(D + m ) n + a, (D + m)" -1 + ■ • • 

-f «n_) (D + m) + a„]u 


- e mx 4>(D 4 m)u. 


(10) 



46 ORDINARY DIFFERENTIAL EQUATIONS [Chap. 

Formula (10) tells us that, when operating with 0(D) on the product of 
e™ and any other function u, wc may shift e mz from the right-hand side 
of the operator to the left if we change D in the operator into D + wi 
and act with the resulting operator on u alone. 

As an example, let 0(D) = D 2 — D 4- 4, and let m = 3. Then, 
by (10), 

(D 2 — D + 4)(e 3x it) = e 3x [(D + 3) 2 - (D + 3) + 4]u 
= e 3x (lV -f- 5D + 10)u. 

To verify this relation in a particular case, suppose that u = x 2 . Then 
we have, on the one hand, 

(D 2 - D + 4)(c 3x x 2 ) - I) 2 (e 3x x 2 ) - D(c 3x x 2 ) + 4e 3x x 2 
= 2 c 3x + 12xe 3x + 9x 2 c 3x - 2 xe 3x 
- Zx 2 c 3x + 4xV x 
= c 3x (2 -f lOx + 10x 2 ), 

and, on the other, 

e 3x (D 2 4 5D + 10)x 2 = e 3x (2 + lOx + 10x 2 ). 

Thus the two methods yield the same result. 

The theorem expressed by the relation (10) has the following corol¬ 
lary. If, in particular, 0(D) = (I) — m) r } then 

(D - m) r (e mx u) = e n,x D r u. (11) 

For example, if m — 3, r = 2, and u = x 2 , 

(D - 3) 2 (c 3x x 2 ) = c 3x D 2 x 2 = 2c 3x , 

as may be readily verified by operating upon e 3x x 2 with (D — 3) 2 
directly. 

PROBLEMS 

Perform the indicated operations in Problems 1-5. 

1. (2D 2 - 3D 4 5)(x cos x - 3). 

2. (D 2 4 2D - 3)(tan x - 2/x). 

3. (3D 2 4 D 4 2)(ln 2x - 1/x 2 ). 

4. (D* 4 2D - 4)(f“ r sin x 4 c 2z ). 

6. (2D® — D 2 4 l)(ln cos x — 2 tan x). 

In Problems 6-10, resolve the given operator 4(D) into linear factors, and arrange 
these factors in all possible orders. Operate upon the given function u with 4(D) 
written in each form, and verify the fact that the results obtained are the same. 

6. 4<P) - D 2 - 1; u - e* 4 2«“\ 

7. 4(D) - D 2 4 3D 4 2; u - e" 2 * 4 3x 2 . 
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8. *(D) - 2D 2 4 3D - 5; u - cos r - 2**. 

9. *(D) - 1!> 2 + 2D 4 2; u - c” 1 sin x 4 2i*. 

10. #(D) - D J - 2D ! 4 I) - 2; « = sin x - 2 cos x 4 t u . 

l T sing formula (JO), or i(s special form (11), carry out the indicated operations 
in Problems 11-11). 

11. (D* 4 2D - n(r' cos x). 

12. (I) 5 - 2D 4 ->)(-■* sin 2x). 

18. (D* 4 4D - 0)(jc- 

14. (D* - (>D Z 4 121) - »)(xV r ). 

16. (D a - 2D 2 4 D)(jt x ). 

16. (D 5 - JiD 4 l»)(r ,Jt cos 2 x). 

17. (D - niV'(c*"(ci 4 C 2 i 4 ■ • • 4 c r x r ~ 1 )]. 

18. (D - In 2) 3 (2V-). 

19. (D 4 aYa’. 

20. Csing Leibnitz's formula for the rtli derivative of a product, 

I) r (ui>) - vD’u 4 r(D r-l u)(D»J 4 - ■ ~ - (D’—'aKD-VO 4 ■ • • 

4 r(Du)(D ,-1 e) 4 uD r e, 

where the coefficients are the binomial coefficients, derive formula (10). 

10. The complementary function. We are now in a position to solve 
completely the homogeneous linear equation with constant coefficients, 

*(D)y ■ (ooD" + ai D n ~ l + ■ • • + a n _!D + a n )y _ 0. (1) 

Let r lf r 2 , ■ * -, r n be the roots of the auxiliary equation 

= aom n + aim" -1 H-b a n -im + a n = 0, (2) 

and write the operator <£(D) in factored form, 

*(D) * ao(D - r0(D - r 2 )- ■ (D - r n ^)(D - r n ). 

Then equation (1) may be written 

ao(D - n)(D — r 2 ) • * • (D - r n _j)(D - r n )y = 0. (3) 

It is easy to see that any solution of the equation 

(D - r n )y = 0 (4) 

will likewise be a solution of equation (3). For, if y n is a function 
satisfying (4), so that (D - T n )y n = 0 identically, we get 

<KD)y n m ao(D - r,)(D - r 2 ) • • • (D - r n _,)[(D - r,)»J 

= ao(D - n)(D - r 2 ) • ■ • (D - r,_i)(0) 

= 0. 
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Now the solution of equation (4) is readily found. We have 

dy 

— - r n y = 0 , 
ax 

dy 

= v n dx t 

y 

In y = r n x + In c n , 

V = c-nC rnX , 

where c n is an arbitrary constant. Consequently y n — c n c rnX is a solu¬ 
tion of equation (1). But r n is any one of the roots of the auxiliary 
equation (2), and therefore 

2/1 = ClC T ' X j 2/2 = C 2 C f21 , • ■ ■, 2/n = Cnf*, 

where the c\s are arbitrary, arc all solutions of (1). Since, as shown 
in Art. 8, the sum of two or more solutions of a linear homogeneous 
equation is also a solution, the linear combination 

c 1 ^ + c 2 ^ I -h---+c n c r »* (5) 

will satisfy (1). 

If the roots r 1? r 2 , • • ■, r n of (2) are all different, the functions e riZ , 
c r2 *, ■ - •, e rnX f will be linearly independent, so that the n c's are all 
essential. Consequently (5) will be the complementary function 
sought, and 

y = CjC riZ -f c 2 e rax H-b c n e rnX (G) 

will be the general solution of the linear homogeneous equation (1) 
when ri, r 2 , * • •, r n are distinct numbers. 

As an example, consider the equation 

(2D 2 + 5D - 3 )y = 0. 

The auxiliary equation is here 

2m 2 + 5 m — 3 = 0, 

and, since 2m 2 4- 5m — 3 = (2m — l)(m -f 3), the roots are -£■ and 
—3. Hence we have as the general solution of the given equation 

y = Cie 1 ' 2 + c 2 e~ 3x . 

Consider now the case in which the auxiliary equation possesses 
repeated roots. To illustrate this situation, Jet there be given the 
equation 


(D 2 - 4D + 4)y - 0. 
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Here the auxiliary equation, 

m 2 — 4m + 4 = 0, or (m — 2) 2 = 0, 
has the double root 2. Evidently the relation 

y = c lC 21 + c 2 c 2x = (c, + c 2 )c 21 

cannot be the general solution, for the sum of two arbitrary constants 
may be replaced by a single arbitrary element, c = c x + c 2} whence 
the relation y — cc 2x is seen to be merely a particular solution. To 
overcome this difficulty we proceed tentatively as follows. Since 
y — c<? x is a solution, we try the effect of substituting y =* we 2 *, 
where u is a function to be determined if possible; that is, we wish to 
find out whether e 2x multiplied by something more general than a 
constant will likewise satisfy the equation. In this process, we may 
advantageously apply formula (11) of Art. 9; we have 

(D 2 - 4D + 4)(c 2 *u) - (D - 2) V x u) 

= e 2x D 2 u. 

It appears, therefore, that if u is such that D 2 u = 0, c 2x u will satisfy 
the given equation. Solving the simple differential equation D 2 u = 0, 
we get by repeated integration, Du = c lt u = Cjx + c 2 . Hence 

y = + Cl)*?* 

will satisfy the equation (D 2 — 4D + 4 )y — 0, and since we now have 
two essential arbitrary constants, we have succeeded in finding the 
general solution. 

The above process is easily generalized. Let the given equation, 

<t>(D)y = o, (7) 

be such that the auxiliary equation <i>(m) = 0 possesses a p-fold root r%. 
Then the polynomial contains the factor (rn — r 1 ) p , or <f>(m) 

= 4>i(m){m — ri) p t where (t>\{m) is a polynomial of degree n — p, 
with (rx) ^ 0. Hence the differential equation may be written 

MDHD-r^y- 0. (8) 

Since y = e rix is a solution of (8), let y = c n *u. We get by use of 
formula (11), Art. 9, 

*i(D)(D - = 4>i(D)c TlX D p ii = 0, 

whence integration of D v u = 0, p times, gives us 

U = Cx + C 2 X H-b CpX P ~\ 

y = (cx + cai H-b c*x?~ l )e riX 


and 


( 9 ) 
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is a solution of (7). If 4>i(m) = 0 has a repeated root r 2 (t 2 9 * ri), 
a solution of (7) corresponding to this root may be found similarly. 
Continuing this process as often as may be necessary, we arrive at the 
general solution. 

As another example of this type of problem, consider the equation 
(D 5 - 2D 3 + D )y = 0. 

We find as roots of the auxiliary equation m 5 — 2m 3 + m = 0, the 
numbers 1, 1, —1, —1,0. Corresponding to the double root 1, we 
have the solution y = (<q + c 2 x)e x ] corresponding to —1, we get 
(cq + Cix)e ~ x ; and corresponding to the single root 0, we have c&e 0x 
= ca. Hence the general solution is 

V = (ci + c 2 x)e x + (c 3 -f c 4 x)e~ z + c h . 

The result (9) may be easily remembered by noting that the portion 
of the general solution arising from a p-fold root r T is given by e r,x 
multiplied by a polynomial in x of degree one less than the number of 
times the root occurs. It is good practice also to check the final 
result by making sure that the general solution contains as many 
arbitrary constants as the order of the given equation indicates. 

We have now formally completed our discussion of the eomplemen- 
taiy function, and may obtain by purely algebraic means the general 
solution of any linear homogeneous equation with constant coefficients. 
However, the case in which the auxiliary equation possesses complex 
roots requires special investigation in order that the corresponding por¬ 
tion of the solution be properly interpreted and written in a form useful 
for further manipulation. This is particularly important in engineering 
work, for, as we shall see in Art. 14 and from time to time in later chap¬ 
ters, the linear differential equations arising in physical problems very 
often have as their most useful solutions those corresponding to 
complex roots of the auxiliary equation. 

Consider, for example, the equation 

(D 2 + k 2 )y = 0, 

which appears in connection with a large variety of vibration problems. 
Here we have m 2 + k 2 — 0, so that m = where i = \/ — l, and 
therefore the general solution of the above equation takes the form 

y = Cie xkx + c 2 e~ xkx . 

Now «*, with x real, may be expanded in a Maclaurin’s series, 

* 2 x 3 
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If we mechanically replace x by ikx in this series, and make use of the 
relations i 2 = — 1, t 3 = — i, x 4 = 1, ■ • -, we pet 


A kx 


k 2 x 2 JfcV JfcV JfcV 

1 + ?X'x-2-)-b ?- 

2! 3! 4! 5! 


/ JfcV Jt 4 * 4 \ . / JfcV JfcV \ 

= [ 1-1-- ■ • ) -f- i ( kx — --1-— ■ ■ • J • 

V 2! 4! / V 3! 5! / 


But the first of the series in parentheses is the familiar expansion of 
cos kx, and the second series represents sin kx. Formally, therefore, 
it appears that 

e lkx = cos kx + i sin kx. (10i) 

In a like maimer, or by changing x into — x in (10i), we find 

e~ tkx = cos kx — i sin kx. (IO 2 ) 

The relation (10i), which really includes (10 2 ), is known as Euler's 
relation. It should be noted that we have not proved Euler’s relation, 
since ^ * have used a series originally derived under the assumption 
that the variable is real, to obtain a result involving complex quantities. 
Let us nevertheless make use of (100 and (10 2 ) in the general solution 
above, and examine what we get. We find 

y = Ci (cos kx + i sin kx) + c 2 (cos kx — i sin kx) 

— (<a + c 2 ) cos kx + 2 '(c! — c 2 ) sin kx. 

Since Ci and c 2 are arbitrary’, (ci 4- c 2 ) and z(ri — c 2 ) arc also arbitrary. 
Denote the latter expressions by A and B, respectively, so that we have 

y — A cos kx B sin kx. 

Is this the general solution of the equation (D 2 -f~ k 2 )y = 0? A sure 
answer to this question is obtained by substituting for y the above 
expression. We then get 

(D 2 + k 2 )(A cos kx 4- B sin kx) 

= (—X 2 A cos kx — k 2 B sin kx + k 2 A cos kx + k 2 B sin kx) s0; 

thus we do have the general solution. 

Let us now consider the matter of complex roots of the auxiliary 
equation in the general case. We shall suppose that the coefficients 
do, a lf • • On of equation (1) are all real constants; this assumption 
is nearly always fulfilled in the equations arising in practice. Then the 
algebraic theory of equations tells us that any complex roots of the 
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equation 4>(m) = 0 will occur in conjugate pairs. Let a ± zfo be such 
a pair, so that the corresponding part of the solution of the differential 
equation is 

y = c x c (a ^ )x + c 2 e (a -^ )x . (11) 

If we take for granted that 

„ c a f ,ib _ c «( cos 5 _j_ { s j n ( 12 ) 

equation ( 11 ) becomes 

V — <?***[ 4- c 2 ) cos for 4 i(c x — c 2 ) sin for] 

= e ax (A cos for 4 73 sin for), (13) 

where A and B are arbitrary. We may show that (13) satisfies the 
equation <f>{D)y = 0 when <£{« ± 2 / 3 ) = 0 , as follows. Corresponding 
to the root pair a =t iS, we must evidently have (m — a ) 2 -4- /3 2 as a 
factor of Hence </>il)) = 0 i(D)[(D — a ) 2 + /3 2 ], and 

$(D)[c“*(A cos fix -f B sin fix)] 

= 4 >i (I))[(!) — a) 2 4 /S^r^fA eos f3x + B sin fix) 

= c/> 1 (D)r" I l D 2 + j3 2 )(A cos /for + 13 sin /for) 

by formula (10) of Art. 9. But 

(I)~ 4 /3 2 )(A cos for 4 B sin for) = 0, 

and consequently (13) is a solution. 

Since the relation (12) is formally obtained from the scries for c x 
by setting x = a 4- ib, and since the form (13), into which ( 11 ) trans¬ 
forms by use of ( 12 ), satisfies the differential equation, it is manifestly 
desirable that the exponential function with complex exponent be 
defined so as to make (12) true. It is shown in Chapter X that such a 
definition is consistent and desirable on other grounds as well; we shall 
in all our subsequent work consider ( 12 ) as a known and valid relation, 
and shall make free use of it. 

The expression e“*(A cos for 4- B sin for), with A and B arbitrary, 
can be written in two other useful forms. These arise from the trigo¬ 
nometric identities 

A cos 0 4- B sin 6 — a/A 2 4- B 2 sin 

= *s/A 2 + B 2 cos ^0 — tan -1 —^, 


( #+i “ _ «) 
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which are easily verified by expanding the right-hand members. We 
then have 

e**(A cos fix + B sin fix) = CV“* sin (fix + C'), 

= Ce** cos (fix + C"), ( 14 ) 

where C, C\ C” are new arbitrary constants, 

C = Va 2 + B 2 , C' = tan" 1 -, C“ = - tan -1 ~ 

B A. 

As another example, consider 

(D 3 - 2D 2 + 10D)y - 0. 

We find 

m 3 — 2 m 2 + 10m = 0, 
m — 0, 1 db 3 i, 

and therefore the general solution may be written in any of the forms 
y = ci + e*(c 2 sin 3x + c 3 cos 3x), 
y = c\ + c 2 e x sin (3x + c 3 ), 
y = Ci -f cos (3x + c 3 ). 

When repeated complex roots appear, the procedure is similar to that 
given above; it is necessary merely to interpret the exponential factor 
with complex exponent. Thus, if the complex root pair a =b ifi occurs 
p times, the corresponding part of the general solution is 

e^lCAi + A 2 x H-b A p x p ~ 1 ) cos fix 

+ (Bi 4 B 2 x + ■ • ■ 4* BpX v *) sin fix], 
or 

e^Ci sin (fix + Ci) + C 2 x sin (fix + C 2 ) H- 

+ C p x p ~ i sin (fix + (f r )], (l5) 

or 

c^Ci cos (fix -f (?[) + C 2 x cos (fix -f Cj) H- 

+ Cpx*' 1 cos (fix 4- O)- 

PROBLEMS 

Find the general solution of each of the following differential equations. 

1. (D ! 4- 5D + 6)v - 0. 2. (2D 1 - 5D - 3)y - 0. 

S. (D* - 4D 1 + 3D )y - 0. 4. (D* - 3D 1 - D + 3 )y - 0. 
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6 . (91V - (>0 + 1)// » 0. 

7. (IV - filV + 121) - 8)// - 0. 
9. (IV + 111))// - 0. 

11. (IV + 31V + 01) - 13)i/ = 0. 
19. (IV - 21V);/ = 0. 

16. (IV - 21V)// = 0. 

IT. (IV - 81)// = 0. 

19. (IV - IIV + 41)-)// = 0. 


6. (41) 3 - 41V + I))// = 0. 
8 . (IV - 21V + IV)// = 0. 
10. (IV - 41) 4- 5)// = 0. 

12. (!)'• + SI) 3 + Kil))// = 0. 
14. (IV + 8)// = 0. 

18. (I) 4 + ID-)// = 0. 

18. (IV + 9IV);/ = 0. 

20. (IV + 4)// = 0. 


11. Particular integrals. Having discussed ways of obtaining the 
complementary function Y c of a linear differential equation with 
constant coefficients, 

0(D )y feD 11 + ajr~ l + • ■ ■ + {D + a n )y = /(*), (1) 


we turn now to a consideration of methods for finding a particular 
integral Y P . For brevity, we shall say that Y P corresponds to the right- 
hand member /(x). 

In the first place, we note that, if the right-hand member /(.r) of 
equation (1) consists of the sum of two or more terms, then the process 
of finding Yp may be broken up into parts, where in each part we find 
the portion of Yp corresponding to one term of /(x). For suppose that 
f(x) — /i(x) + / 2 (x), and consider the equations 

0(D)?/ = <t>{D)y = f 2 (x). 

If y — Ypi satisfies the first of these equations and y — Yp 2 satisfies 
the second, so t hat 


0(D)IVi = /i(x), 0(D)!V 2 =/ 2 (x), 

identically, then 

0(D)(»! + Y P2 ) = 0(D )Y Pl + 0(D)F />2 = fi(x) + / 2 (x), 

so that y = Y P \ -f Y P2 will lx* a particub-.r integral of (1). Thus, if 
we find Y P i corresponding to /i(x) and also Yp 2 corresponding to 
/ 2 (x), the sum Y P \ + Y P2 will correspond to/i(x) + / 2 (x). 

Since there are, as we shall see, several methods of determining a 
particular integral, it follows from what has been said that we may, 
if we find it convenient, apply one method to find the part of Y P corre¬ 
sponding to one term of /(x) and use a different method to find the 
portion of Y P corresponding to another term of/(x). 

We shall confine our attention in the following discussion of methods 
of attack to the problem of finding a particular integral y = Y P corre¬ 
sponding to a right-hand member /(x) consisting of a single term. 
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(a) Reduction of order . One method of getting a particular integral 
is suggested by writing the operator <£(D) in factored form, 

*(D)y = ao(D - n)(D — r 2 ) • • • (D — r n _!)(D - r n )y = f(x). (2) 

If we let u * ao(D — r 2 )(D — r 3 ) ■ • • (D — r n )y } equation (2) is re¬ 
placed by the first-order equation 

(D - r\)u = /(x). 

We may solve this equation for u by the method of Art. 5. Supposing 
this done, and the expression so found (omitting the constant of inte¬ 
gration since we are seeking the simplest particular integral) substi¬ 
tuted in the expression defining u , we get 

Oo(D - r 2 )(D — r 3 ) • • • (D — r n )y = u. 

This is another linear equation for y similar to the original equation (2), 
with the known function u as right-hand member instead of /(x), and 
of order n — 1 instead of n. We may treat this in the same way as 
before; letting v — Oo(D — r 3 )- ■ *(D — r n )y, solving the new first- 
order equation 

(D — r 2 )v = u, 

and substituting back, we have 

flo(D — r 3 ) ■ ■ ■ (D — r n )y = v , 

an equation of order n — 2. Evidently we may continue this process, 
solving a first-order equation at each stage and reducing the order of 
the equation by unity each time, until we ultimately obtain y. 

As an example, consider the equation 

(D 3 - 2D 2 + D )y = x. 

Factoring the operator, we get 

(D - 1)(D - 1)D y = x. 

Then the complementary function is Y c = ci -f- (c 2 + c 3 x)e*. Letting 
u = (D — l)Dy, we have (D — l)u = x, whence 

ue~ z = —c~ x (x + 1), u = —x — 1. 

Consequently 

(D - l)Dy = -x — 1. 

Letting v = D y, we find 

(D - l)v = -x - 1, 

“* = c“*(x + 1) + 
v = X + 2. 


ve 
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Hence 

and 


Thus 


Dy - x -f 2, 
x 2 

Y P = - + 2x, 

2 

*2 

2/ = “ + 2x + Ci + (C 2 + C3x)e*. 


Although this method will always work in theory, it may sometimes 
lead to laborious and difficult integration problems. Thus, if the 
right-hand member in our example had been .r 4 instead of x, the three 
integrations involved would have been much longer and more tedious. 
It should be remarked also that the order in which the factors of 0(D) 
are written may often affect the amount of work necessary to complete 
the solution; the student should solve the preceding equation for each 
of the other two orders of factors and compare his solutions with the 
one given. 

(b) Undetermined coefficients . The next method we shall describe 
has the decided advantage that it requires no integration but only dif¬ 
ferentiation. On the other hand, it does not apply to every form of 
right-hand member f(x). We shall show that it does apply to any 
function fix) such that/(r) and a finite number of its successive deriva¬ 
tives form a set of linearly dependent functions, 

W (S V) + K / (S -'V) + • ■ • + bs-if'(x) + bsf(x) = 0. (3) 

For example, f(x) = xV* 1 is of the stated form, since we have 
j'{x) = (3x 2 + 2x)r :,z , f"(x) = (9x 2 + 12x + 2)e 3x , 

f"'(x ) = (27x 2 + Six + 18 )c 3x , 

and consequently 

/"'(*) - 9/"(x) + 27 f(x) - 27 'f{x) 

J c 3l (27x 2 4- 54x + 18 - Six 2 - lOSx - 18 + 81x 2 + 54x - 27x 2 ) 
- 0 

identically; here & = 3, b 0 = 1, b x = — 9, b 2 = 27, b 3 = —27. 

It is easy to find the form that /(.r) must have in order that a relation 
of the type (3) shall hold. For (3) is evidently a linear homogeneous 
differential equation with constant coefficients, 

(6oD s + hjD*" 1 +• ■ •+ 6 S _,D + b s )f = 0. 
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Hence, by the theory of Art. 10, f(x) must be expressible as a sum of 
terms of the form 

Cx v e qx 1 Cx p e aa cos fix, Cx p e ax sin &x, (4) 

where p is a positive integer or zero; q, a, and 0 are any real constants 
(including zero); and C is any constant. 

Suppose, therefore, that we have the equation 

*(D)y ■ (ooD n + a 1 D n " 1 4- ■ - ■ + a^D + ajy = (5) 

Consider first the simpler case in which q = 0, so that the given equa¬ 
tion is of the form 


*(D )y ^ (ooD n + ciiD"- 1 + • • - + On^D + o n )y = Cx? t (6) 


with p a positive integer or zero. Since the required particular inte¬ 
gral Yp is to l>e such that 0(D) operating upon Yp produces Cx p , 
it is reasonable to assume that Yp will be a polynomial in x f for a posi¬ 
tive integral power of x will be obtained as the derivative of only an¬ 
other such power function. Now r if the constant term a n in 0(D) is not 
zero, the degree of the assumed polynomial Yp need not exceed p. 
To illustrate, suppose the given equation to be 

(D 2 - 1 )y = x 2 . 


If we were to take as Yp a polynomial of degree three, say 
Yp = Ax 3 + Bx 2 + Cx + E, 

we should get 

(D 2 - 1 )(Ax 3 -1- Bx 2 + Cx + E) 


= 6 Ax -f 2B - Ax 3 - Bx 2 — Cx — E, 

which could not reduce to x 2 unless A were zero. Consequently, 
when a n ^ 0, we assume as a particular integral of equation (6) the 
polynomial 

Y P = Ax p 4 Bx”~ l + ... + Kx + L, (7) 


with (at present) undetermined coefficients A, B, L. We then 
substitute (7) in (6) and find values of A } B, • • ■, L that reduce the 
resulting equation to an identity. 

As an example, consider the above equation, 

(D 2 - l)y = .T 2 . 

We take 

Y P = Ax 2 + Bx + C, 

whence 

(D 2 - l)(Ax 2 + Bx + O = 2.1 - Ax 2 - Bx - C = x 2 . 
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This will become an identity if the total coefficients of each power of x, 
in the two members, are equated. We then have 

-A = 1, -B = 0, 2A - C = 0, 

whence A = — 1, B = 0, C = —2, and 

Y P = -i 2 - 2. 

If, on the other hand, a n = 0 in 0(D), the auxiliary equation <j>(m) 
= 0 will have the root m = 0. Suppose that m = 0 is an r-fold root, 
so that 0(D) Yp = 0i(D)-D r r P = Cx p t where 0i(O) ^ 0. Since the 
constant term in 0i(D) is not zero, the degree of D r Yj> need not exceed 
p, and hence the degree of IV need not exceed p 4 r. Moreover, 
since the complementary function of the equation 

0i(]))D r y = Cx p 

will contain, by virtue of the r-fold root m = 0, the sum 
Ci 4 C' 2 X H— • 4- c r x r ~ l , 

those terms of degree r — 1 or less in the assumed IV need not be 
included, since such terms can be absorbed by the complementary 
function. Hence we now set 

>V = AxV fr 4 Bx p + r ~ l 4 * • • + AV +1 + Lx r . (8) 

It should be noted that Yp as given by (8) is then equal to the expres¬ 
sion (7), taken in the case where «„ ^ 0, multiplied by x T . Thus (7) 
is merely a special case of (8), with r = 0. 

To illustrate, consider the equation 

(D 4 4- D 2 )t, = 2x. 

Here the auxiliary equation m 4 4 nr = 0 has zero as a double root, 
and consequently we take 

IV = x 2 {Ax 4 B) = At* 4 Bx 2 . 

That is, if the operator in our equation had contained a constant term, 
we should have taken >V = dx 4 B in accordance with the right-hand 
member 2x, but since 0(D) contains the factor D r = D 2 , w r e take 
Ax 4 B multiplied by x r = x 2 . We now get 

(D 4 4 D 2 )(dx 3 4 Bx 2 ) = 6 Ax 4 2B = 2x, 

whence A = J, B — 0, and 

X 3 
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We may now readily reduce the more general case of equation (5), 
with q ^ 0, to that already discussed. The exponential function e Q * 
reproduces itself, with mere change of coefficient, upon successive 
differentiation, and hence it is apparent that Yp should contain the 
factor e qx in order that <£(D) operating upon Yp shall yield x p e 9X . We 
therefore set Yp = ue 9X , where u is a function to be determined, and 
apply formula (10) of Art. 9, 

+(D)(u*»*) = c 9X 4>( D + q)u. 

Since we are to have <j>(D)Yp = Cx p e QX , it follows that u should be 
such that 

0(D + q)u - F(D)u = Cx p . (9) 

But this equation is of the form (6), and consequently the methods 
explained above may be applied to find the function u. 

If /Or) — Cx p c gx , with q ^ 0, we may then either set 

Y P = (Ax p+r + Bx p + T ~ x + ■ • • + Kx r+1 + Lx r )c 9X (10) 
in tie equation 

0(D )y = Cx p c 9X (5) 

directly, or we may set 

u Ax p + r + Bx p + r - 1 + ■ • ■ + Kx T + 1 + Lx T 


in equation (9), obtained from (5) by dropping the factor v qx on the 
right and changing D into D + 7- Here r is the number of times zero 
appears as a root of F(m) = 0, or, since F(0) = <£(</), the number of 
times q appears as a root of </>(m) = 0. 

To illustrate the procedure, consider the equation 

*(D)y ■ (D 2 - 3D + 2)7/ = (D — 1)(D — 2 )y = *r 2x . 

For the first method, since p = 1 , q = 2, r = 1 , we take 
Y P = Ax 2 e 2x + Bxe 2x , 

so that 

DYp = 2 Ax 2 c 2x + 2 Axe 2x + 2 Bxe 2x + Be 2x , 

D 2 Y P = 4A:r 2 e 2x + 8Axc 2x + 2 Ae 2x + 4 Bxc 2x + 4 Bc 2x . 

Substituting in the given equation and dropping the common factor 
e 2x , we obtain 

4Ax 2 + 8 Ax + 2 A + 4 Bx + AB — G Ax 2 — 0 Ax — 6Bx — 3B 

+ 2 Ax 2 + 2 Bx — x k 

A * B = —1, 



and 
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By the second method, we get 

0(D + 2 )u = (D 2 + D )u = j, 
u * Ax 2 + Bxy Du = 2Ax + B } D 2 u = 2 A, 

2 A + 2 Ax + B = x, 

A =i, B = —1, 


Y P = w 2 




We now have to consider equations of the forms 

0(D)i/ = C,j p c tt * cos 0.r, (11,) 

4>(D)y = sin frr. (11 2 ) 

For definiteness, we fix our attention on the first of these equations; 
our discussion will apply equally well to the other equation. From 
the Euler relations, 

c&x = Cos p x { sin 
c~^ x = cos fix — i sin fix } 

we get by addition 

cos fix = \ (e^ x + 
whence (11 i) becomes 

Q 

4>(D )y = — 

2 

Evidently the preceding theory may be applied to each of the two 
terms on the right; then we have from (10), 

Y P - Y PX + Yp2 

= (Ax p+r + ■ • • + Lx r )e ia+iti)x + (A'.r H r + • • ■ + L f x r )c (a ^ )z 

=* c“ x [(Ax p+r + • ■ • + Lx r ) (cos fix 4- i sin fix) 

+ (A'x p+r H-j- L'x r )(cos fix — i sin fix)] 

» ef* z [AiX p+r H-h L{X r ) cos 

+ (A 2 x p + r + ■ ■ ■ + L 2 * r ) sin /Or], K \2) 

where A\ *» A + A', j 4 2 = i(A — A'), etc. Equation (12) is then the 
assumed form of Yp for equation (11,) and, as may be similarly shown, 
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for equation (11 2 ) also. As before, r is the number of times q « a + ip 
appears as a root of 0(m) = 0. 

As an example, let there be given the equation 

(D 2 + l)y = (D + f)(D — i)y = x sin x. 

Here p = I, q = 0 + 1 *i — i, r = 1, and consequently we take 

Yp = A yx 2 cos x + B\x cos x + A 2 x 2 sin x + B 2 x sin x. 

Then 

T>Yp = — Ayx 2 sin x + 2A yx cos x — Byx sin x + By cos x 

+ A 2 x 2 cos x + 2A 2 x sin x + B 2 x cos x + B 2 sin x y 
D 2 Yp = — Ayx 2 cos x — 4AyX sin x 

+ 2Ai cos x — Byx cos x — 2By sin x — A 2 x 2 sin x 

+ 4A 2 x cos x -f 2 A 2 sin x — B 2 x sin x + 2 B 2 cos x f 
(D 2 + 1 )Yp = (—4 A\x — 2By + 2.4 2 ) sinx 

+ (2.4 i + 4.4 2 x + 2 B 2 ) cosx 
= x sin x, 

Ay = -J, A 2 = 0, By = 0 B 2 = i 

and 

X 2 X 

Yp = -cos x 4- - sin x. 

4 4 

We may summarize al! of the foregoing results as follows' 

Given either of the equations 

0(D)y = Cx v e ax cos Px, 0(13)2/ = Cx p c ax sin Px, (13) 

where p is any positive integer or zero, a and p are any real numbers, 
(including zero), and C is any constant different from zero. Let r be 
the number of times a + ^ appears as a root of 0(m) = 0. Let 

Yj = (Ayx p -f Byx p ~ l H-b Ly)x T e ax cos#r 

+ (A 2 x p + B 2 x p “ 1 + ■ • ■ + L 2 )x r c ax sin px, (14) 

substitute in the given equation, and determine the constants Ay, 
A 2, * • L\ t L 2 so as to reduce the resulting relation to an identity. 
The function Yp thus obtained will be a particular integral of the 
given equation. 
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The student should convince himself that each of the special cases 
considered above properly falls under the above statement by partic¬ 
ularizing the constants p, a, /3. 

In our work we have not shown that the linear algebraic equations 
of condition on the constants Ai, A 2 , • ■ *, L\, L% obtained when (14) is 
substituted in either of equations (13) and the coefficients of like terms 
are equated, are necessarily consistent and suffice to determine these 
constants. This may be proved,* however, and the procedure outlined 
is always applicable. 

When the right-hand member /(.r) consists of two or more terms 
of the forms given in (13), we may at once set up a single expression 
for Yp corresponding to the entire right member. It may happen also 
that the parts of the complete Yp corresponding to the sum of terms 
comprising f(x') contain expressions of the same form. In this case, 
only one such expression with a single undetermined coefficient will 
evidently suffice in the assumed IV. To illustrate, consider the 
equation 

(D- - \)y = 3x 2 - 4x + 2e x . 

Corresponding to the terms 3x 2 , —4x, 2e x , we have, respectively, 

Yp i = A + B\X + C u YP 2 — A 2 x + B 2 , and IVa = Exc x . 

Since the expressions B { x and A 2 x are of the same form, only one term 
in x need be taken in Yp; likewise, since Cp and B 2 arc of the same form 
(which may be considered as either kx° or Arc 0 *), only one constant term 
need appear in Yp. Consequently we set 

Y P = Ax 2 + Bx + C V Exe*, 

whence we get 

2 A + Exc* + 2 Ee x - Ax 2 - Bx - C - Exe* = 3x 2 - 4x + 2e x , 

A = -3, B = 4, C = -6, E = 1, 

and 

IV = — 3x 2 + 4x — 0 + xc x . 

The expression (14) may be applied to any of the cases considered, 
but it is somewhat difficult to remember, and, moreover, docs not bring 
into evidence possible simplifications such as appeared in the above 
problem. In practice, it will be found more convenient to apply the 
following equivalent rule for the formation of Yp when the right-hand 

* See A. B. Coble. American Math. Monthly , Vol. 26, p. 12, 1919. 
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member of the differential equation consists of a sum of terms of the 
forms given in (13): 

Write the variable parts of the terms in the right-hand member f(x) and 
the variable parts of any other terms obtainable by differentiating /Or).* 
Arrange the terms so found in groups suck that all terms obtainable from a 
single term of f(x) appear in only one group. Any group consisting of 
terms none of-which appears as a term of the complementary function Y c 
is left intact, but if , in some, group , any term is a term of Y C} all terms of 
this group arc multiplied by the lowest positive integral power of j that will 
make them all different from any term of Y t . We then multiply each term 
in all the groups by a general constant and take the sum of the expressions 
so obtained as Yp. 

Thus, in the preceding example, we have as the variable parts of 
/Or) and of the terms obtained by differentiation, 

i 2 , x, l, e T . 

We then get two groups, the first, 

(I) x 2 , X, 1, 

consisting of ail terms obtainable from x 2 , and the second, 

(II) 

containing the only term obtainable from e x . Since, in this case, 
Y r = C\c x -f c 2 r"* no terms in group (I) appear in Y c , but e x does. 
Hence e x must, be multiplied by .r, which makes it distinct from any¬ 
thing in Y Cf and we get 

Y P = Ax 2 + Bx + C + E.re x . 

(c) Variation of parameters. The method of undetermined coeffi¬ 
cients applies, as has been stated, only to a right-hand member /(.r) of 
a certain form. Although nearly all the linear differential equations 
arising in practice have a right-hand member of the form considered 
in (6), we occasionally encounter an equation to which undetermined 
coefficients do not apply. The method (a), in which the order of the 
equation is reduced step by step, may of course be used whenever 
method (6) breaks down; we give now, as an alternative method, and 
because of its elegance, complete generality, and importance in the 
theory of linear differential equations, another method, due to the 
French mathematician Lagrange, and called the method of variation 
of parameters. | 


• When a term is a constant, we write 1. 
t Sometimes called the method of variation of constants. 
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Tagrange’s method applies to a linear equation of any order and with 
constant or variable coefficients. It assumes knowledge of the com¬ 
plementary function (which can certainly be obtained when the coeffi¬ 
cients are constants by the method of Art. 10), and enables us then to 
find the general solution. We shall give the theory of the method for 
the linear equation of second order, and merely indicate the manner in 
which the method is applied to equations of order higher than the 
second. 

Consider the equation 

(a 0 D 2 + aiD + a 2 )y = f(x), (15) 

where the a s are constants or depend upon x. Let the complementary 
function for (15) be known, and denote it by 

Y c = c\U + c. 2 v, (16) 

where u and v are specific functions of x. We employ a device similar 
to that used in Art. 10 for finding the complete complementary func¬ 
tion in the case where the auxiliary equation has equal roots; that is, 
we replace the constants in (16) by unknown functions or parameters 
P and Q and assume the general solution of (15) in the form 

y = Pu 4- Qv. (17) 

The problem then is to find P and Q as functions of x such that (17) 
is the desired general solution. Using primes to denote differentiation 
with respect to x, we have 

y' = /V + Qv' + P'u + Q'v. 

Now in order to determine the two quantities P and Q, we need two 
relations involving them. If (17) is to be a solution, substitution in 
(15) will give us one such relation; we choose as the second relation 

P'u + Q'v = 0. (18) 

There arc two reasons for making this particular choice. In the first 
place, if we remove terms containing the derivatives of P and of Q 
from y', the resulting expression for y" will contain no second deriva¬ 
tives of the parameters; this situation may be brought about by setting 
P'u + Q'v equal to any function of x. Secondly, we choose zero as 
being the simplest function of x. Then y' becomes 

?/ = /V + Qv\ 

and a second differentiation gives us 

y " = p u " + Qv" + p'u 1 + QV. 
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Substituting for y, yy" their expressions as now given, (15) lends to 
the relation 


Oq(Pu" + Qv" 4- PV + QY) + a^Pu' + Qv‘) + a 2 (Pu + Qr) m f(x ). 
But since u and v are particular solutions of (15) when f(x) = 0, 
a<)U'' ~j- oiu' + d'ju ■= 0 and aw” + ap’' 4- (W ~ 0. 


Making use of these relations, the preceding equation reduces to 

a,/'V 4- aoQV = /(j). (19) 

Since ao, u, t\ it r', ami / are known, equations (18) and (19) together 
constitute a pair of linear algebraic equations in the unknowns P' and 
Q'. We therefore solve * (IS) and (19) simultaneously for P' and Q f 
and integrate the resulting expressions to get 

P = r\ (.r) 4 c lf Q « F 2 (x) + c 2 , 

where ri and r 2 are constants of integration. Substituting these in 
(17) then gives us 

y — F ] (x)u 4* /'V-Or 4- CjM 4- c 2 ».'. (20) 


This is the required general solution, with }/» — l\v 4- F'i v and 
)’ r = c\u 4- c>>v. 

As an example, consider the equation f 

(D 2 4- 1)?/ — t an 2x. 

Here 

Y c = ci cos 2x 4- c 2 sin 2x, 


and we therefore put 


Then 
if we set 
and 


y = Pcos2x4-Qsm2i. 
y* = —2P sin 2x + 2Q cos 2x 
P' cos 2x 4“ Q' sin 2x ■* 0, 


y " = — 4P cos 2x — 4Q sin 2x — 2P' sin 2x + 2Q cos 2x. 


• It may be shown that the determinant of the system, ao(«/ — mV), cannot 
vanish if u and v arc linearly independent; see Ince, op. cit. lienee it is always 
possible to find P f and Q\ 

f The student should try to solve this equation by method (a) of this article. 
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Consequently 

—4 P cos 2x — 4Q sin 2x — 2 P f sin 2x + 2 Q* cos 2x 

+ 4 P cos 2x + 4Q sin 2x = tan 2x 
or 

—2P' sin 2x + 2Q' cos 2x = tan 2x. 


Coupling this equation with the equation P' cos 2x + Q ' sin 2x = 0, 
we get 


P’ = 


Q' = 


0 

sin 2x 

tan 2x 

2 cos 2 .r 

cos 2x 

sin 2x 

—2 sin 2x 

2 cos 2x 

cos 2x 

0 

-2 sin 2x 

tan 2 .r 


sin 2 2x 
2 cos 2x * 


sin 2x 


whence 


1 r sin“ 2x sin 2 .r 1 

P = — - I - dx =- In (sec 2x + tan 2x) + c\ 9 

2 J cos 2x 4 4 


cos 2x 

Q =-;-h *2, 


and 


sin 2x cos 2 .r 1 

y =-- cos 2x In (see 2 j- + tan 2x) + Ci cos 2x 


4 4 

cos 2 .r sin 2 .r 


+ c 2 sin 2.r 


= — 4 cos 2x In (sec 2 ;r + tan 2 .r) + tq cos 2x + c 2 sin 2 .r. 

In the case of an equation of order we take as the expression for 
the general solution that obtained from the complementary function by 
replacing the constants by variable parameters, 


y = Pa + Qv -f Rw 4-. 

For this to be a solution imposes one condition on P, Q, R , ■ ■ - . Dif¬ 
ferentiating this expression, we get 


y' = Pu f 4- Qv' 4- Rw' 4- ■ ■ ■ + P'u + Q'v 4- R'w 4- • ■ 


Take as a second condition the equation 

P'u + Q'v 4- R'w 4-= 0, 


y f =* Pu' 4- Qv' +Rw’ 4--* *. 


so that 
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Then 

y" = Pu" + Qv" + Rw” + ■. •+■ PV + QV + fiV + ■ ■ 
and we take as the next condition 

PV + QV 4- flV H-*= 0, 

whence 

y" = Pu" + Qv” + Rw'' 

We treat similarly y”\ setting the portion containing the 

derivatives of the parameters equal to zero at each stage: 

PV' + QV' + PV" + • • ■ =0, 

PV'" + QV" + PV'" +••■ =0, 


Then compute y (n) and substitute y ) if, • • •, f/ n) in the given equation. 
Solve the n linear algebraic equations in P', Q\ R\ • • * obtained by this 
process, integrate to get P, Q, R, • * ■, and substitute in the expression 
y — Pu + Qv + Rw + • ■ ■ 

As may be supposed, the labor involved in applying this method 
increases rapidly as the order n increases, so that, from the practical 
standpoint, the usefulness of the method for large values of n is limited. 

There are other methods of finding a particular integral, including 
symbolic methods into which inverse operators and resolution into 
partial fractions enter. We shall not discuss these methods here, how¬ 
ever, as we have, in the foregoing, ample means of solving completely 
most of the linear equations arising in practice. Symbolic methods are 
considered in Chapter XI as a topic in operational calculus. 


PROBLEMS 

rind the general solution of each of the follow ing equations. 

1. (1>- - A)u = 4.r - 3*4 

2. (1) ? - 51) 4 G)// = 12jt — 20j 4 4 + c 2x . 

5. (D 3 4 1 >-).'/ = Gj 4 G - 2*“ r . 

4. (1)' 4 l)y = 2 cos jt — 3 cos 2i. 

6. (D 2 4 2D 4 5)// = 3c"'sin j* - 10. 

6. (D 4 - 3D 2 - 4)y = 21 sin 2Jr - 40c-“* r . 

7. (D 4 - 2D 3 4 D 2 )// = r„ J - 2. 

8. (D 3 4 4D)?/ = 244’ 4 12 4 8 sin 2 1 . 

9. (2D 2 - 3D - 2)?/ = (lfu 2 4 12 j - b)<** - 18e*. 

10. (D 2 4 4D 4 3 )y - 2jr(sin x 4 2 cos x) 4 4 sin i 42 cos x — 2e - *. 

11. (D 4 4 I) 2 )*/ « l&r — 4 sin x. 

12. (D* — 4D 4 b)y — 2e lx cos x — 5. 
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13. (D 5 - 8D -»- 10 )y - I2e**/x\ 

14. (D 2 — 4D +4)// «= e 2 * sec 2 x. 

15. (D* -f <))?/ = 18 - 9 sec 3x. 

16. (D 2 -I- 1)// =» 3j — 8 cot jr. 

17. (D 2 + 2D + 5)?/ = 4e“ x tun 2i + 5e*. 

18. (D 3 + I))}/ - 2 - sec x. 

19. (D» - D)» - -i-- 

c x -f 1 

20. (D 3 - 3D 2 + 4D - 2)y = e* esc x. 


12. Euler's equation.* One of the most important of the linear 
equations with variable coefficients is Euler’s equation, 

(bo* n D n + hx'-'IY- 1 + ■ ■ • + b n _xxD + bn)y = /(*), (1) 

where the 6’s are constants, b 0 ^ 0, and D = d/dx. It is readily 
recognized from the fact that the powers of x and of D in any term of 
the operator are the same. 

Euler's equation may always be transformed into a linear equation 
with constant coefficients by changing the independent variable from 
x to z by the substitution 


x = e z , or z — In :r. 

Using D 2 to denote d/dz , we have, since dz/dx = 1 /j, 
dy dy dz 1 

Py-7-fr- 

dx dz dx x 


( 2 ) 


1 d 
x dz 


d 

n \ 1 d 

— 

[ - T>,y = 

( 

dx 

Vx ) 

r d.r 

dz 

1 

1 

dx 

- - 2 JX-y = 

1> 


1 




1 d 0 dz 2 „ Id dz 2 

= - (D&) -- D& - r (D*) - + - D z y 

r fir r x“ dz fir 


x dz ' dx x' 

- 4 - 4 + 4 

x J I J X' 


dr 


whence 

.r Dy = Dz//, 

x 2 G-y = D*y - D*y = D,(D* - 1 )y, 

x 3 T) 3 y - D 3 .2/ - 3Da/ + 2D i2/ = D,(D, - 1)(D, - 2)y. 


* Also referred to as Cauchy's equation or as the homogeneous linear equation. 
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These results suggest the formula 


x r D r y = D,(D. - 1)(D, - 2) • • ■ (D, - r + 1 )y. (3) 

That the formula holds in general is readily proved by induction. For, 
if 

D r y = — D z (D e - 1) ■ ■ • (D a - r + l)y 
x 

for any positive integer r, then 

D'+V = D [i Dj(Dj - 1 ) • - • (D. - r + 1)»] 

= ~ Di[Di(Dj 1) - • ■ (Dj r + l)j/] — 

X dx 

~ z “ 1) ■ ■ ■ (D z — r + 1)?/] 

= "r+i - 1) ■' ■ (D, - r + I)(D Z - r)y, 

or 

x l+1 D '+'y = D,(D, - 1) • • • (D z - r)y . 

Since this is of the same form as (3) with r replaced by r -f 1, it fol¬ 
lows from the usual argument that (3) is true when r is any positive 

integer. 

Substituting in (1) the values of x r D r y (r = 1, 2, • • •, n), as given 
by (3), and at the same time replacing x by c z on the right, evidently 
yields a linear equation with constant coefficients, 

(aoD” + + ■ ■ ■ + On-lDi + CLn)y = F(z), (4) 

in the variables z and y, where the a\s are constants and F(z) = /(c s ). 
Equation (4) may then be solved by the methods previously given to 
obtain y as a function of z, whence replacement of z by In x leads to 
the general solution of (1). 

As an example, consider the equation 

(j 3 D 3 + x 2 D 2 - AxD)y = Sx 2 . 

This becomes 

[D Z (D Z - 1)(D, - 2) + D,(D Z - 1) - 4D z ) y - 3c 2 *, 

or 

(Dj - 2D 2 , - 3D,)y - 36»*. 
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Since the roots of m 3 — 2m 2 — 3m = 0 are m = 0, —1, 3, the comple¬ 
mentary function of the new equation is 


Also, setting 
we get 
and 


Y c = Ci + c 2 c z + C 3 C 3 *. 
Y P = Ae 2 *, 

8 A -8 A - 0 A =3, A = 


Fp = 

Therefore 

y = Fp + F c =» — Je 2 * + C\ + c 2 e“* + c 3 c 3 * 


x c 2 , 

= — + Ci 4 -b C 3 X . 

2 a: 


13. Simultaneous equations. We consider next a system of n linear 
equations involving one independent and n dependent variables. 
The orders of the derivatives in these equations may be any positive 
integers; also we suppose that the coefficients of the dependent variables 
and their derivatives are constants. Just as in the case of simultaneous 
linear algebraic equations, the first step is to combine the equations of 
the system so as to get a single equation containing only one of the 
dependent variables and its derivatives. In this elimination process, 
the algebraic properties of operators enable us to treat simultaneous 
linear differential equations in much the same way as a set of linear 
algebraic equations. 

We shall illustrate the general process for a system of two equations, 


<t>\(X))y + 0 2 (D)z = fi(x), (1 1 ) 

<k?(D)i/ + <MD)z = / 2 (.r), (1 2 ) 

where the 0 \s are operators with constant coefficients. D d/dx, and 
y and z are the dependent variables. Operate on the first equation with 
04 (D) and on the second with 02 (D), obtaining 


04(D)0i(I'))y +■ </m(D)02(D)z = 04 (D)/!, 

02 (D) 0 a(D)y + 0 2 (D) 0 4 (D)z = 02 (D)/ 2 . 

Since die operators 02 (D) and 04 (D) are commutative, subtraction 
eliminates z, giving us 

I*4(D)0i(D) — 02(D)0 3 (D)]y = 04 (D)/i — 02(D)/ 2 . (2) 

This equation, containing only x, y , and the derivatives of y, may 1>e 
solved by the methods of Arts. 10-11. 
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We might also have eliminated y between (10 and (1 2 ), getting 
instead of (2), 

[<£>4 (D)$i (D) — d>2(0)d>3(ID)]2 = <tf>i(D)/ 2 — tf>3(D)/i. (3) 

Since the left-hand operators in (2) and (3) are the same, the work of 
finding the complementary function will be the same for both cases. 

Having found the general solution y from (2), or the general solution 
z from (3), we may proceed in either of two ways. On the one hand, 
we may substitute the expression found in (Ii), (I 2 ), or any relation 
obtained by combining these equations—whatever allows for the 
determination of the remaining dependent variable most easily. Al¬ 
ternatively, we may use both equations (2) and (3), obtaining expres¬ 
sions for y and for z. It must be remembered, however, that our 
problem is to find values of y and z satisfying equations (li) and (1 2 ). 
Consequently, if the first alternative is employed, say by using (Ii), 
then, whenever constants of integration are introduced, possible rela¬ 
tions among the constants of integration must be determined by mak¬ 
ing sure that (1 2 ) is identically satisfied. If the second procedure is 
followed, an identity must likewise be obtained by substituting the 
expressions for y and for z in either Hi) or (D); this will determine 
possible relations among the arbitrary constants. 

Let us examine the various possibilities in solving the simultaneous 
equations 

(D — 1)2/ — (2D + 1)2 - 1 - r, 

By + (D + I)* - 1 + -lx. (4) 

Operating on the first equation w ith D, and on the second with (D — 1), 
wc get 

D(D - 1 )y - (2D 2 + D)z = -1, 

(D - 1)D y + (D 2 4 3D - \)z = 4 - 1 - \x = 3 - 4x. 


Subtracting the first equation from the second gives us 

(3D 2 4 4D - 4)2 - 4 - lx. (5) 

Since 3m 2 4- dm — 4 = (3m — 2)(m + 2), the complementary func¬ 
tion for z is _ 

z c = dc 2 *' 3 4 c 2 <r 2 *. 


Also, taking for the particular integral 

Z P = Ax 4 B, 


4 A - 4 Ax - 4£ = 4 - 4x, 
A = 1 , B = 0 , 

Zp = x . 


we get 
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nmce z = z + c x <?* la + cge- 2 * (6) 

In this instance the best way to continue is as follows. Subtracting 
the first of equations (4) from the second, member for member, we get 
a relation free of derivatives of y : 

y + (3D + 5)z = 5x. 

We then get directly, without the need of further integration, 


y — 5x — (3D 4- 5 )z 

= 5x - 3 - 2 Cl e 2xl3 + 6c 2 e“ 2 * - 5x - 5c ie 2x/3 - 5c2e“ 2x , 

y - -3 - 7 Cl e 2xl2 + c 2 e“ 2x (7) 

Equations (6) and (7) together constitute the general solution of the 
system (4). 

For purposes of comparison with the above method, and to illus¬ 
trate the second alternative method, let us find y directly from (4). 
Operating on the first equation with (D + 4) and on the second with 
(2D + 1), we get 

(D 2 + 3D - 4 )y - (D + 4) (2D + l)z = -1 + 4 - 4x = 3 - 4x, 
(2D 2 4- D)?/ 4- (2D 4- 1) (D + 4)z - 8 + 1. + 4* » 9 + 4®. 


Adding, we have 

(3D 2 4- 4D -4)z/ = 12. 

The complementary function is found as before, 

Yc = c 3 c 2 * /3 4- c 4 c' 2 *. 

Also, we see by inspection that Yp = —3. Hence 
V = c 3 c 2x/3 4- c A e~ 2x - 3. 


( 8 ) 


(9) 


Substituting from (0) and (9) into the first of equations (4) gives us 
§c 3 c 2x/3 - 2 c A e~ 2x — c 3 c 2xta — c±e~ 2x -f 3 

-2 - -Jnc 2 *' 3 4- 4c 2 c~ 2x - x - Cl c 2x/3 - c 2 <r 2x = 1 - x, 
which will be an identical relation only if 

— Jc 3 — jCi = 0, —3c 4 4* 3c 2 = 0. 

Hence 

c 3 = —7ci, c 4 = c 2 , and y = —7 cic 2zl3 4- c 2 c" 2x — 3, 


as before. Substitution of the expressions (6) and (9) into the second 
of equations (4) would similarly have yielded c 3 = — 7c lf c 4 = c 2 . 
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As indicated in the above example, the total number of arbitrary 
constants in the general solution of a system of simultaneous equations 
of form (1) will be equal to the degree in D of the determinant 


Thus, since 


D - 1 
D 


*i(D) 02(D) 

03(D) 04(D) 


-(2D + 1) 
D + 4 


3D 2 + 4D - 4 


is of the second degree in D, two arbitrary constants appear in (6) 
and (7). 


PROBLEMS 

Find the general solution of each of the equations in Problems 1-8. 

1. (rT> 2 + 2x1) - 2 )y - 4 + x 2 . 

2. (2z*D l - xD - 2 )y = 3x - ox 2 . 

3. (x 2 D 2 — xl) + l)j/ « tix + 2x 2 . 

4. (x 2 D 2 + 3xD + 5)ty = 10 — 4/x. 

6. (x 3 D 3 + 3x 2 D 2 4- xl) - 8)v - 7* - 4. 

6 . (x*D 3 + 2x 2 !) 2 ~ xD 4- 1)// = 3x 2 In x - 8x. 

7. (x 3 D 3 - 3x 2 I) 2 4- 7x0 - 8)1/ * 12x :? (lnx) 2 . 

8 . [(2x - 1) 2 D 2 - 4(2x - 1)0 4- S\y = 8.r. Hint: Let 2x - 1 - e*. 

In Problems 0-20, solve each system of equations. 

9. 2 y 4- Vz = r x , (20 - 3)y 4- D 2 z = 2r 2 * - (>. 

10. I)/./ 4 3z - -lx, 0 2 ?y + (2D + 1)2 = 3. 

11 . (O 4- 1)// 4 Ox = e x sin x, (D -f 3);y 4- (O 4- 2 )z e x cos x. 

12. (I) 2 - 3 )y ~ z = e x , D z - 2 y - 0. 

13. (D 2 - D)?y 4- 2 =* I, (O - Riy + Ox = \e~ x . 

14. 30v 4- 2z = 0, (O 4- l)z 4- 3w - 15 - 3x, O 2 y - 2 w - -10. 

15. I)// * r, D2 * ir, Dw — y. 

16. (3x0 - 1)7/ 4- (xl) 4- 4)2 « 21, (2x0 4- 11) ?/ -f xl)* = -11. 

17. (xl) - 1)?/ 4- 52 = 20x - 7, x 2 D 2 ,/ 4- (0x0 4- 2 )z =- 32x - 2. 

18. (xO 4- 2)7/ - 2z = 0, 3i/ - (xD + 1)2= -x. 

19. (x 2 D 2 4 2 )y 4- xT)z = 4x, 2xDiy + z = 5. 

20. (x 2 I) 2 4* 2 )y — 2xOr = 4 sin In x, (xD — 5)?y + 3x = 7 Bin In x. 

14. Applications. It has been stated that linear differential equations 
are of marked importance in engineering because of their frequent 
occurrence. We shall at this point discuss only a few types of motion, 
electric circuits, and a chemical reaction; further applications will 
appear in connection with other topics later in this book. 

(a) Rectilinear motion with acceleration proportional to displacement . 
Consider a particle moving in a straight line, which we take as the 
:r-axis, under the action of a central force located at the origin 0, the 
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magnitude of the force being proportional to the displacement x of the 
particle at any time t. By Newton’s second law of motion, the force 
is proportional to the acceleration; hence the given motion is such that 
the acceleration <Px/dt 2 is proportional to the displacement x, or 



( 1 ) 


where C is a constant. 

Equation (1) is a linear differential equation, and its solution is 
easily obtained by the methods of Art. 10. However, the form of the 
solution will depend upon whether the constant C is positive or nega¬ 
tive. This indeterminacy is not surprising, for we have not as yet 
specified whether the force is one of attraction or of repulsion. Suppose 
first that we are dealing with an attractive force, which therefore acts 
always toward the origin 0. Then if £ is positive, the acceleration 
and the force will be negative, and if x is negative, d 2 x/dt 2 will be 
positive. Hence, for any position of the particle, the acceleration and 
displacement will be oppositely signed, so that C in equation (1) must 
be negative. To emphasize this, write C = —k 2 , whence our differ¬ 
ential equation takes the form 


d 2 x 

~de 


— k 2 x. 


di) 


Letting D denote d/dt, (lj) may be written as 
(D 2 + k 2 )x = 0, 


the general solution of which is 


x = A cos kt 4- B sin kt, (2j) 

where A and B are arbitrary constants. The displacement x from the 
center of attraction at time t is thus given by (2i), and the velocity at 
this instant will be 

dx 

— = — kA sin kt + kB cos kt. (3j) 


If Jo and wo are, respectively, the displacement and velocity when 
t « 0, we have the conditions 

dx 
dt 


* * x 0} 


v 0 for t = 0 
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which suffice to determine A and B. From the first condition we get, 
by (2]), Zq — A; from the second, by (3i), r 0 “ kB. Hence 


x 


xo cos kt + 


— sin kt. 
k 


(40 


Motion defined by a relation of the form (40 is called simple har¬ 
monic motion, and (10 accordingly is the differential equation of simple 
harmonic motion. If we write (40 in the alternative form 


or, for brevity 


= yffi 


'o 


+ p sin ( kt + tan 1 ? ‘j) - 

x = a sin (kt + a), 


(50 


where a = Vj; + l’o/A* 2 , a = tan ” 1 (ki 0 /i\ t ), we see that the particle 
oscillates between the extreme positions r = ±a. The distance a from 
the center 0 to either extreme position Is called the amplitude of the 
motion; it evidently depends upon the initial conditions. 

Now Jet Ji and (dx/dt )i denote the displacement and velocity at 
any time t lf 

xi = a sin (A7j + a), 



— ka cos (kti + a). 


The smallest time interval T that must elapse before x and dx/dt 
again take on the values arid (dx dt)\ } respectively, will be 
such that sin [k(t\ -J- T) T* «] = sin (kt-i T - of), cos [k(ti -f- T) -h <*] 
- cos (kti T a). But these relations will be true if k(ti + T) -h a 
=» kt\ -f a -f 2ir, or 


T 



((h) 


and for no smaller value of T. The time interval T> called the period 
of the motion, represents the time required for the particle to complete 
one oscillation, say from one extreme position to the other and back 
again. By the frequency f is meant the number of complete oscillations 
occurring in unit time, so that fT = 1, or 


/ = 


1 

T 


k 

2 * 


(70 


The period and frequency are seen to depend only upon the constant k 
and not upon the initial conditions. 
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If, now, the force is one of repulsion, it will be directed always away 
from the center. Consequently its algebraic sign, which is that of the 
acceleration, will be the same as that of the displacement, so that the 
constant C in equation (1) is here positive, C = k 2 . Then we have 

d 2 x 

l? " *** w*> 

or 

(D 2 - k 2 )x = 0, 

whence 

x = C]^ 1 + c 2 e~ kt , (2a) 

dx 

— = kcie kl - kc 2 e~ kt , (3 2 ) 

at 


where C\ and c 2 are arbitrary. Using the same initial conditions as in 
simple harmonic motion, we get j 0 = c x + c 2 , v Q = kci — kc 2j and 
consequently 


x 


kx 0 + v 0 
~~~2k 


e kt -f 


kx o - v 0 


2k 


(42) 


This type of motion is not oscillatory and does not occur in practice 
nearly so often as does the more important simple harmonic motion. 
We shall, however, meet these two kinds of motion again in Chapter II, 
where the close analytic analogy between them is exhibited by means 
of hyperbolic functions. 

(6) Damped vibrations. Because of the occurrence of friction or 
other resisting forces, vibratory motion may often not be considered as 
simple harmonic. If the resisting forces are large, the motion may not 
even be oscillatory, i.e., the particle may simply move toward the 
equilibrium position. For small resisting forces, the vibrations will 
decrease in size as time goes on; we say then that the particle executes 
damped vibrations. 

Suppose that a particle of weight m (lb.) is attracted toward the 
origin 0 by a force proportional to the displacement x (ft.), and that 
the motion takes place in a medium in which the resisting force is 
proportional to the velocity dx/dt (ft./sec.). By Newton's second law 
of motion, one expression for the resultant force acting on the mass is 
m dPx 

~Qd£* f w ^ ere 0 * 32.17 ft./sec. , and this force will also be given by 

the algebraic sum of the attractive and resisting forces. As in simple 
harmonic motion, the attractive force will be represented by — k 2 x, 
for its sign must be opposite that of z. The magnitude of the resisting 
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'orce will be K dx/dt, where K is a positive constant of proportionality; 
t remains to determine the proper algebraic sign of this force. Now 
f the mass, at some time t, is moving in the direction of increasing x, 
so that dx/dt is positive, the resisting force will be negatively directed 
md consequently will be given algebraically by —K dx/dt; if, on the 
other hand, the motion is in the direction of x decreasing, so that 
ix/dt < 0, the resisting force will act in the positive direction and is 
therefore again equal to — K dx/dt . Hence for any position and for 
motion in either direction we have the relation 


m d 2 x „ dx 

-- = —k?x — K — 

g di 2 dt 


( 8 ) 


Relation (8) is evidently a linear differential equation with constant 
coefficients. For simplicity, we write it in the form 

(D 2 + 2a I) + lr)x = 0, 

where D = d/di, and a and b are positive constants given by 


(9) 


Kg 

2a-—, 

m 


b 2 = 


k 2 g 


m 


The roots of the equation auxiliary" to (9) are —a dr. V a 2 — b 2 , and it 
is seen that the nature of the general solution will depend upon the 
relative values of n and b. If the motion takes place in a viscous 
medium, K will be large, and it may be so large that a > b; then we 

shall get _ _ 

x = c 1 e ( “ fl+Va# ’ bl)l -b c 2 c ( “ a ~ v/a2 "^, (100 

w r here ci and c 2 are arbitrary constants. Since y/a 2 — b 2 < a, the 
coefficients -a ± Va 2 -- b 2 of t w ill both be negative, and therefore x 
will approach zero as t becomes infinite whatever the initial conditions 
may be. As a concrete example, suppose that a — 5, b ~ 4, and let 
the mass start from rest at x = x (J when t ~ 0. Tlien we have from 

—2l , — 8 / 

x = CiC + C 2 e , 

— = —2c,e~ 2 ‘ - 8 c 2 e~ st ; 

dt 


and from the initial conditions, 

^0 = Cl + C‘2f 


whence 


Cl 


4x 0 

T 


Xo 

C2~ 8 , 


0 = — 2ci — 8 c 2 , 

and 


= 4r y- 2 ' - -e- 8 ' 
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The nature of the resulting motion is indicated by the graph (Fig. 7). 
It is seen that no oscillation takes place, x being positive for all t > 0, 
and that the damping is rapid; when / = 1, x = 0 . 180 jo- 



If the medium is such that a = b, the general solution of (9) becomes 

* = (c\ 4- c 2 t)e~ at . (10 2 ) 

With the same initial conditions as before, namely x = x 0 , dx/dt — 0 
for t = 0, and taking a = 4, we get 

z = x„(l + 

This motion is non-oscillatory as in the preceding case. 

Finally, if a < b, the roots of the auxiliary equation may be written 
-a± Vt 2 - a 2 i, and the general solution of (9) takes the form 

x = e~ at (ci cos Vtr — a 2 t + c 2 sin VV — a 2 t). (IO 3 ) 

If at time t * t\ the body is passing through the origin in a given direc¬ 
tion, then at time t = t\ + 2tt/VV — a 2 it will again be passing 0 in 
the same direction; we call the interval 2 ir/\^h 2 — a 2 the period of the 
motion. The factor e~ at is called the damping factor. Taking a = ], 
b = 4, and applying the conditions x = x 0 , dx/dt — 0 for t = 0, it is 
found that 



Hence we now have damped oscillatory motion, as indicated in Fig. 8, 
with period T = 2ir/\/l5 = 1.62 sec. 

As a physical example of damped motion, consider a spring fixed at 
its upper end and supporting a weight of 10 lb. at its lower end. As¬ 
sume that Hooke’s law holds, so that any force producing an elongation 
of the spring is proportional to the elongation produced, the constant 
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of proportionality being called the spring constant. Suppose that the 
10 -lb. weight stretches the spring 6 in. and that the resistance in pounds 
is numerically equal to the speed in feet per second. We wish to 



find the equation of motion of the weight if it is drawn down 3 in. below 
its equilibrium position and released. 

We first determine the spring constant. Since a force of 10 lb. 
stretches the spring (j in. or \ ft., we have 10 = c(|), and the spring 
constant is c = 20 lb./ft. In solving a problem of this type, it is im¬ 
portant that we specify and keep clearly in mind the direction chosen 
as positive and the origin from 
which the displacement is meas¬ 
ured. We shall take the down¬ 
ward direction as positive and our 
reference point O at the equilib¬ 
rium position of the weight, that 
is, the position of the weight when 
it is hanging at rest (Fig. 9). Let 
x (ft.) be the displacement of the 
weight from its equilibrium posi¬ 
tion at any time t (sec.); then the 
elastic force tending to restore the 
weight to its equilibrium position is —cx = — 20x, the minus sign 
denoting that this force and the displacement are opposite in sign. 
We also have a resisting force whose sign is opposite that of the 
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velocity dx/dt , namely —0.1 dx/dt, so that the resultant force tending 
to restore the weight to its equilibrium position is — 20 x — 0.1 dx/dt. 
We equate this resultant force to the product of the moving mass 
and its acceleration and obtain the differential equation of motion: 


or 


10 d 2 x 
g dt 2 


dx 

-20x -0.1 — , 
dt 


(D 2 + O.OlflD + 2 g)x = 0. 


Solving this equation, we get 

X = c -o o°*s'( Cl cos iV 8 g - O.OOOlff 2 t + c 2 sin - O.OOOlp 2 t). 

Using the conditions x = dx/dt = 0 when t = 0, and setting 
g = 32.17, it is found that 

r = <r°.ioi/( 0 .250 cos 8.02/ + 0.00502 sin 8.02/). 

The period of vibration is T = 2tt/8.02 = 0.783 sec., and the damping 
factor e~° A01t decreases by half in (In 2)/0.161 = 4.31 sec. 

(c) Forced vibrations. The motion of the weight considered above 
was due to the inherent elastic forces of the spring-weight system and 
to the resistance; the vibrations are accordingly called free or natural 
vibrations. If, however, the system is subjected to an external periodic 
force, we say that the body executes forced vibrations. 

Suppose that the particle of mass m is acted upon by the forces 
— k 2 x and —K dx/dt } as in the analysis leading to equation (8), and in 
addition is subjected to an external force C sin a>/ of amplitude C and 
period 2ir/a>. Then (8) is replaced by 

m d 2 x _ dx 

— — = —krx - K — + C sin wf, (11) 

g dt 2 dt 

which may be written as 

gC 

(D 2 4- 2aD + b 2 )x = — sin ut, (12) 

m 


where, as before, 2a = Kg/m and b 2 = k 2 g/m. Since the operators in 
(9) and (12) are the same, the complementary function for (12) will be 
given by (lOj), (10 ? ), or (10 3 ), according as a > b, a = b, a < b. 
Consequently the general solution of (12) is obtained by adding to the 
complementary function x c . previously determined, a particular inte¬ 
gral xp of (12), and xp will give us the effect of the external force. 
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We shall consider only the most important case, in which the resist¬ 
ing force is small, so that a < b and 

x c =* e~ al (ci cos — a 2 t + c 2 sin \ / b 2 — a 2 1). 

Let us suppose first that K is so small that we may take a = 0 without 
much error being introduced, i.e., we take the ideal situation, 


for which 


sC 

(D 2 + b 2 )x = — sin tri, 
m 

x c = ci cos bt + c 2 sin bt. 


It is evident that the form of a particular integral of (I2i) will depend 
upon whether u> ^ b or cj = b. If w ^ b, we may set 

xp = A sin iot + B cos wt, 

where A and B are undetermined coefficients; we then get 

— u) 2 A sin 03 1 — o) 2 B cos wt + b 2 A sin o)t + b 2 B cos o)t = — sin <U, 

whence 

A = gC/mib 2 — uj 2 ), B = 0, 

and 

gC 

xp = 5 - j-mnosL (13i) 

m(b — or) 

Consequently the general solution of (120 is, for w ^ b, 
gC 

x — ---- - sin ojt + ci cos bt + c 2 sin bt. (140 

m(b 2 - o> 2 ) 

Hence the effect of the sinusoidal force C sin ut is to superimpose a 
simple harmonic motion as given by (130; the period of this added 
motion is the same as that of the impressed force, and the amplitude 
is constant for a fixed value of a> but becomes larger as 03 approaches b. 

Now if the period of the external force is equal to the natural period 
2ir/6 of the vibrating system, the differential equation of motion, when 
a is still negligible, is 

(D 2 + 6 2 ):r = — sin bt. (I2 2 ) 


Here we set 
and we then find 


xp = At sin bt + Bt cos bt, 


Dxp — bAt cos bt + A sin bt — bBt sin bt + B cos bt, 

D 2 xp = — b 2 At sin bt + 2 bA cos bt — b 2 Bt cos bt — 2 bB sin bt, 
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whence 


2 bA cos bt — 2 bB sin bt 


— sin bt, 
m 


x P 


A « 0, B 
gC 

-1 cos bt, 

2 bm 


gC_ 
2 bm' 


x 


-1 cos bt + ci cos bt + c 2 sin bt. 

2 bm 


(13 2 ) 

(14 2 ) 


From (13 2 ) we see that, since the coefficient of cos bt increases indefi¬ 
nitely with t , the vibrations get larger and larger. Of course this 
situation cannot occur in practice, since some resistance to the motion 
is always present, but it is evident that the displacement may become 
seriously large. If, for example, a weight is suspended by a spring and 
the upper end of the spring is made to move with simple harmonic 
motion of a period equal to the natural period of vibration, the dis¬ 
placement x may become so large that the elastic limit of the spring is 
exceeded, and a permanent set or distortion occurs. 

Consider next the general equation (12), with 0 < a < b. We put 


xp = A sin at + B cos ut, 
and substitution in (12) gives us 
—u 2 A sin ot — u> 2 B cos wt + 2 aw A cos a it — 2 auB sin u>t 


gC . 


from which we find 

gC(b 2 - J) 


+ b 2 A sin u>t + b 2 B cos wt = — sin a )t, 

m 


Xp 


m[(b 2 - a, 2 ) 2 + 4 aV] ’ 
gC 


B - - 


2 gCao) 


m[(b 2 — « 2 ) 2 4a 2 w 2 ] 

__ gC _ 


m[(b 2 - a, 2 ) 2 + 4a 2 a) 2 ] ' 
[(b 2 — a) 2 ) sin ut — 2aw cos wt\ 


mV^b 2 - a» 2 ) 2 -f 4a 2 w 2 

If, in particular, o> * b, this reduces to 

ffi j. 
xp —-cos W. 




(13s) 


9mab 


( 14 .) 
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Hie period of xj> aa given by (IBs) i* 2r/w, the same m that of the 
impressed force, and since the complementary function x e approaches 
aero as f increases, the forced motion xp ultimately predominates and 
the vibration becomes more and more nearly in tune with the external 
force. When w * b, we see from (14$) that the amplitude of xp may be 
dangerously large if a is small, i.e., if the resistance is small; this agrees 
with what has already been said. For fixed values of o and 6, the ampli¬ 
tude in (133) will be a maximum when «is such that (ft 2 — oj 2 ) 2 + 4a 2 o> 2 
has its least value; if we set the derivative of this expression with 
respect to <■> equal to zero, we find that the critical value of « is 

- W - 2a*. (15a) 

When a is small compared to b, w c is nearly equal to b. If the period of 
the impressed force is 2t/w c , we say the force is in resonance with the 
vibrating mass. The phenomenon of resonance is of great importance 
in engineering. It is sometimes necessary, as in our spring problem, to 
avoid a resonant condition so that no undue stresses occur; on the other 
hand, resonance is desirable in many acoustical and radio-circuit 
problems. 

(rf) Electric circuits . In Art. 7(e) we considered a simple circuit 
containing an inductance L (henries) and a resistance R (ohm?) in 
series with an e.m.f. E (volts), and were led to a linear differential 
equation of the first order. We shall discuss now a series circuit con¬ 
taining in addition to the parameters L and R a capacitance C. 

The charge on a condenser varies directly as the potential difference 
across it, so that 

Q - CE c ; (16) 

if the charge Q is given in coulombs and the potential Ec in volts, the 
capacitance C is measured in farads. Since current I (amp.) is the 
rate of flow of electric charge, we have also 



where time t is measured in seconds. Hence 

dEc 1 C 

1 = C —- , E c = -\ldt, (18) 

dt C J 

so that, just as inductance opposes a change in current, capacitance 
opposes a change in voltage. 

Applying Kirchhoff’s first law to the circuit shown in Fig. 10, in 
which an inductance L (henries), a resistance R (ohms), and a capaci- 



(19) 
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frwrif t C (farads) are connected in series with an e.m.f. E (volts), we get 

dl l r 

E-L - RI -7 - 0. 

dl CJ 

Using relations (17), this may be written 

(lD 2 + BD + Q - E, (20) 

wheie D — d/dt. When L^O, this second-order linear equation with 
constant coefficients may be solved for Q, I obtained from (17), and the 
R two constants of integration deter- 

- 1 mined when the values of Q and 7 

for t = 0, say, are known. If 
L = 0, (20) reduces to an equation 
p of first order, so that Q and 7 are 
completely determined when only 
one initial condition is given. 

As an example, let L — 1 henry, 
R - 100 ohms, C = 10" 4 farad, 
and E = 100 volts. Suppose that 
no charges are present and no cur¬ 
rent is flowing at time t = 0, when 
the e.m.f. is applied, so that Q = I = 0 for t = 0. Equation (20) 
gives us 

and we easily find 


"\JLSL5L2JLc- 

L 

Fig. 10 


(D 2 + 100D + 10 4 )Q = 100, 


dQ 


Q = 4- e 50 * (ci cos 50\/3 t + c 2 sin 50\/3 t), 


— * e 501 (— 50\/3 c i sin 50\/3 t + 50-\/3 <% cos 50\/5 f 
dt 

— 50 ci cos 50\/3 t — 50 c 2 sin 50\/3 0- 
Using the initial conditions, we get 

0 = xJ-cr + ci, 0 “ 50\/3 C 2 — 50 Ci, 


so that 


ci = - 


1 

100 1 


c 2 = - 


V 3 
300 ’ 
VI 


Q - — [l - e~ Kt (cos 50V3 t + sin 50V3 1) j, 
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We see that the frequency / of the current is 50\/3/2x — 13.8 oscilla¬ 
tions per second, that the current rapidly damps out, and that Q rapidly 
approaches the steady-state value coulomb, which is that given 
by (16). 

(e) Physical chemistry. We shall consider here merely a system of 
simultaneous equations arising in a certain type of chemical reaction. 
If a substance A forms an intermediate substance B, which in turn 
changes into a third substance C in this reaction, it is found that the 
respective concentrations x, y, z of the three substances obey relations 
of the form 

dx 

- [- ax = 0, 

dt 

dz 

- = by, ( 21 ) 

at 

x + y + z = c, 

where a, b, c are constants depending upon the substances. We wish 
to solve these equations subject to the conditions z = dz/dt * 0 when 
t = 0. 

Since the given initial values involve z and its first derivative, we 
eliminate x and y from (21) so as to get a single equation in t and z. 
From the last equation y = c — x — z; substituting in the second 
equation and writing I) for d/dt } we get 

bx + (D -+- b)z - be, (22) 

Operating on (22) with (D + a), and using the first of equations (21), 
we find 

(I) + a) (D + b)z = abc. (23) 

We have to distinguish two cases, according as a ^ 6 or o = b. If 
a b, we get from (23) 

z = c + Cie + c 2 e~ ht , 

whence 

dz . 

— = — aci e a — bc 2 e bt . 
dt 

From the initial conditions we then have 

0 = c -f- Ci -f- c 2j 0 = — ac\ — bc 2 , 

so that 

be — CLC 

C\ *-- , C 2 =--, and 

o — o a — b 

z - c + —— (be-** - ae- bt ). 
o—6 


( 24 ,) 
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From the second of equations (21), there is then found 

(24a) 1 


1 dz ac . s 

y = - — -- (e~ bt - e”* 1 ), 

y bdt o-6 


from the third equation, 

X m, C — y - Z 


ac 


be 


— c 


e" 6< +--e“" - c-+ 


ac 


a -bt 


a — b a — b 

- ce-*'. 

If a — 6, (23) yields 

2 * C + (^1 + 

and consequently we have 
dz 


a — b a — b 


(24a) 


eft 


(c 2 — ac\ — ac 2 t)e~ 


Using the initial conditions, we get 



0 = c + ci, 0 = c 2 — oci, 


oo that ci « 

—c, c 2 = — ac, and 



z = c -c( 1 + at)e~ at . 

(25i) 

Then 

1 dz 

!/ = -- = 
a dt 

(252) 

and 

z - c — actc~ at — c + c(l + at)e~ al 



II 

2 

l 

(25*) 


Equations (24) and (25) give the required solutions for a j* b and 
o*6, respectively. 

PROBLEMS 


1. A particle moves with simple harmonic motion in a straight line. When 
( m 0, the acceleration is 9 ft./sec. 2 , the velocity is 3 ft./sec., and the displacement 
x — —1 ft. Find the amplitude and period of the motion. 

8 . A simple pendulum consists of a weight of w lb. suspended by a string of 
negligible weight and length L ft. ff 0 (rad.) is the angular displacement of the 
stririg from the vertical at time t (sec.), and if resistance is neglected, show that 

L (fe 
g dt 2 


— sin 0. 
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If the complete angle of swing 2a is so small that sin 6 may be replaced by 6 without 
much error, find the period of vibration and the equation of motion when the initial 
conditions are 0 ■■ a and dO/dt — 0 for t — 0. 

8 . A simple pendulum swings through an angle 2a which may be so large that 
the assumption of Problem 2 regarding the replacement of sin $ by 0 cannot be 
made. If the pendulum is drawn aside through an angle a and released, find its 
actual maximum angular velocity and show that this is never as great as the maxi* 
mum obtained under the assumption of Problem 2. 

4. A particle moves with simple harmonic motion in a straight line under the 
artion of a force located at the origin x « 0. If it starts at x — —4 ft. with a 
velocity dx/dt «* 8 ft./sec., and if it reaches an extreme position at x ~ 4\/5 ft., 
at what sjjeed does it pass through the origin? 

6. One end of a rubber band is fixed at a point ,4. A 1-lb. weight, attached to 
the other end, stretches the rubber band vertically to the point B. The length AB 
is 6 in. greater than the natural length of the band. If the weight is released from 
a point 3 in. above B t what will lx*, its velocity when it passes B? 

8. A cubical block of wood 6 in. on an edge and weighing 4 lb. floats in water 
(62.4 lb./ft. 3 ). If it is depressed so that its upper face lies in the water surface and 
is then released, find its period of vibration and equation of motion. Neglect 
resistance. 

7. A cylinder 18 in. in diameter floats with its axis vertical in water (62.4 
lb./ft.*). When the cylinder is depressed slightly and released, the period of vibra¬ 
tion is found to be 0.86 sec. Neglecting resistance, find the weight of the cylinder. 

8. The attraction of a spherical mass on a particle within the mass is directed 
toward the center of the sphere and is proportional to the distance from the center. 
Suppose a straight tube t>ored through the center of the earth and a particle of 
weight w lb. to be dropped into the tube. If the radius of the earth is 3960 miles, 
find how long it will take (a) to pass through the tube; ( b ) to drop halfway to the 
center. Neglect resistance 

9. A 10-lb. weight is suspended by *. spring which is stretched 2 in. by the 
weight. Assume a resistance whose magnitude (lb.) is 40/Vp times the speed 
(ft./sec.). If the weight is drawn down 3 in. below’ its equilibrium position and 
released, find the equation of motion of the weight. 

10. A 10-lb. weight suspended from a spring vibrates freely, the resistance (lb.) 
being numerically equal to twice the speed (ft./sec.) at any instant. Tf the period 
of the motion is to be 4 sec., find the suitable spring constant (lb./ft.). 

11. A body executes damped vibrations, its motion l>eing represented by an 
equation of the form (D 2 + 2aD + fr 2 )* “ 0, where D — d/dl. If the period is 
1.25 sec. and the damping factor decreases by 25% in 8.2 sec., find a and b. 

12. A weight w (lb.) is suspended by a spring whose constant is 20 lb./ft. The 
motion of the weight is subject to a resistance (lb.) numerically equal to twice the 
velocity (ft./sec.). If the motion is to be oscillatory with period 1.00 sec., find the 
two possible values w may have. 

18. A 4-lb. weight suspended from a spring causes an elongation of 2 in. It is 
set vibrating and the period is measured as 0.5236 sec. Assuming resistance pro¬ 
portional to the velocity, find the time required for the damping factor to decrease 
by 75%. 

14. A certain damped free vibration has a period of 1 sec., in which time the 
damping factor decreases by 99%. If the period is made 10% greater by changing 
the damping, what will be the value of the ^ ni "p*"£ factor at the end of the first 
now cycle? 
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15. A weight, hung on a spring and vibrating with negligible damping, has a 
period of 1 see. Next it is set vibrating with a practically weightless damping vane 
attached to it, thereby causing a resistance proportional to the speed, and the 
period is then found to be 1.5 sec. Determine the differential equation correspond¬ 
ing to the damped vibrations. 

16. The damped vibrations of a weight suspended from a spring have a period 
of 1 see., and the damping factor decreases by half in 5 sec. Find the acceleration 
of the weight when it is 3 in. below its equilibrium position and is moving upwards 
with a speed of 2 in./sec. 

17. A body weighing g — 32.17 lb. is suspended from a spring which is stretched 
qI 12 ft. by the weight. Assume a resistance (lb.) equal to 7 times the speed (ft./sec.) 
at any instant. The body is displaced 2 ft. below its equilibrium position and is 
given an initial velocity »o (ft./sec.) directed upward, (a) Find the value of se 
which will bring the body into equilibrium position in 1 sec. ( b ) Find the algebrai¬ 
cally smallest value of t>o which will prevent the body from reaching its equilibrium 
position in any finite time. 

18. A container weighing 1 lb. is half filled with 5 lb. of mercury and is hung on 
the end of a spring which is thereby stretched 1 in. The period of oscillation is 
found to 0.350 sec. When 5 lb. more of mercury are added, the period becomes 
0.454 sec. Determine whether the resistance can be proportional to the velocity 
under these conditions. 

19. The small oscillations of a simple pendulum with period 2 Bee. are subjected 
to a resistance producing an angular deceleration equal to 0.10 times the angular 
velocity. If the pendulum is released from rest at an angular displacement of 1°, 
find the displacement at the end of 2 complete vibrations. 

30. An 8-lb. weight, of specific gravity 2, stretches a spring 3 in. when immersed 
in water. Because of resistance proportional to the velocity, the period of vibra¬ 
tion is 0.017 sec. longer than it would be without damping. By what percentage 
will the dampirfg factor be decreased in 1 sec ? 

21. A 5-lb. weight is to l)e supported by a spring and made to execute damped 
vibrations in which the resistance is proportional to the velocity. If the damping 
factor is to decrease by 90% in half a cycle, and if the period is to be 0.30 sec. more 
than it would be if there were no resistance, find the amount by which the weight 
should stretch the spring. 

22. A weight of 32.17 lb. is suspended from a spring whose constant is 6 lb./ft. 
There is a resistance (lb.) equal to 5 times the velocity (ft./sec.) at any instant. 
The weight is drawn down 6 in. below its equilibrium position and then released, 
(a) Find the equation of the ensuing motion, and sketch its graph. ( b ) Determine 
the displacement from equilibrium position when } sec. has elapsed. 

28. A particle moves along the x-axis in accordance with the equation 

(D* + 10D -I- 9)x — 0, where D = d/dt. At time t — 0, the particle is 2 ft. to the 
right of the origin and is projected toward the left at the rate of 20 ft./sec. Find 
(a) the time required for the particle to reach its leftmost position; (6) the total 
distance traveled by the particle at the end of 1 sec. 

24. A particle moves along the x-axis in accordance with the equation 

(4D* 4* 4D 4- l)z — 0, where D ■■ d/di. If it starts from a point 2 ft to the 
right of the origin with a speed of 3 ft./sec. directed toward the left, find the time 
1 when the speed is zero and the displacement x at that time. 

2l. A body executes damped forced vibrations given by the equation 

(D* 4* 2oD 4* b*)x — Ce~ Mt sin ud, where the impressed force is damped by a factor 
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c ** equal to the damping factor for the natural vibrations. Find a par ticu lar 
integral for this equation if (a) w ^ V b 2 - a 2 ; (6) a> - vV - «* 

26. A 10-lb. weight is hanging at rest on a spring which is stretched 3 in. by the 
weight. If the upper end of the spring is given the motion y * sin tat (ft.) and if 
resistance is neglected, find the equation of motion of the weight when (a) 
a> — y/%g rad./sec.; ( b ) o> — 2Vy rad./sec. For both (a) and ( b) find also the 
displacement of the weight from its equilibrium position when t - r/y/g sec. 

27. Solve Problem 26(a) assuming a resistance whose magnitude in pounds is 
equal to 20 /y/g times the velocity in feet per second. 

20. A body weighing 32.17 lb. is supported by a spring whose constant is 36 
Ib./ft. Assume a resistance (lb.) equal to 13 times the speed (ft./Bec.) at. any in¬ 
stant, and take the downward direction as positive. The body is displaced x« ft. 
from its equilibrium position and released, while at the same instant the upper end 
of the spring is given the motion y * sin 6f (ft.). If the body then executes simple 
harmonic motion, determine whether the initial displacement xq was above or below 
the equilibrium position, and its amount. 

29. A weight of g — 32.17 lb. is suspended from a spring which is stretched g /25 
ft. by the weight. At a given instant an external vertical force, which is propor¬ 
tional to the function cos 5 1, is applied to the weight. The motion of the weight is 
subjected to a resistance (lb.) equal to 6 times the velocity (ft./sec.) of the weight. 
If the weight is 0.1 in. below its equilibrium position at the end of r/2 sec., what 
was the initial external force? 

80 . A body weighing g « 32.17 lb. is hanging at rest on a spring which is stretched 
p/41 ft. by the weight. Assume a resistance (lb.) equal to 8 times the speed (ft./sec.) 
at any instant of the motion of the weight, imparted by giving the upper end of 
the spring the motion y — sin ut (ft.). After the transient motion, represented by 
the complementary function, has died down, the displacement x (ft.) of the weight 
will be given by the particular integral x/>. (a) Find the amplitude of xp when 

the period 2 r/ta of the external force is equal to the natural period of vibration of 
the weight, (b) Find the amplitude of xp when u> ™ 3 rad./sec. (c) Discuss the 
relative values of the two amplitudes from the standpoint of resonance. 

31. A weight of g *= 32.17 lb. is hanging at rest on a spring which is stretched 
3 in. by the weight. The upper end of the spring is given the motion y — sin 2 y/g t 
(ft.), and the resistance (lb.) is K times the velocity (ft./sec.). (a) Find K such 
that any smaller value would make the transient motion (represented by the com¬ 
plementary function) of the weight oscillatory. ( b) Using the value of K found m 
(a), find the equation of motion of the weight. 

32. A particle undergoes vibratory motion in accordance with the equation 
(D 2 4- 0.4D + 13)x ™ 0, where x (ft.) is the displacement at time i (sec.) and 
D — d/dt. If the velocity at a certain time is 1 ft./sec., find the velocity one 
period later. 

38. A 2-lb. weight is hanging at rest on a spring which is stretched g /25 ft. by 
the weight {g - 32.17). The upper end of the spring is given the motion 
y - 1 — «“ 51 (ft.) and the resulting motion of the weight is subjected to a resist¬ 
ance 0b.) equal to 20 /g times the velocity (ft./sec ). Find the displacement of the- 
weight from equilibrium position at the end of 1 sec 

34. A particle undergoes non-vibratory motion in accordance with the equation 
(D 2 4 2aD 4 6*)x - 0, where x (ft.) is the displacement at time t (sec.), D - d/dt f 
and a >b. At time t - 0, x - xo > 0 and Dx - f* (ft./sec .). Sho w that the 
particle remains to the right of the origin if so 2s 4 V'a 2 — b*), but that 
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it purwTT through the origin, reverses its directi on of m otion, and ultimately ap¬ 
proaches x » 0 from the left if vq < -zo(« + Va 2 - 6 2 ). 

U. Discuss the motion of a particle satisfying the equation (D 2 4- 2aD+ a*)x — 0 
And the initial conditions x * xq > 0, Dx — vq, for * — 0. (Cf. Problem 34.) 

86. A coil of inductance 1 henry and negligible resistance is connected in Beries 
with a capacitance 10“"® farad and an e.m.f. E volts. Taking Q — 7 » 0 for 
t — 0, find the charge Q and current 7 when t ■* 0.001 sec. if (a) E — 100; (6) 
E » 100 sin 500*; (c) E - 100 sin 1000*. 

87 . An inductance of 1 henry, a resistance of 1600 ohms, and a capacitance of 
10”® farad are connected in series with an e.m.f. 100 sin 600* volts. If the charge 
and current are both aero when 7 — 0, find the current when < * 0.001 sec. 

88. An inductance of 1 henry, a resistance of 1200 ohms, and a capacitance of 
10"® farad are connected in series with an e.m.f. 100 sin 1000* volts. The charge 
and current are both zero initially. For * - 0.001 sec., determine whether the 
transient current or the steady-state current value is numerically the larger. 

88 . Using the data of Problem 38, find the ratio of the current actually flowing 
to that which would be obtained if there were no resistance, when * -» 0.001 sec. 

40 . An inductance of 1 henry, a resistance of 3000 ohms, and a capacitance of 
5 X 10" 7 farad are connected in series with an e.m.f. of lQOe -1000 * volts. If the 
charge and current are both zero when t — 0, find the current when * =* 0.001 sec. 

41 . An inductance L henries, a resistance R ohms, and a capacitance C farads 
are connected in series with an e.m.f. Eq sin ut volts. If the charge Q and current 7 
are both zero for t » 0, and if 4L > R 2 C, find expressions for Q and 7 at any time *. 
For convenience, let a » R/2L, toj «* V 4 LC - /J*C*/2LC I X -« Lu — I/Ccj, 
Z 2 m R 2 -f X 2 . What value of w will produce resonance? 

42. Solve Problem 41 if 4 L « R 2 C. 

«. Solve Problem 41 if 4L < R l C. (Here let a* - Vj^C 1 - 4LC/2LC.) 

44 .* The primary of a transformer has inductance L\ henries and resistance R\ 
ohms, the secondary has inductance 7^ henries and resistance Rz ohms, and the 
mutual inductance is M henries, where LiL? > M 2 . The free oscillations in the 
two circuits are then given by 

LiD7i + M D7 2 + 7?i7i - 0, 

AfD7i -j- L 2 DI 2 4* 72 2 7 2 “ 0, 

where 7i and I 2 are the currents in primary and secondary, respectively, and 
D — d/dt. (a) Show that I\ and 7 2 numerically diminish as * increases. (6) If 
L|, Lj, and M are 1, 2, and 1 henries, respectively, R\ and R 2 are 5 and 24 ohms, 
respectively, and /1 — I amp., 7* — 2 amp. when * — 0, find 7 1 and 7* when 
* - 0.1 sec. 

48 . A condenser of capacitance C farads and an e.m.f. Eq sin <A are connected in 
series with the primary of Problem 44 and the secondary is short-circuited, so that 
the equations for l\ and 7j become 

LiD7i + MDI 2 4- 7?i7j 4 - J'licU ■ Eq sin «*, 

AfD/i 4- LjD7j 4" 7Zj7 2 ■ 0. 

* The differential equations of Problems 44-46 can be derived by the methods 
of Art. 109, Chap. XI. 
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By what amount must the inductance L\ of the primary be changed if the forced 
oscillations, represented by particular integrals, are to be the same when the eon* 
denser is short-circuited as they are here? Hint: Take the particular integral lor 
/1 in the form A sin (ut + a). 

46. When the primary and secondary circuits of the transformer of Problem 44 
contain capacitances C\ and CY respectively, and the resistances Ri and ft* are 
negligible, the currents /1 and h are given by 

Lil) 2 7i + MD 3 / 2 4* h/Cy » JSqu cosurf, 

MD*Ii 4- LjD*/j 4 /j/Ca - 0. 

Find the steady-state current values represented by the particular integrals. Show 
also that the complementary functions represent periodic oscillations when 
Li U > Af 2 

47. Tank A contains 100 gal. of brine in which 100 lb. of salt are duwolved. 
Tank B contains 100 gal. of water. Water flows into A at the rate of 3 gal. /min., 
and the mixture flows into B at the rate of 4 gal./min. From B, the solution is 
pumped back into A at the rate of 1 gal./min. and also flows into a third tank at 
the rate of 3 gal./min. Find the maximum amount of salt in tank B. 

48. A body falls from rest in a liquid whose density is one-third that of the body. 
If the liquid offers resistance proportional to the velocity, and the velocity ap¬ 
proaches a limiting value of 40 ft./sec., find the distance fallen in 1 sec. 

49. A projectile of weight w lb. is fired from a gun at the origin O. If the initial 
velocity is No ft./sec. in a direction making an angle a with the horizontal x-axis, 
show that wher resistance is neglected the path is a parabola, and find the maxi¬ 
mum height and the range of the projectile on a horizontal plane through 0. 

60. If resistance proportional to the velocity is taken into account, find the para¬ 
metric equations of the path of the projectile of Problem 49. Find also the maxi¬ 
mum height reached. 

61. Two bodies, each of weight 1 lb., slide freely in horizontal grooves perpen¬ 
dicular to each other, and are connected by a spring 1 ft. long and with a 50-lb./ft. 
constant. If the weights are placed 9 in. from the point of intersection of their 
grooves and released, find their equations of motion. 

62. A particle lies on the line connecting two centers of equal attraction. If 
each attractive force is proportional to the distance of the particle from the corre¬ 
sponding center, and if the particle is released from rest at a point nearer one 
center than the other, show that the resulting motion is simple harmonic. 

68. If the particle of Problem 52 starts with velocity uo along a line perpendicular 
to the line connecting the centers of attraction, show that the path of the particle 
is an ellipse. 

64. A particle slides freely in a tube which rotates in a vertical plane about its 
midpoint with constant angular velocity u. If x is the distance of the particle from 
the midpoint of the tube at time l, and if the tube is horizontal when l - 0, show 
that the motion of the particle along the tube is given by D*z - uAx m -gnnU, 
where D - d/di and g is the gravitation constant. Solve this equation ifz-zt, 
Dx - vo when t - 0. For what values of xo and ro is the motion simple harmonic? 

66. A particle of unit mass is attracted toward a fixed point O by a force F. If 
(r, 9) are the polar coordinates of the particle at any instant, and if u - t/r, then 
the motion of the particle is given by the equation (D* 4- l)n - F/kV t where 
D - d/de and A is a constant representing twice the areal velocity. Given that 
$ - Du - 0 when u - l/r* solve this equation if (o) F - ku*; (6) F - ***. In 
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(a), where the force varies inversely as the square of the distance r, show that the 
path is a conic. 

66. (a) For steady heat flow through the wall of a hollow cylindrical steam pipe, 
whose inner and outer radii are ri and r a , respectively, show that the temperature u 
at a radial distance r (ri < r < r s ) from the axis of the cylinder is given by 
rP*u -|- Du * 0, where D — d/dr. (b) If ui and uj are, respectively, the tempera- 
turns at the inner and outer surfaces of the pipe, find u as a function of r. (c) If 
rj • 6 cm., r i - 8 cm., u\ - 100° C., u% - 90° C., find u for r » 7 cm. 

67. (a) For steady heat flow through the wall of a hollow sphere of inner and 
outer radii ri and ri, respectively, show that the temperature u at a distance r 
(fi < r < rj) from the center of the sphere is given by rD 2 u + 2Du — 0, where 
D ■» d/dr. (b) If ui and U 2 are the temperatures at the inner and outer surfaces 
of the shell, find u in terms of r. (c) If ry — 6 cm., rj ■■ 8 cm., ui — 100° C., 
us — 90° C., find u for r - 7 cm. 

68. The small oscillations of a certain system with two degrees of freedom are 
given by the equations 

D 2 x + 3x — 2y — 0, D 2 x + D 2 y — 3x + by — 0, 

where D * d/dt. If x — 0, y — 0, Dx — 3, Dy ■* 2 when t «= 0, find x and y when 

1 

69. A weight u?j (lb.) is suspended by a spring whose upper end is fastened to a 
second weight wr (lb.). The weight is in turn supported by a second spring, the 
upper end of which is fixed. A force A sin ui (lb.) is applied to w\. Show that the 
displacements xi and x a (ft.) from equilibrium positions of u>i and respectively, 
are given by 

(wi/0)D 2 *i - — fafai — 22 ) + A sin ut, 

(W 2 / 0 )D 2 j a - fci(xi - x 2 ) - fcjXl, 

where fa and fa are the spring constants and D - d/dt. Find the forced vibrations 
represented by the particular integrals for xj and x a . For how many values of u 
does resonar ce occur? 

60. If the external force is removed, the elastic double pendulum of Problem 59 
executes free oscillations. Take w\ - gf 100 lb., w\ - g /50 lb., fa ** 2 lb./ft., and 
fa • 4 lb./ft., and suppose the equilibrium positions of the two weights to be 1 ft. 
apart. If xi — 4 in., xj — 2 in., Dxi » 0, and Dxj = 0 when t * 0, how far apart 
arj the two weights when t - 0.1 sec.? 

61. For small displacements, the motion of the bob of a gyrostatic pendulum is 
given by the equations 

D 2 x -f 2dDy ■+■ £> 2 x — 0, 

D 2 y — 2aDx + b 2 y — 0, 

where a and b are positive constants and D — d/dt. (a) Show that the solution 
of this system is 

X — Cl cos (wi< ■+■ a) + C 2 COS (wjf + 0)y 

y - cj sin (wit + o) - cj sin («tf 4* 0), 

where Va* 6* + a, ut — \/a 2 + 6* — u, and ci, e*, a, and $ are arbitrary 
constanta, (6) If a — 3 and b ■■ 4, discuss the motion when the initial conditions 

are (i) x - 2, y - 0, Dx - 0, Dy - -4 for t - 0; (ii) x - 0, y - 1, Dx — 8, 

Dy « 0 for f • 0. 
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62. In Thomson’s experimental determination of the ratio m/e of the mass to 
the charge of an electron, in which the electrons were subjected to an electric field 
of intensity E and a magnetic field of intensity H, the equations 

mD 2 x 4- HeDy — Ee, mD 2 y — He Dx — 0, 


where D » d/dt, were employed. • If x - y * Dx — Dy « 0 for ( — 0. show that 
the path is a cycloid whose parametric equations are 


x 


Em 

Hh 


/ Hel\ 

( 1 — cos -—) , 


y 


Em /Hct . Het\ 

SU“ Bn T/ 


68. A cantilever beam of length L in. and weighing w lb. /in. is subjected to a 
horizontal compressive force of P Jb. applied at the free end. Taking the origin 
at the free end and the y-axis positive upwards, the differential equation of the 
elastic curve is Ely" — — Py — Jwx 2 . (a) Show that the maximum deflection is 
given by the formula 

wEl / O 2 \ 

VL - ~^ r - - - sec e + 6 tan 9J , 


where 0 * L\fP/BI. (b) Find the maximum deflection of a wooden beam 2 in- 
by 4 in. by 10 ft., with E = 15 X 10 5 lb./in. 2 and weighing 40 lb./ft.*, if the 2-in. 
side is horizontal and P - 500 lb. 


* See Phil. Mag., Vol. 48, p. 547, 1899. 
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16. Introductory remarks. Hyperbolic functions are useful in a 
variety of physical problems. The hyperbolic functions, hyperbolic 
sine, hyperbolic cosine, etc., are connected with a hyperbola in a man¬ 
ner analogous to that in which the circular functions, sine, cosine, etc., 
are connected with a circle. Corresponding to the formulas of ordinary 



trigonometry, a dual set of formulas can be developed in hyperbolic 
trigonometry. In order to exhibit this duality, the idea of sector area, 
rather than angle, is fundamental. 

We recall from calculus that a sector element of area POQ (Fig. 11) 
is 

dA = ^r 2 de, 

or, in rectangular coordinates, since 

, V xJ X 2 4-;/ 

we have 

dA — \{x dy—y dx ), 

where x , y are the rectangular coordinates of the point P. 

16. Definitions of the six hyperbolic functions. Now consider a unit 
circle and a unit equilateral hyperbola (Fig. 12). 

Representing by u the sector area OPAP with OA — 1, we shall 
expvedi the rectangular coordinates x, y of P in terms of u. As the 

94 
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sector opens out, P moves to Q and P' to Q*. Thus the differential o( 
the sector area u is twice the area of the sector element POQ, that is, 

du * x dy — y dx. 

s 2 + y 3 = 1 x 2 — y 2 = 1 




Substituting first the value of y from the equation of the circle, then 
the value of y from the equation of the hyperbola, we have: 


For the circle 

du — x dV1 — x 2 — Vl — i? dx 

—dx 

VT^x*' 

r -dx _! 

U " I 7=-X * COB 1 z, 

J lV\ -3? 

X — COB U. 


For the hyperbola 


du — x dVx 2 — 1 — y/ 1 ? — 1 dx 

VvV - 1 / 


dz 


u 

e u 

e* 

x 


- f * - In (* + v**-l ), 

J i V I s - 1 

- Z -f Vz 2 — 1, 

- 2xe u + x 2 - x 2 - 1, 

-- » cosh u. 


Thus, in order to express x in terms of u, we are led in the case of the 
circle to the familiar circular function, cosine. Usually we t hink of a 
cosine as being the cosine of an angle, but we could just as well think 
of it as being the cosine of the number representing an area. For 


96 


HYPERBOLIC FUNCTIONS 


[Chap. II 


jnrtsnce, if OA - 1 in., the number of square inches in the circular 
sector u equals the number of radians in the angle POA , so that the 
length OB ih the circle can be regarded as the cosine of either number. 
In the case of the hyperbola we arrive at the fact that x is a particular 
exponential function of u: (e u + e -u )/2. It is natural to call this, by 
analogy, the hyperbolic function, hyperbolic cosine, of the area u. 
Thus we have the first definition in hyperbolic trigonometry: 


cosh u 


e u + e~ 


In order to express y in terms of u, we have 


For the circle 


— y/l — cos 2 u 

— sin u. 


For the hyperbola 
y =» 'n/x 2 — 1 y/ cosh 2 u — 1 


^ + 2 + 


- 1 


le 2u - 2 

V -4 


-2 + e~ 


— ainh u. 


The second definition in hyperbolic trigonometry is 

- e~ v 


sinh u — 


( 1 ) 


( 2 ) 


Hence we have the first derived formula in hyperbolic trigonometry: 
cosh 2 u — 1 = sinh 2 u. 


The other four hyperbolic functions, hyperbolic tangent, hyperbolic 
cotangent, hyperbolic secant, hyperbolic cosecant, we define as follows, 
by analogy to the circular functions: 


sinh u 


tanh u =-, 

(3) 

cosh u 

1 


coth u --, 

(4) 

tanh u 

1 


sech u =-, 

(5) 

cosh u 

csch u -- 

(•) 

sinh u 


We regard these six definitions as defining the six hyperbolic functions 
also when u is negative. 



Aar. 17J SOME FORMULAS OF HYPERBOLIC TRIGONOMETRY 97 


17. Some formulas of hyperbolic trigonometry. Following are 


twenty-three of the formulas of hyperbolic trigonometry, 
which we proceed to derive. 

some of 

cosh 2 u — sinh 2 u — 1, 

(1) 

sech 2 u =1 — tanh 2 u, 

(2) 

each 2 u = coth 2 u — 1, 

(3) 

sinh (— w) = — sinh u, 

(4) 

cosh (— u) = cosh i/, 

(8) 

tanh (— u) = — tanh w, 

(6) 

sech (— u) = sech u, 

(7) 

csch (— u) = — csch u, 

(8) 

coth (—u) = — coth u, 

(9) 

sinh (u -f t>) = sinh u cosh v -+■ cosh u sinh v, 

(10) 

sinh (u — v) = sinh u cosh v — cosh u sinh v, 

(ID 

cosh (u + v) = cosh u cosh v -f sinh u sinh v, 

(12) 

coah (u — v) — cosh u cosh v — sinh w sinh v, 

(13) 

sinh 2u = 2 sinh u cash u, 

(14) 

cosh 2 u = cosh 2 u + sinh 2 u, 

(15) 

d 

— sinh u — cosh u. 
du 

(16) 

d 

— cosh u = sinh u. 
du 

(17) 

J* sinh u du = cosh u, 

(18) 

cosh udu = sinh u, 

(19) 

it 3 u 5 u 7 

SinhU = U+ 3! + 5! + 7i + '"’ 

(20) 

w 2 u 4 u 6 

cosht4 = 1 + _ + _ + _ + ..., 

(21) 

sinh iu = i sin u, 

(22) 

cosh tu — cos u. 

(23) 
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formula (1) was obtained in Art 16. To obtain (2) from the defini¬ 
tional we have 

/e M - e~*\ 2 4 ,_ 

1 — tanh 9 u * 1 — (-) »-- — sech 9 u. 

\e w + c- 14 / (e u + 6- tt ) 2 

To obtain (4) from definition (2) of Art. 16, we have 

e”““ — e u 


sinh (—it) 


— sinh u. 


To obtain (10) we first add and subtract (1) and (2) of Art. 16: 
e u * cosh u + sinh it, 
e~* « cosh u — sinh it. 

Then, from (2), Art. 16, 

sinh (u + t>) « \[e u +* - *-<*+*>] - \(e u e' - «-«-). 
Hence, from (24), 

winh (u + v) - $[(cosh u + sinh u) (cosh v + sinh v ) 

— (cosh it — sinh it) (cosh v — sinh v)] 
— sinh u cosh v + cosh it sinh v. 

To obtain (16) and (19), we have 

- e" + t 


d d e M — e~ 

— sinh u »- 

du du 2 


— cosh u, 


and therefore 


/■ 


cosh u du ■= sinh it. 


(24) 


To obtain (20), (21), (22), (2&), we have 
sinh u — i(« M — e~*) 

If/ u 3 U 3 \ / U 3 U 3 \"| 

-2K 1 + “ + ^ + i! + + 


u» 

1 U 9 It 4 
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We may regard these series as defining the functions sinh u, eosh u, 
when u is imaginaiy. Letting u — iv, we have, 

tV tV / v 3 i/ 5 \ 

dBh(»)-.r + —+ — +•••-+ 

tV i*v* v? v 4 

co8h(«)-l + —+ — + •••-1-- + --- 

From (22) and (23), we obtain 

1 1 . 

sin v == - sinh (iv) « — (e ir — e~* r )> 
i 2i 

(26) 

cos v *= cosh (iv) = 4- e %v ), 

the exponential expressions for the sine and cosine. By adding and 
subtracting the second of equations (25) and i times the first, we obtain 

the Euler relation ,. 

e ±xv = cos v ± i sin v. (26) 


PROBLEMS 


1. Derive all the formulas (l)-(23) which are not derived in the text. 

2. Find the values of sinh 0, cosh 0, tanh 0, sinh^O, cosh" 1 1, tanh -1 0, 
lim tanh x, Iim (sinh -1 x — In x). 

X —* « I —* CO 

5. Draw graphs of the equations y = sinh x, y *■ cosh x, y - tanh x, y — coth x, 
y — sech x, y =■ csch x. 

4. Find the derivatives with respect to x of the six inverse hyperbolic funo* 
tions: sinh" 1 x, cosh” 1 x, tanh 1 x, coth -1 x, sech” 1 x, csch -1 x. 

6. Show that, for a > 0, 



, x 1 . a + x x 

tanh 1 - « -- In-, csch - : 


i dr Vo* 4* x* 


6 . Show that 

sin (x 4 i.v) — sin x cosh y 4 i cos x sinh y, 

cos (x 4 iy) - cos x cosh y — i sin x sinh y, 

sinh (x -f iy ) « sinh x cos y 4 ? cosh x sin y, 

cosh (x 4- iy) * cosh x cos y 4 * sinh x sin y. 

7. A tangent line is drawn to the curve y - sinh" 1 x at a point on the curve 
where x * f. Find the distance from the origin to the point where the tangent 
line cute the x-axis. 

8 . A tangent line is drawn to the curve y ■» tanh -1 x at a point on the curve 
where x - J. Find the coordinates of the points in which the tangent line cute 
the asymptotes to the curve. 
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9. Find the area in the first quadrant between the euiree y — anh x and 
y — cosh x. 

10. Transform (1 + tanh x)/(l — tanh x) into cosh 2x + sinh 2x. 


IS. Rectilinear motion with acceleration proportional to displace¬ 
ment. In Art. 14(a), Chapter I, we obtained the general solutions of 
the following differential equations: 
d 2 ! 

— * — \?x. General solution: x = A\ cos kt + B\ sin kt, (1) 


—- = k 2 x. General solution: x 


c x e kt + ctf kt , 


( 2 ) 


in which A x , B x , c x , c 2 are arbitrary constants. These equations (1) 
and (2) represent respectively rectilinear motion of a particle under 
attractive and repulsive forces proportional to the displacement. 

In order to exhibit the analogy between the solutions (1) and (2) we 
replace the exponentials by their hyperbolic equivalents as given by 
equations (24), Art. 17: 

Ci«*‘ + c 2 e~ kt = c x (cosh kt + sinh kt) + c 2 (cosh kt — sinh kt) 


= A 2 cosh kt + B 2 sinh kt, 


where A 2 and B 2 are arbitrary constants related to the original con¬ 
stants by the equations, A 2 = c x + c 2 , B 2 = c x — c 2 . Instead of 
(2) we may then write 
<Px 

—— = krx. General solution: x — A 2 cosh kt + B 2 sinh kt. (3) 


For an attractive force we have the solution (1) expressed by circular 
functions; for repulsion we have the analogous solution (3) expressed 
by hyperbolic functions. 

Consider two particles each starting from rest at a distance a from 
centers of attraction and repulsion respectively, the accelerations being 
numerically equal in both cases at x = a. We have for the two cases: 


d*x 

dl* 

z 

a 

dx 

dt 

0 


Attraction 

-***. 

Ai cos kt + Bi sin kt, 

ill, (*■<*! < 0) 

—ok sin kt + Bik cos kt, 

*- (S-* '- 0 ) 

a cos kt. 


(Px 

d? 


Repulsion 


- k 2 x, 


x — ill cosh kt + B 2 sinh kt, 
a - A 2 , (x - a, t - 0) 
dx 

— — ak sinh kt + Bj/c cosh kt, 

(S-» ■-») 

x - a cash kt. 
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The displacement is a circular function of the time for the attractive 
force, and the corresponding hyperbolic function of the time for the 
repulsive force. 

If t\ and (2 are respectively the times required by the particles to 
travel the first a/2 units of distance, let us find the ratio ti/t%> We have 

kti cos" 1 0.5 h 1.0472 

__ B _ _ B _ B 2 QQ 

ktz cosh" 1 1.5 9 *2 0.9625 

19. Motion under resistance. Suppose that a body falls from rest 
in a medium offering resistance proportional to the square of the 
velocity, and that the limiting velocity (when the acceleration becomes 
aero) is V (ft./sec.). If w (lb.) is the weight of the body and we meas¬ 
ure y positive downwards from the starting position, we have for the 
differential equation of the motion 



where \ is a constant of proportionality to be determined, and g 32.17 
ft./sec. 2 Replacing dy/dt, the velocity, by v, we have 


w dv 
9 dt 


w — At/ 2 , 


and, since v « V when dv/dt 
the equation becomes 


dv 


dt 


0, ip — W 2 = 



Separating the variables, we obtain 

V 2 dv 
V 2 - v 2 




0, or X — w/V 2 , so that 


which, upon integration, yields 

. v 

V tanh 1 — = gt + c. 

Since v — 0 when t ■■ 0, we find c == 0, so that 

gt 

v = V tanh —• 

Replacing v by dy/dt and integrating again, we have 
y - — In cosh —, 

0 V 

the constant of integration again being 0, since y “ 


0 ) 

( 2 ) 

0 when (>0 
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We may eliminate t from equations (1) and (2) as follows: 

11 IF 


coah- 

y 




Substituting in (2) we have 

V 2 

y *= — In 
9 


V 

VV 2 - V 2 ' 


(3) 


Equations (1), (2), (3) give the v, t relation, the y, t relation and the 
y, v relation, respectively for this problem. 

20. The tractrix. A heavy particle P is dragged along a rough 
horizontal plane by a string PQ of length a (Fig. 13). Find the path of 



P if <3 moves along the x-axis and starts at the origin when P is on the 
y-axis at a distance of a from the origin. 

The equivalent geometric problem is: Find the curve the length 
of whose tangent, from point of tangency to x-axis, is constant. The 
curve is called the tractrix. 

Denoting by 0 the inclination of the tangent line PQ to the positive 
x-axis. we have , 

d v v 

— = tan 6 - =— 

dx Va 2 — y 2 

Separating the variables, 


vV - y 2 


dy. 


dx = — 

Integrating (Peirce, 130, fn.), 

x ■■ — Va 2 — y 2 + a sech“ l - + c. 
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Since y ■ fl when i ■ 0, c ■ 0, and we have for the equation of the 
traebix, 

x — — Vo 2 — y 2 + a cosh” 1 — (1) 

V 

Denoting by 8 the length of the arc AP, positive in the direction AP f 
we have, since s increases as y decreases, 

*~>Ri 

Then for the length AP we have 

r dy a 

— = a In -■ 

V V 

21. Schiele’s pivot Consider a vertical shaft rotating in a bearing 
(Fig. 14), which is to be k> constructed that the vertical wear between 
pivot and bearing is to be uniform at 
all points. 

Let R (lb./in. 2 ) be the vertical 
pressure per unit horizontal area, 

W (Bb.) the weight of the shaft, and 
A (in. 2 ) the horizontal projection of 
the rubbing surface; then R = W/A 
= const. Let N Qb./in. 2 ) be the nor¬ 
mal pressure exerted on the bearing 
by an area of pivot whose horizontal 
projection is a unit area; let 
F (lb./in. 2 ) be the corresponding hori¬ 
zontal thrust on the bearing. Then 
F and R are the components of N. 

Taking the x- and y-axes as shown in the figure, if PQ is the tangent 
from the point P of the curve LM of the pivot, to the x-axis, we have 
by similar triangles PQ/y = N/R; hence PQ is proportional to Ny f 
since R is constant. But the wear is proportional to the work done 
by friction in one revolution, viz., pN • 2iry t where n is the coefficient of 
friction; since this wear is to be constant, it follows that PQ is of con¬ 
stant length and the curve LM is a tractrix, equation (1) Art. 20, 

x » — Va 2 — y 2 + a cosh” 1 -, 

V 

where a — PQ « OL is the radius of the shaft The pivot so con* 
structed is known as SchieUfe pivot . 
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22. A cantilever beam problem. Suppose that a cantilever beam of 
length L in. and weighing w lb./in. is subjected to a horizontal tensile 
force of P lb. applied at the free end (Fig. 15). Taking the origin at 



Fiq. 15 


the free end and the y-axm positive upwards, we have for the differ¬ 
ential equation of the beam: 

tux 2 

EIy"=Py- —, 

z 

where E (lb./in. 2 ) is the modulus of elasticity and I (in. 4 ) is the mo¬ 
ment of inertia of the area of a cross-section about a horizontal line 
perpendicular to the axis of the beam. Then 


(D a -°’) y =-— 

where D * d/dx , a = V P/EL The general solution of this equation 
is, by Art. 11, Chapter I, and Art. 18, Chapter II, 

w w 

y ** A cosh ax + B sinh ax H- x 2 H--• 

2 P Pa 2 

Since y = 0 when x = 0, A =* — w/Pa 2 , and 

w wx 

y = — — sinh ax + Ba cosh ax + — • 

Since y[ — 0 when x = L, 


w wL 

— sinh aL - 

Pja _ P_ 

a cosh aL * 

and the equation of the curve of the beam becomes 


ip / w wL\ 

v - _ —coBho* + (^sinhaZ, - -) 


wL\ sinh ax w . tc 

— I- 1 -x* H- 

Pa/ cosh aL 2P Pa* 
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The maximum deflection is 
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or 


w f w wL\ wL 2 is 

-r cosh aL 4-1 —r sinh aL - 


Pa 2 


, _ „ sinh clL -) tanh aL + --1-- 

\Pa 2 Pa/ 2P Pa? 


w 

Pa 2 


1 + 


(Pi? 


+ sinh ah tanh aL — cosh aL — aL tanh aL 


w f a 2 L 2 

—:ll + —- 


Ml' 


»1 


sech aL — aL tanh aL 


]■ 


wEi ( e? 

—— 11 H-sech 0 — 6 tanh 8 

P 2 \ 2 


)■ 


where 8 = aL = L^/p/EI. 

If P had been a compressive force instead of a tensile force, the dif¬ 
ferential equation of the beam would have been 


wx 2 

Ely " = -Py - 

A 


Since this is like the first differential equation except that —P replaces 
P, we can immediately deduce the expression for the maximum deflec¬ 
tion in the new case by changing P into — P in the above result. We 
then have 8 = La/ —P/EI = id', where 8' = L^/P/EI and i = —1, 

whence * 

wEI ( 8' 2 , \ 

J ']x-L = ^H 1 “T~ SeC * + ^ tan * )' 

since sech = sec # and tanh id' = i tan 8'. 

This is another instance of the advantages of dealing with hyper¬ 
bolic functions as such, instead of with their equivalent exponential 
expressions. Analogies between two related physical problems whose 
differential equations are of nearly the same form, the difference n> 
volved being that of an algebraic sign in a key term, can often be 
emphasized when circular functions on the one hand and hyperbolic 
functions on the other are suitably utilized in the respective solutions 
of the differential equations. Moreover, it is then frequently possible 
to avoid the necessity of solving both differential equations separately; 
the solution obtained for one of them can be transformed, as was done 
here, into the corresponding solution of the other. Additional examples 
of such analogies will be found in the following problems. 


Cf. Problem 63 following Art. 14. 
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PROBLEMS 

1. A body falls from rest in a medium offering resistance proportional to the 
square of the velocity. If the limiting velocity is 32.17 ft./sec., find (a) the velocity 
at the end of 1 sec.; (6) the distance fallen at the end of I sec.; (c) the distance 
fallen when the velocity is half the limiting velocity; (d) the time required to fall 
200 ft. 

2. A body falls from rest against resistance proportional to the square of the 
velocity at any instant. If the limiting velocity is 160 ft./sec., find the time re¬ 
quired to attain half that speed. 

2 . A body falls from rest in a medium offering resistance proportional to the 
square of the speed. The limiting speed is 120 ft./sec. Find the speed attained 
after falling 50 ft. and the time required to reach that velocity. 

4 . If a body falling from rest encounters an air resistance proportional to the 
square of the velocity, and acquires a velocity of 110 ft./sec. in falling a distance 
of 300 ft., find the time elapsed and the limiting velocity. 

fi. The downward acceleration of a falling body is equal to 32 — ^v 2 , where v 
is velocity (ft./sec.). If the initial velocity is zero, find the velocity and distance 
from the starting point at the end of 1 sec. 

6. A body falls in a medium offering resistance proportional to the square of 
the velocity. If the motion starts with an initial velocity of 5 ft./sec., and if the 
limiting speed is 20 ft./sec., find the distance fallen in 0.1 sec. 

7. If motion under resistance proportional to the square of the velocity starts 
with a speed uo (ft./sec.), and if the limiting speed is V (ft./sec.), show that the 
distance fallen in t sec. is 

y -yl n (co«h|+ Jsinh|)- 

8. A body falls into a liquid which offers resistance proportional to the square 
of the speed. If the limiting speed is 10 ft./sec., and if the body attains a speed 
of 8 ft./sec. 0.1 sec. after entering the liquid, what was the speed at. entrance? 

9. A body falls in a medium offering resistance proportional to the square of 
the speed. If the initial speed is 1 ft./sec., and if the limiting speed is 20 ft./sec., 
find the time necessary for the body to acquire a speed equal to one-third of its 
limiting value. 

10. A body weighing \g » 10.1 lb., suspended from a spring whose constant is 
32 lb./ft., is put into motion by giving the upper end of the spring the displace¬ 
ment y — £ sinh 8/ (ft,.), where t (sec.) is time. Find the displacement and velocity 
of the body $ sec. after the motion starts. 

11. A body v. r eighing g 32.17 lb. is repelled from a point 0 by a force (lb.) 
numerically equal to the distance i (ft.) of the body from that point. This motion 
is retarded by another force (lb.) numerically equal to the function e* — c - *, where 
t (sec.) is time. If the body starts from rest when l — 0 at x — 2 ft., find the dis¬ 
tance it has traveled and its velocity when t — •§ sec. 

12 . If a particle is acted upon by a force varying inversely as the square of the 
distance from a point O, the differential equation of motion is d 2 x/rf/ 2 — —k*/x? 
for an attractive force and dPx/dt 2 — lr*/x 2 for a force of repulsion. Assume that 
the force has the same magnitude for both motions when x — a, so that the same k 
applies in both instances, and that the particle starts from rest at x — a in each 
case, (a) Solve the differential equations, using the substitutions * — a cos 2 9 and 
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x • a cosh* % respectively, end henoe show that the two x, t relations may be 
written u 

‘“i>^[ V * (o - :r)+oc08 “ 1 \^]- 

* “ i " a) + 0 c08h ~ 1 ' 

(b ) Find the ratio of the time intervals required to travel the first a/2 units of die 
tance in the two motions. 

18. For the tractrix, if the length of the tangent PQ is 1 ft., how far have P 
and Q traveled from their initial positions if (a) P is 4 in. from the x-&xis; (6) P is 
4 in. from the t/-axis? 

14. If a particle is moving along the tractrix with a constant x-component of 
velocity, dx/dt * u, find the value of y when the speed along the path is 2u. 

16. If the upper radius and length of Schiele's pivot are 2 and 1 in., respectively, 
find the lower radius. 

16. A wooden cantilever beam 2 in. by 4 in. by 10 ft., with E — 16 X 10* 
lb./in. 2 , and weighing 40 lb./ft. 8 , is subjected to a horizontal tension of 600 lb. 
Find the deflection of the free end if the 4-in. side is horizontal. 

17. Find the deflection of the free end of the beam of Art. 22 to which a vertical 
load of Q lb. has also been applied at the free end. 

16. The replacement of k by ik in one of the differential equations of Problem 
12 produces the other. Show that this replacement in either of the x, t relations 
obtained in Problem 12(a) likewise transforms it into the second, so that only one 
half of that problem need be solved, the other then being immediately deducible. 

19. Establish the relations 

A cosh u 4- B sinh u <- V B 2 — A 2 sinh [u -f- tanh -1 (A/B)], | B \ > | A |, 

A cosh u -h B sinh u — V A 2 — B 2 cosh [u + tanh” 1 (B/A)], | A | > | B |, 

(a) by using formulas (10) and (12) of Art. 17; (b) by transforming the trigonometric 
identities cited on page 52. 

23. The suspended cable. We now consider a uniform flexible cable 
suspended from two points and hanging under its own weight (Fig. 
16). Let W (lb.) be the weight of a portion of the cable measured 
toward the right from the lowest point A to any point P , T (lb.) the 
tension in the directiofi of the tangent at the point P, B the acute angle 
which this tangent makes with the horizontal, and H (lb.) the hori¬ 
zontal tension at the lowest point A. Then, resolving vertically and 
horizontally the forces acting on the portion AP of the cable, we have 

T sin B = W, 

T cos B = H . 

W 


Division gives 
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Taking the y- axis positive upwards and the x-axis positive to the 
right (although we have not yet located the origin), tan B — dy/dx; 
also, letting w (lb./ft.) denote the weight per unit length of the cable 
and s (ft.) the length of arc AP, 

W — t os; hence 

dy w 

This is the differential equation of 
the cable, but it contains three 
variables x, y, s. In order to 
eliminate s we differentiate with 
respect to x and replace ds/dx by 
Vl + {dy/dx) 2 -, then 

dPy w / /djA 3 
dx 2 " H* + Id*/ ' 



To solve this differential equation, write dy/dx 
(Art. 6), and separate the variables: 


dp 

Integrating, we have 

sinh” 1 p 



H X + Cl ■ 


p, d?y/dap — dp/dx 


We now choose the y-axis through the point A so that p « dy/dx * 0 
when 2 * 0 , and c x = 0. Then 


dy 

dx 


w 

sinh — x. 
H 


In legrating again, we have 


H w 

y ® — cosh — x + ca. 
id H 


Now choose the x-axis through a point at a distance H/w below A, so 
that when y ** H/w, x =* 0, and C 2 = 0. Writing a =* H/w, we have 
for the equation of the cable 

y — a cosh -, 

o 


(1) 
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which is the standard equation of a catenary; x and y are now the 
coordinates of any point P, referred to the origin which is at a distance 
a ft. below A. The length of the arc AP is 



Fig. 17 


Let d (ft.) be the dip of the cable suspended from two points at the same 
level, L (ft.) the span, and S (ft.) the length of the cable (Fig. 17). 
Then 

S — 2osinh —, (2) 

2a 

d = y\ — a = a fcosh-lY (3) 

*J*-JW2 \ 2 a / 

The tension at any point is 

T = H sec e = hV 1 + y’ 2 - H cosh - = wy. (4) 


Example. A wire is fastened at the same level to two posts 100 ft. apart and 
the dip is 25 ft. (a) Find the length of the wire. (6) Find the tension at the 
lowest point if the weight of the wire is w =*0.10 lb./ft. 

(a) From equation (3), 

25 — 0 ^cosh ” " 


or 


^ + 1 — cosh A, where X 
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We solve this equation by trial and error , using the table on page 125 (Peirce)* 


X 

X/2 + 1 

cosh X 

1.0 

1.500 

1.543 

0.9 

1.450 

1.433 

0.930 

1.465 

1.465 


X * 0.930, o = 50/0.930. 


Substituting in equation (2), 

S * —~ sinh (0.930) = “115 ft., the length of the wire. 

H 5 

(b) From a * — , H = -- = 5.37 lb., the tension at the lowest point. 

w 0.930 

24. The capillary curve; one vertical plate. We first state the two 
laws of capillarity on which the derivation of the equation of the capil¬ 
lary curve is based: 

I. At the bounding surface separating a gas from a liquid, there is a 
surface tension which is the Bame at every point and in every direction. 

II. At the bounding surface of a gas and a liquid with a solid, the 
surface of the liquid is inclined to the surface of the solid at a definite 
angle depending only on the nature of the solid, liquid and gas. 

Given a flat vertical plate MN partially immersed in a liquid. In 
Fig. 18, OA represents a vertical line in the plate. We take the y-axis 



along OA and the x-axis perpendicular to the plate and in the distant 
horisontal surface of the liquid. The xy-plane cuts the surface of the 
liquid in the capillary curve AB f whose equation we proceed to find. 






Abt. 24] THE CAPILLARY CURVE; ONE VERTICAL PLATE 1U 

Take a strip ABA'B' of the liquid surface whose width A A 9 ** 1 out 
Cut out & small element PQP'Q* of the strip, whose dimensions are 
PQ ■■ As, PP f ■ 1, and whose area is therefore As cm. 3 C onsid er the 



column of liquid PQP'Q'RSR'S' capped by this surface element. Refer¬ 
ring to Fig. 19, let 

T (dynes/cm.) = surface tension = force tangential to liquid sur¬ 
face per unit length of cut. 

0 = acute angle between tangent and vertical at any 
point P. 

a = fixed angle of contact between liquid surface and 
plate, as given by the second law. 
r (cm.) = radius of curvature, PC, of curve AB at point P. 

P (gr./cm. a ) = density of liquid. 

By the first law the surface tension T will be the same on both edges 
of the surface element. Due to these tensions the resultant force nor¬ 
mal to the surface element will be 

A0 

2-7 T cos /LPKC = 2T sin ZPCK = 27 T sin —, 

2 


and the limiting resultant normal force on the surface element PQP'Q\ 
per unit area, will be 


A 6 

2Tsin — 
2 



ii-*o r 



T 

r 


lira — - 

60 -»0 AS 
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The vertical component of the normal force on the surface element, 
namely ( T/r ) As-sin 0, holds up the column of liquid PQP'Q'RSR'S', 
of height y and cross-section area As-sin 0, and hence of weight 
yAssin0*p0, where g (980.5 cm./sec. 2 ) is the gravity constant. 
Therefore ^ 

— As sin 6 = y As sin B-pg, 
r 

or 

T 

- - pgv- 

r 

Letting pg/T = 4/<?, that is, c = 2\/T/pg, and substituting (1 + 
y ,2 )*/y" for r, we have the differential equation of the capillary curve: 

y - = * 1 . (1) 
(1 + i,’ 2 ) H c 2 ( ' 

To solve this equation let y' = p, y" — p dp/dy (Art. 6); then 
pdp _ 4 y dy 
(i + P 2 )« “ 


Integration gives 


Vl + p 


? = ^ + Cl ' 


Since p * dy/dx — 0 when y = 0, C\ = — 1; hence 

1 c 2 - 2y* 


Before continuing with the solution of equation (2), suppose that we 
let ho represent the height to which the liquid rises on the plate, i.e., 
the value of y when x = 0. At x = 0 we also have p = — cot a. 
Substitution of these values in equation (2) yields a formula for ho: 

c 2 — 2 /iq 

sm a =-^— > 


/I — sin t 




Returning to equation (2), we have, squaring the reciprocals of both 

a V(c* - y 2 ) 

P ” (c 2 - Zy 2 ) 2 ' p “ (c 2 - 2y*) 2 ’ 
dy 2y Vc 2 — y 2 

P ~dx c 2 -V ’ 
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choosing the negative sign when extracting the square root, since the 
slope of the curve is negative. 

Separating the variables, we have 

~ j = _ V d y _ dy 

~ 2 yV?~^y* V ~ 2 yVc^y*' 

Integrating, we have 

x + c 2 = — Vc 2 — y 2 + - sech -1 -■ 

2 c 

Since y = ho when x = 0, c 2 = —VV — h% + ~ sech -1 — . Hence we 

2 c 

have for the equation of the capillary curve 

x — Vc 2 — /15 + - sech -1 — = — Vc 2 — y 2 + ~ sech -1 -, 

2 c 2 c 

or 

z + Vc 2 - y 2 - Vc 2 — /ig = | ^cosh -1 ^ - cosh -1 —^ , (4) 

where h Q is given by (3), and c = 2\/ T/pp. 

25. The rotating shaft. Consider a horizontal shaft (Fig. 20) of 
length 2L (ft.) and weight w (lb./ft.). Set it rotating with angular 



velocity w (rad./sec.). If the rotation is slow and the shaft is jarred 
out of line the elastic forces will overbalance the centrifugal force and 
restore the shaft to its original position. But if w is gradually increased, 
it will reach a critical value such that if the shaft is displaced out of 
line the distortion will persist and the shaft will form a curve revolving 
about the axis which was its original position. We say that the shaft 
will buckle at this critical angular velocity u e . Take the J-axis in the 
original position of the shaft, the y-axis through the middle point of the 
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shaft, and measure x and y in feet. Denote by yo the maximum dis¬ 
placement of the shaft, that is, the distance of its middle point from 
the x-axis. We shall find the critical angular velocity « 0 and the 
corresponding equation of the curve of the shaft. 

The differential equation of the curve of the shaft is the same as 
that of a beam with varying load per unit length (Art. 7(/), equation 
(31')). Here the load per unit length at any point P(x, y) is the centri¬ 
fugal load, waPy/g, so that the differential equation for the shaft is 


EIy iv = — <j} 2 y, (1) 

<3 

where E is measured in pounds per square foot, I in feet to the fourth 
power, and g = 32.17 ft./sec . 2 Writing D for d/dx, the differential 
equation becomes 

(D 4 - k A )y = 0 , (2) 

where 

Wu? 

fc 4 =- (3) 

gEI 

The general solution of the differential equation ( 2 ) is (Art. 18, and 
Art. 10 , Chapter 1) 

y = Ci cosh kx + c 2 sinh kx + C 3 cos kx + c 4 sin kx. (4) 

We have four arbitrary constants to determine, but two of them can 
be disposed of by consideration of symmetry with respect to the 
y- axis. For, since y must remain unchanged when x is changed to —x, 
we have 

y — Ci cosh kx — c 2 sinh kx + c 3 cos kx — c 4 sin kx; 
then, subtracting this equation from (4) gives 
c 2 sinh kx + Ci sin kx = 0. 

Since this expression is identically zero for all values of x from —L to’L, 
it follows that c 3 = c 4 = 0 . Equation (4) then becomes 

y = ci cosh kx + c 3 cos kx. (5) 

Differentiation of (5) gives 

y' = k(c 1 sinh kx — c 3 sin kx), ( 6 ) 

l(" = k 2 (ci cosh kx — c 3 cos kx). (7) 


The condition that the shaft is horizontal at its midpoint, i.e., * C 

when x = 0, is seen by equation (6) to be satisfied. We now distinguish 
two cases. 
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Case 7. Flexible bearings. Suppose the bearings to be constructed 
so that they can swing about and allow the shaft at its ends to make an 
angle with the horizontal (heavy line of Fig. 20). We have the two 
conditions y = 0 when x = L, and y" = 0 when x = L, the second 

arising from the fact that the curvature of the shaft is zero at the 

ends. These conditions substituted in (5) and (7) give 

ci cosh kL + c 3 cos kL = 0, (8) 

Ci cosh kL — c 3 cos kL = 0. (9) 


Adding equations (8) and (9) we have Ci cosh kL = 0, and since 
cosh kL t* 0, it follows that ci = 0. 

Subtracting (9) from (8), we have c 3 cos&L = 0. Then, either 
c 3 = 0 so that equation (5) becomes y = 0, and the shaft remains 
straight, or cos kL = 0, and the smallest value of k producing this 
effect is v/2L. Hence a> c , the critical value of to, is obtained by substi¬ 
tuting k = tt/2L in equation (3): 



Substituting Cj = 0 and k = tt/2 L in equation (5), it becomes 

y = c 3 cos (ttx/2L). When x = 0, y = yo, so that c 3 = y 0 , and the 

equation of the curve of the shaft is 

irx 

y = y 0 c os—■ (11) 

2 L 

Case II. Fixed bearings. In this case the bearings are constructed 
so that the shaft remains horizontal at the ends (dotted line of Fig. 20). 
We have the two conditions y — 0 when x — L, and y' = 0 when 
x = L. These conditions substituted in (5) and (6) give 

Ci cosh kL + c 3 cos kL = 0, (12) 

Ci sinh kL — c 3 sin kL = 0. (13) 


These equations form a system of two homogeneous linear equations 
in the two unknowns Ci and c 3 . They have the obvious solution 
Ci = c 3 = 0, which makes y — 0, in which case the shaft remains 
straight. The only condition under which equations (12) and (13) 
have a solution other than c x = c 3 == 0 is when the determinant of the 
coefficients vanishes, that is 


or 


cosh IzL cos kL 

= 0 , 

sinh kL — sin kL 

tan kL + tanh kL = 0 . (14) 
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Solving this equation by trial and error gives kL * 2.365. Hence 
<J ef the critical value of <*>, is obtained by substituting k = 2.3C-5/L in 
equation (3): 



The ratio of the critical angular velocity with fixed ends to the critical 
angular velocity with flexible ends is, from (10) and (15), 

i = ^ = 2 . 27 . 

0) e 7 t/ 4 \ ir ) 

Solving (12) for Ci and substituting in (5) gives 

( cos kL 

cos kx -cosh kx 

cosh kL 

c 3 (cosh kL cos kx — cos kL cosh kx ) 
cosh kL 
y 0 cosh kL 

When x = 0, y = y 0 , so that c 3 =-, and the equation 

cosh kL — cos kL 

of the curve of the shaft is 

cosh kL cos kx — cos kL cosh kx 

y = yo - r-Tj - 77 -» ( 16 ) 

cosh kL — cos kL 

where k is given by (14), i.e., k = 2.365 /L. 

In the derivation of the differential equation (1), y n was used as an 
approximation for the curvature, which is justifiable only for small 
displacements. Hence equations (11) and (16) should be used as equa¬ 
tions for the shaft only for small displacements. As w is increased 
beyond the critical value the shaft is bowed out further from its original 
position until the equations (11) and (16) no longer furnish valid 
approximations as equations of the respective curves. 

26. Voltage and current relations in a uniform transmission line 
under steady-state d-c. conditions. Consider an underground insulated 


S x PAx R 



Fia. 21 

cable of length L (mi.), <S and R denoting, respectively, the sending 
and receiving ends (Fig. 21). Let P be any point on the cable at 
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distanoe x from S, and Ax the corresponding small piece of cable. Let 

r (ohms/mi.) = resistance of cable; 
g (mhos/mi.) - leakance between conductor and sheath; 
e, Ei } E 2 (volts) respectively * potential at P y S f R; 
i, 1 1 , /a (amp.) respectively * current at P } S t R. 

It is assumed that r, g, E\, E 2j 7i, and I 2 are constant, and that steady- 
state conditions prevail, so that e and t vary only with x and not with 
time. 

We apply Ohm’s law to get the changes in potential e and current t 
across the small piece Ax. These changes are given approximately by 


Ae = —it Ax, 
At — —eg Ax. 


(i) 


The minus sign in the first equation indicates a drop in potential 
across Ax due to resistance; the minus sign in the second equation 
indicates a decrease in current due to leakance. Dividing by Ax, 
passing to the limit as Ax approaches zero, and using D to denote 
d/dXy we get the differential equations 


Dc + ri = 0, 
ge -f Di = 0. 


( 2 ) 


We have here a system of first-order differential equations with 
constant coefficients. The method of solution (Art. 13, Chapter I) is 
to eliminate one of the variables and solve for the other. First multiply 
the first equation by D, the second by r, and subtract; then multiply 
the first equation by g } the second by D, and subtract; we obtain 

(D 2 “ rg)e = 0, 

(D 2 — rg)i = 0. 


Thus e and t satisfy the same differential equation of second order, blit 
the constants of integration which appear in the solution will be 
different in the two equations owing to different end conditions. 

The general solutions of equations (3) are, respectively, 


e = A cosh Vrjp x + B sinh Vrp x, . 

_ W 

i * A' cosh y/rg z + B' sinh y/rg x. 

But equations (4) with A, B, A', B' arbitrary do not represent the 
general solution of equations (2); the relations tying up the four con- 



HYPERBOLIC FUNCTIONS 


MS 


[Chap. II 


stants A , B, A', B' must be found by substituting the values of e and i 
from (4) in one of the equations (2), say the first; we have 


Ay/rg sinh y/rg x + B^/rg cosh y/rg x + A ( r cosh Vrp x 

+ B'r sinh y/rg i = 0. 

Equating to zero the coefficients of cosh y/rg x and sinh y/rg x, we find 



Substituting these values of A' and B' in equations (4), we have the 
general solution of equations (2): 


e = A cosh V/g x + B sinh y/rg x f 


(5) 


i = —B J? cosh Vr^ x — A \f- sinh y/rg x. 

m r * r 

To determine the values of A and B we make use of the end conditions: 

KtS (x *= 0), e = Ei, i = /i; hence Ei = A, Ii = — By/g/r , and we 
have 


e « Ei cosh y/rg x — Ii sinh y/rg x, 
i = 7i cosh V7g x — E\ ^ sinh y/rg x. 


C6) 


These equations ((>) give the values of the potential and current at 
any point F of the cable at a distance x from the sending end. 

We may wish, however, to tie up the values of potential and current 
at S, and potential and current at R, with the length of the cable, L. 
For this purpose we make use of the other end conditions: 

At R (x = L), e * j£ 2 , i = / 2 . Substituting in (6), 



These equations (7) give the potential and current at the receiving end 
in terms of the potential and current at the sending end and the length 
of the cable. 
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We may solve equations (7) for Ei and /i in terms of E 2i h, and L. 
We solve by determinants, first writing equations (7) in the form 

Ei cosh V7g L — 7i \j- sinh y/rg L = E 2i 
'9 

—Ei JL sinh y/rg L + I x cosh y/rg L * I 2 . 

We note that the determinant of the coefficients is unity, namely 

cosh V7g L — \l- sinh y/rg L 

f r- 

— \l- sinh V rg L cosh Vr^L 

m r 

by virtue of relation (1), Art. 17. Hence 

Ei = E 2 cosh V rg L + I 2 \j- sinh y/ rg L, 

* o 

r _ (8) 
1 1 - / 2 cosh \/rg L + E 2 sinh y/rg L. 

\ r 

These equations (8) give the values of the potential and current at the 
sending end in terms of the potential and current at the receiving end 
and the length of the cable. 

Special cases of equations (8): 

(а) If the receiving end is open, I 2 = 0, and 

Ei = E 2 cosh y/rg L, 

r 

Ji = E 2 \j- sinh y/rg L. 

M r 

(б) If the receiving end is grounded, E 2 = 0, and 

E\ = I 2 sinh y/rg L, 

^9 ( 10 ) 

1 1 = I 2 cosh y/rg L. 

27. Ionization of a gas. Suppose a volume V (cm. 3 ) of a gaa to be 
subjected to an ionizing agent, such as X-rays, and placed in an electric 
field. It has been found by experiment that a current will then flow 
through the gas, the variation of current with potential being that 
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shown in Fig. 22. For a small potential E (statvolts), the current 1 
(statamp.) is approximately proportional to E. As the potential is 
increased, the current increases more slowly than E until a stage is 
reached at which there is no appreciable increase of current with in¬ 
creased potential; the current is then said to be saturated. When E 
has been increased sufficiently to produce additional ionisation, a 
second stage is reached during 

which 7 increases very rapidly 1 . 

with increase in potential. / 

For a given ionising agent, let / 

there be produced, in 1 cm. 3 of / 

the gas, Q positive and Q nega- _^ 

tive ions per second, and let e / 

(statcoulombs) denote the charge / 

on an ion. If a current 7 is flow- q — - E 

ing across the Add between two Fig. 22 

plates, 7/e positive ions are driven 

against the negative electrode, and I/e negative jons against the 
positive electrode, in 1 sec.; that is, I/e positive and I/e negative ions 
are taken out of the gas in 1 sec. by the current. Since the number 
of ions taken out cannot exceed the number produced in the same 
time interval, we have I/e £ QV, or I ^ QeV. Consequently the 
saturation current 7, has the value 7. « QeV. 

Now let P and N, respectively, denote the number of free positive 
and free negative ions in 1 cm. 3 of the gas at time t. These free ions 
will tend to recombine owing to collisions between them, the number 
of collisions per second between positive and negative ions being pro¬ 
portional to the product PN. If some of these collisions result in the 
formation of a neutral system, the number of positive (also the number 
of negative) ions which disappear per second in 1 cm. 3 will be equal to 
aPN, where the constant of proportionality a is called the coefficient 
of recombination. This number a will depend upon the pressure of 
the gas, its temperature, and other physical properties of the system, 
but will be independent of P and N. 

We then have the. relation 


dP 

— - Q - aPN 
dt 


dN 

It 9 


( 1 ) 


P — N - oonst. (2) 

Now, if the gas is initially uncharged, as many positive as negative 
ions will be present at time L Making this assumption, and setting 
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n * P — AT, we obtain the single differential equation 
dn 

— = Q — an 2 
dt 

= a (k 2 -n 2 ), (3) 

where k 2 = Q/a. 

Evidently (3) is of the same form as the differential equation of 
motion under a resistance proportional to the square of the velocity 
(Art. 19). Solving (3), we g6t 

dn 

75 - -7 = adt > 


1 n 

- tanh 1 - = at + c. 
k k 

Since n = 0 when t = 0, c = 0, and therefore 


n = k tanh kat. (4) 

As t becomes infinite, tanh hat will approach unity, so that the steady- 
state value of n will be 

no = k = Vq/1. (5) 

Using the above-mentioned empirical results and relation (4) 
Riimelin * performed the following experiment for the determination 
of a. A gas was exposed continuously to an ionizing agent, and an 
electric field applied intermittently by use of a rotating sector, the field 
being zero during part of the revolution of the sector and large enough 
to produce complete saturation during the remainder of the revolution. 
The resultant current over a complete cycle of this periodic process was 
measured by an electrometer. 

Let T (sec.) be the time of revolution of the sectc r , Ty the part of thip 
time during which the gas is not exposed to the field, and T 2 = T — Ty 
the time during which the field acts. Then the number of ions in 1 cm. 3 
when the field is first applied is nj = k tanh kaTy, so that the total 
charge to the electrometer for the time Ty is 

nyeV = keV tanh kaTy. 


During the time T 2l saturation prevails, so that the total charge to the 
electrometer for this interval is 

IJ2- 


* For a discussion of various ways of finding a, see J. J. and G. P. Thomson, 
“Conduction of Electricity through Gases,” Vol. 1. Riimelin’s results are given in 
detail in his papers; see Phynkalii che Zeitsckrift, 1908, and Annalen der Phyrik , 1914. 
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Hence the current 7 as measured by the electrometer is given by 
IT — kcV tanh kaT\ + I a T 
Now c « IJQV = IJk 2 aV y so that 
7. 

IT = — tanh kaT\ + 7 a 7 T 2 . 
ka 


Finally, let T 2 = rT, where r < 1, so that T\ = (1 — r)T, and let 
x * lcaT { . Then we have 


IT I(\ r)T 

(7 — rI s )T = --—- tanh x = —-tanh x t 

x x 

7 - r/. 

- x = tanh x. 

(1 - r)I 8 


( 6 ) 


Consequently, if 7, 7 a , and r are known, x may be found by trial and 
error from ((>). Then, knowing t he values of c and V, we get Q = I$/cV, 
and, since x — kaT x = T\-y/Qa } there is found 


x 1 f Vi 2 

QT\ = IJ\ 


(7) 


PROBLEMS 

1. A cable has its ends fastened at the same level to two posts 30 ft. apart, 
(a) Find the dip in the cable if it is 40 ft. long, (h) How long is the cable if the 
dip is 10 ft.? (r) Find the tension at the lowest point, and at a point of suspension, 
of the cable of part (b) if the weight is 1.3 lb./ft. 

2. A cable 20 ft. long is suspended from two supports at the same level. If it 
dips 3 ft., find the distance between supports. 

3. A cable, suspended from two vertical poles 25 ft. apart, has the equation 
y ~ 10 cosh (jt/ 10) referred to an j>axis passing through the feet of the poles. 
Guy wires, attached to the tops of the poles, are perpendicular to the cable at its 
end points and run down to the ground. Find the distance between the lower ends 
of the guy wires. 

4. Show' that the rip. t member of equation (4), Art. 24, is the length of the 
arc AP of the capillary curve. 

5. Show that the length of the tangent o f the capillary curve, drawn from P 
to the x-axis, approaches a limiting value yj T jpg as P moves out on the curve, 
and that the urea under the curve is ( T/pg ) cos a. 

6. A vertical glass plate is partly immersed in water. If the surface tension is 
74 dynes/cm. and the contact angle is 25° 30', find (a) the maximum height of the 
w’ater above the distant horizontal surface; (6) the distance from the plate at which 
the water is half the maximum height above the horizontal surface. 
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7. Show that an alternative form of equation (16), Art. 25, is 

sinh kL cos kx -J- sin kL cosh kx 

V - Vo -- . _ , . - 

sinh kL + sin kL 

8 . Find the coordinates of the points of inflection on the curve of the rotating 
shaft with fixed bearings. 

9. Given a rotating steel shaft 1 in. in diameter and 3 ft. long, weighing 480 
lb./ft. 3 , with E = 3 X 10 7 lb./in. 2 (a) Find the critical angular velocity for the 
shaft with flexible bearings and for the shaft with fixed bearings. (6) For each 
shaft, find the deflection at the quarter point in terms of the deflection at the 
center. 

10. Given a conductor 150 mi. long, r * 10 ohms/mi., g = 10~ 7 inho/mi. (a) 
If the receiving end is open and the potential there is to be 100 volts, find the im¬ 
pressed potential and the current necessary at the source. (6) If the receiving end 
is grounded and the current there is to be 0.1 amp., find the potential and current 
at the source. 

11. A cable 100 mi. long has a resistance r = 1 ohm/mi. and a leakance g ■= 10 -8 
mho/mi. The potentials at source and load are, respectively, 500 and 440 volts. 
Find the current through the load. 

12. A conductor for which r = 4 ohins/mi, and g = 10 -8 mho/mi. is 200 mi. 
long. The potential at the receiving end is 220 volts, and a current of 0.5 amp. is 
flowing through a load, (a) Find the necessary potential and current at the source. 
(b) With the same data as in (a), except for length of conductor, find how long the 
conductor must be if the impressed e.rn.f. is 400 volts, (r) Determine the length 
if the current at the source is to be 1 amp. 

18. In an ionization experiment similar to Ktimelin’s, suppose that the current 
to the electrometer is 0.0600 statamp., the saturation current is 0.0675 statamp., 
and the time of revolution of the sector is 0.840 see. when 300 cm. 3 of air are sub¬ 
jected to an ionizing agent and to a saturating electric field during one-tenth the 
revolution of the sector. Find the coefficient of recombination, given that the 
charge on an ion is 4.77 X 10~ 10 statcoulomb. 

14. A particle moves toward a center of attraction 0 with an acceleration pro¬ 
portional to the function sech* l, where t (sec.) is time. When t «* 0, the particle 
is 10 ft. from O, and its speed and acceleration are numerically equal to 1 ft./sec. 
and 5 ft./sec. 2 , respectively, directed toward 0. Find the velocity and jmsition of 
the particle 2 sec. later. 

15. An inductance of 1 henry and a variable resistance R are connected in series 
with an c.m.f. of 10 sinh kt volts. If ft — Jr tanh kt (ohms) at time t (sec.), and if 
the current 7=0 when t «= 0, find the value of k. in order that the current be 5 
amp. when t = 1 sec. 

16. For a certain curve, the length of the radius of curvature at any point P is 
numerically equal to the length of the normal drawn from P to the x-axis. (a) 
Show that the differential equation has one of the forms 1 -f y' 2 — :£////". (b) 
Explain the significance of the positive and negative signs, and show that one 
choice of sign leads to a family of catenaries whereas the other choice leads to a 
family of circles. 

17. A particle starts from rest at the point (4, 0) and moves thereafter subject 
to the equations D 2 x — y, D 2 y - x, where D - d/di. Obtain parametric equa¬ 
tions of the path of the particle in terms of trigonometric and hyperl>olic functions, 
of time (, and find the position ( x, y) of the particle at the end of 1 sec. 
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18. A particle starts from rest at. the point ( — 1,0) and moves thereafter in 
accordance with the equations D*x — 2y, T) 2 y — — 2x, where D - d/di. (a) Ob¬ 
tain parametric equations of the path of the particle in terms of trigonometric and 
hyperbolic functions of time t. ( b) Plot the path up to the point where it crosses 
the x-axis, and find the coordinates of its maximum point. 

19. A beam 2 L in. long, lying on an elastic foundation, is subjected to a concen¬ 
trated load of P lb. at its center, which causes the entire beam to be depressed 
below its original position. Suppose that the load P causes a depression of yo in. 
at the center of the beam, and that P is so large that the weight of the beam may 
be neglected. Assuming the elastic force due to the foundation to be proportional 
to the displacement of the beam at any point, we have, taking the i/-axis positive 
downward, Ely iy — — ky. (a) Taking the origin at the center of the beam, find 
the elastic curve equation and the relation connecting P, E , /, fc, y o, and L. (f>) 
For a steel rod \ in. by \ in. by 24 in., with E - 3 X 10 7 lb./in.*, P « 100 lb., 
and yo ■■ i in-, find the value of k and the depression of the ends of the rod. 
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28. Rectification of the ellipse. In the calculus, the student encoun¬ 
tered the problem of finding the. length of an arc of a given curve, and 
was able to rectify a wide variety of curves by the evaluation of familiar 
integrals. He may have noticed, however, that one of the commonest 
curves, the ellipse, was not considered. If he asked about that curious 
omission, he was probably told that this apparently simple problem 
leads to a new kind of function, different from the “elementary” func¬ 
tions dealt with in a first course in calculus. 

Let us now undertake the solution of the problem previously ignored, 
and investigate the new function we thus obtain. For later conven¬ 
ience, and in order to avoid subsequent transformations and manipula¬ 
tions, we shall deal with a pair of parametric equations for the ellipse, 
rather than the rectangular equation 


x 2 . y 3 


= 1 , 


( 1 ) 


in which a = OA, the semi-major axis, and b = OB , the semi-minor 
axis (Fig. 23). Let OP' be any radius of the circle with center at the 
origin O and i^dius a, and take as parameter <t> the angle between 0P f 
and the positive direction of the y- axis. From P* drop a perpendicular 
P'Q onto the x-axis, cutting the ellipse at P(x, y). Then from the 
figure we get 

x = OQ = a sin <£, 

and 

y * PQ = - y/a 2 — x 2 = b cos 0, (2) 

a 

by equation (1). Measuring arc length 8 from the upper extremity B 
of the minor axis, we therefore have 
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since dx = a cos <f> d$ and dy = —b sin <f> d<j>, and where the upper limit 
is the value of </> corresponding to the point P(x, y). Replacing cos 2 4> 
by 1 — sin 2 <£, we then have 


8 - BP 


— f V / a 2 — (a 2 — 6 2 ) sin 2 4> d<t> 

Jo 

f* I a 2 — b 2 

= aj yj 1-——sin 2 <t> d4>, 

= a J 1 — /r 2 sin 2 <t> dtj>, 

Jo 


where k - X' a 2 — b 2 /a is the eccentricity of the ellipse, and is evi¬ 
dently less than unity. 

We may search in vain for a method whereby the integral (3) may be 
evaluated in finite form in terms of the elementary functions of <p* 
It has, in fact, been conclusively proved that no such evaluation is 
possible. The integral of equation (3) therefore does define a new 
function, denoted by E{k , <f >): 


E(k, *) 


Jo 


sin 2 <f>d4> (0 < k < 1), 


which, because of its origin, is called an elliptic integral. It is to be 
noted that E(k, 4>), as is indicated by the functional notation employed, 

* Algebraic, trigonometric, inverse trigonometric, exponential, and logarithmic 
functions. 
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is a function of two arguments: the number k , which is called the 
modulus of the elliptic integral, and which here represents the eccen¬ 
tricity of the ellipse; and the upper limit <f>, called the amplitude of the 
elliptic integral. 

The French mathematician Legendre was the first to make a sys¬ 
tematic and thorough study of the integrals called elliptic, the name 
obviously arising from the connection of the integral (4) with the 
ellipse, as we have seen. Researches subsequent to Legendre’s, notably 
those of Abel and Jacobi, have resulted in the present-day classifica¬ 
tion, according to which the function E(k } <j>) is called the elliptic integral 
of the second kind , that of the first kind being the function considered 
later in this chapter. 

It is evident from the figure and equation (3) that the total length 
of the ellipse will be 

r 12 / -— 

L = 4a I VI - fc 2 sin 2 <t> d4> 

Jo 

= 4aE(k (5) 

This particular elliptic integral with upper limit $ equal to ir/2 is 
called the complete elliptic integral of the second kind and is denoted by 
E{k ), or simply by E: 

pT 12 _ 

E m E(k) ^ I Vl - k 2 sin 2 4> d+ (0 < k < 1). (6) 

Jo 

In the next chapter we shall show how it is possible to evaluate the 
integrals (4) and (6) by use of infinite series, and so construct tables of 
the elliptic integrals just as tables of the logarithmic function are 
formed. On pages 121 and 123 of Peirce’s “Tables” the student will 
find values of E(k) and E(k, 0) for various values of k and 4>. 


Example. Given the ellipse x 2 + 3 y 2 — 6; find (a) its entire length; (6) the 
length of arc from x = 1 to x * 1.5. 

(a) Here the semi-axes of the ellipse are a — \/6, b = \/2. Consequently 


k 

and the total length is 

L 



ye 

3 


= 0.8165, 


4 aE(k) - 4\/6 E(0.8165). 

♦ • 


Referring to Peirce’s 'Tables,” page 121, we see that the values of E there given 
correspond to values of sin -1 k in steps of 1°, rather than to values of lb itself. 
Hence we get, from tables of trigonometric functions, sin -1 0.8165 — 54° 44'. 
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Nwr £(mn 64°) - 1.2681, and £(«in55‘) 
have £(*in 64° 44') - 12612, and 


fCkar.m 
12587; by interpolation we then 


L - 4V6 X 1.2612 = 12.4. 

(6) To find the length of arc from x — 1 to z * 1.5, we have 


1 *—1.1 -i*—i 

= * - 8 
x -1 J *-0 


Now since * - a sin 


Therefore 


L' 

*1 ■ 


sin -1 - 24° 6', 
6 


sin-* ^ - 37° 46'. 


V5 [£(0.8165, 37° 46') - £(0.8165, 24" 6')]. 

J*-l 


To evaluate these two elliptic integrals requires double interpolation from the 
table on page 123 of Peirce. To this end it will be found convenient to arrange 
the work as shown below, where we interpolate first with regard to a * sin -1 k 
and then with regard to 0.* 


*\ 

45° 

. 

54° 44' 

60° 

35° 

0.5928 

0.5866 

0.5833 

37° 46' 


0.6285 


40° 

0.6715 

0.6624 

0.6575 


a 

\ 

45° 

54° 44' 

60° 

20° 

0.3456 

0.3444 

0.3438 

24° 6' 


0.4124 


25° 

0.4296 

0.4273 

0.4261 


We then have 


a/6 (0.6285 - 0.4124) - 0.529. 


29. The pendulum. We turn now to a physical problem, which will 
introduce the elliptic integral of the first kind. The problem we are to 
consider is again a familiar one, and one which could, without elliptic 
integrals, be only approximately solved in elementary mechanics. 
Let there be given a pendulum (Fig. 24) in which the weight in (lb.) 
may be considered concentrated at a point distant L (ft.) from the 
pivot, swinging through an angle 2a. We suppose the pendulum to be 

* Interpolation in the reverse order would do as well. The student should try 
this alternative method also. 
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rigid, so that its center of gravity, describes a circle arc, of radius L, 
for which a may have any value between 0° and 180°. Take the pivot 
A at the point (0, L ), the coordinate axes being situated as shown. Let 
the weight w be, at any arbitrary time t (sec.), at the point P(x, y) 
of the arc, and let 0 denote the angle between AP and the y-axis; 
evidently we have — a ^ 0 ^ a. If 5 represents the arc length OP 


measured from 0, the accelera¬ 
tion d 2 s/dt 2 along the arc will be 
produced by the tangential com¬ 
ponent, of magnitude w sin 0, of 
the force w acting downward. 
Now if the body is in the first 
quadrant and is moving upwards, 
s is increasing, and ds/dt is 
positive but decreasing, so that 
d 2 s/dt? is negative; again, if the 
motion is downwards, then s is 
decreasing, and ds/dt is negative 
and increasing in magnitude, that 
is, ds/dt is algebraically decreas¬ 
ing, whence d 2 s/dt 2 is negative as 



Fia. 24 


before. Thus d 2 s/dt 2 is negative whenever 0 is positive; the student 
may show in the same manner that d 2 s/dt 2 is positive when 0 is nega¬ 


tive. Hence, equating the product of mass and acceleration to the 


force, we have 


w d 2 s 

-- = — w sin 6, 

g dt 2 


( 1 ) 


where g is the gravity constant (32.17 ft./scc. 2 ). 

In elementary mechanics it is usual to assume the angle of swing 2ot 
so small that sin 6 may be replaced by 0 without much error. Then 
since $ = L0, equation (1) reduces to a linear differential equation, and 
the pendulum is found to oscillate with simple harmonic motion, the 
period being 2tt\/ L/g , which is independent of a. We shall not make 
that assumption here, but shall try to solve the non-linear equation 
arising from (1). Letting v = ds/dt denote the velocity of the body in 
its path, we have d 2 s/dt 2 = dv/dt = v{dv/ds). Also, sin 6 = dy/ds , 
so that (1) becomes 

dv dy 

ds ds 


Multiplying both sides of this equation by ds , we see that we have A 
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simple first-order differential equation in the variables y and v. Inte¬ 
grating this, we have at once, 


2 

V 

2 


-gy 4- ci. 


Now let h be the maximum height of point P above the rr-axis; here h 
may have any value less than 2 L. Then since v = 0 for y = h, we 
haveO - —gh -f ci, and 
v 1 

- = v(h - y), 

A 

ds /- 

v -• = ±V2 g(h - y). 
dt 


But ds = dy/m in 6, and since, from the figure, 


. „ V'/,- - (Z -y f 

sin 6 - - 


ds = 


Hence 


dt = dr 


Ldy 

V‘2Ly - y- 
L 


dy 


Viy V h — yV2Ly - y 2 


Now if the body is moving upward so that dy is positive, we take the 
plus sign in the preceding equation, and write 


V™V 2 
V — 1/1 


L r _ _ dy _ 

>/2g * VI V h — y V 2 Ly — y 2 


for the time required to go from Pi(x.i, y{) to P 2 (x 2 , y 2 ). If, on the 
other hand, the body is moving in the opposite direction, dy will be 
negative, and we should take the minus sign in the expression for dt, 
whence 

Iv-i/i _ _ L_ F x _ dy 

J»-« y/ 2 g Jv 2 Vh~^~yV2Ly - y 2 

£ 2 


L 

V2g- 


dy 


as before. That is, 


y/ h — yy/2Ly — y 2 

J 1/ = J/l JV“V2 

so that the direction of motion is immaterial, the two intervals of time 
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required for the same arc to be traversed in opposite directions being 
equal. The student may feel that this fact is obvious on the grounds 
of physical intuition, but it is well to notice that such physical sensibil¬ 
ities should be logically verifiable. 

In particular, the time required to go from 0 to any point P (x, y), 
(or from P to 0), will be 

t = r d v 

y/2gJo y/h — y\^2Ly — y 2 

Now if we let 

y - h sin 2 0, (2) 

we have dy = 2h sin 0 cos 0 d<t>, y/h — y = VA cos 0, and 


l r 


2 h sin 0 cos 0 d0 

y/ 2g Jo 

Vh cos <f>y/ 2 Lh sin 2 0 — K 2 sin 4 0 

2L r 

f> 

d0 

yj 2 g ^0 

y/ 2L — h sin 2 0 

II 


<tt> 

h . , 

*1 

ui “ 

^Z sm * 

II 

*7* 

H 

d4 

.fi « n f 

■ k sin 0 


where k = y/ h/2L < 1, and the. upper limit 0 corresponds to the 
point P(x , y)* The integral in this expression is the function called 
the elliptic integral of the first kind , and denoted by F(k, 0): 


F(k, 4) = f- - t-n- (0 < k < 1). 

Jq y/ 1 — kr sm 2 0 

Thus we have 

(3) 

and 

-iv— v L 

a_o ->/-«*•♦)• 

(4) 




where y i 

= sin 2 0i and y 2 = h sin 2 0 2 . 



* That is, <t> corresponds to y in virtue of the relation (2). The angle 4> introduced 
as a parameter should not be confused with the angular displacement 9 corresponding 
to y\ the relation between 0 and 9 is given by equation (6). 
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To interpret the modulus k and the amplitude <j> in this problem, 
we note from the figure that h = L( 1 — cos a). Hence 



When, as here, the upper limit <f> of the integral (3) is equal to x/2, the 
function is called the complete elliptic integral of the first kind , and is 
denoted by K (k ), or merely K : 

r 12 d4 

*-*(*)- 77=T^t (0 < fc < 1). (7) 

J 0 VI — k sin <f> 

Thus we have 



The elliptic integrals (3) and (7) have likewise been tabulated; Peirce, 
pages 121 and 122, gives values of these functions for certain values 
of k and 4>. 


Example . A seconds pendulum is one taking 1 sec. to swing from one end 
of its arc to the other, so that its period is 2 sec. Find (a) the length of a seconds 
pendulum that swings through an angle of 120° ; (b) the time required by thiB 
pendulum to descend through 30° of arc from its highest point. 

(a) Here a = 60°, T = 2 sec. Consequently k = sin (a/2) = J, and we 


get from (8) 
whence 




1 _ 1 
2K{\) ~ 2 X 1.6858’ 
32.17 

(2 X 1.6858) 2 


2.83 ft. 
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(b) When B = 60°, is evidently 90°; when $ = 30°, we have, also by 
equation (6), 


sin 4 


sm- 


sin 15° 0.2588 


A EMU XtJ 

a “ sin30° = 05000 = °' 5176 ' 


sm- 


* = 31° 10'. 

Therefore equation (4) gives us 




- 0.5000 - 


0.5505 


2 X 1.6858 


= 0.337 sec. 


30. Discussion of elliptic integrals and functions. If, in equation 
(3), Art. 29, which is known as Legendre’s form, we make the substitu¬ 
tion x = sin <f>, we get as another (Jacobi’s) form of the elliptic integral 
of the first kind, 

<0<1<1X a) 


where l'\ is the function obtained from F by our substitution. Likewise, 
setting x — sin </> in equation (4), Art. 28 (Legendre’s form), we have 
as alternative (Jacobi’s) form of the elliptic integral of the second kind, 


E{k, 0) 


- E 1 {k, x) 




(1 - fcV) dx 
V(1 - z 2 )(l - kV, 


(0 < k < 1). 


( 2 ) 


We notice that in each of the expressions (1) and (2) the integrand is a 
rational function of x and the square root of a quartic expression in x, 
that is, each integral is of the form 

^R(x, Vao* 4 + air 3 Hh a 2 x 2 + a 3 x + a 4 ) dx, (3) 


where R denotes a rational function of its two arguments. Some 
integrals of the type (3) may be evaluated in terms of elementary 
functions; for example, 


/ 


4a 0 x 3 + 3aix 2 4- 2 a 2 x + a 3 
-f a x x z -f- a 2 x 2 a 3 x + a 4 


dx 


can obviously be so integrated. In general, however, (3) will include 
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in its expression the two functions (1) and (2) and the elliptic integral 
»/ the third kiiid, 

u '<"' *••> -r a + ^Vu-^a-tV) (0 < ■ 6 < «■ (4) 

where n is any constant. Specifically, if, in the integral (3), the coef¬ 
ficients a 0 and a\ are both zero (and for certain other functions, as in 
the above example), the integral may be expressed in terms of ele¬ 
mentary functions alone, while if a 0 , a\, or both are different from zero, 
the elementary functions augmented by the functions (1), (2), and (4) 
will surely suffice for the expression of any such integral. The dis¬ 
cussion of this problem, as well as of the elliptic integral of the third 
kind (4), will be omitted in this book since we shall have no occasion 
to make use of these topics in our applications.* 

Let us now inspect the graphs (Fig. 25) of the integrands of the 
elliptic integrals of the first and second kinds as functions of </>, 


_ 1 _ 

^ \/l — k 2 sin 2 <$> 1 


y = V1 — k 2 sin 2 <t>. 



We see that the first function is periodic with period x, with axes of 
symmetry at <f> = 0, rtir/2, rkTr, ■ ■ ■, and that it oscillates between its 
minimum value, unity, and its maximum value, depending upon the 
value of the modulus k. Similarly, the function y = V 1 — k 2 sin 2 <t> 
is periodic with period r, with axes of symmetry at 0 = 0, =fcir/2, 
dbir, ■ but has unity as its maximum value, the minimum value 

* See, for example, Goursat-Hedrick, “Mathematical Analysis," Vol. I. 
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depending upon k. Because of the periodicity and symmetry exhibited 
by each graph, and since the elliptic integrals F{k, 0) and E{h, 0) are 
represented geometrically by the areas under portions of the respective 
curves, it is necessary to tabulate F(k, 0) and E(k , 0) only for values 
of 0 between 0° and 90°. 

Just as in elementary work it is often necessary or desirable to deal 
with the inverses of the trigonometric functions, and with the two 
functions inverse to each other, the exponential and logarithmic func¬ 
tions, so we sometimes speak of the function inverse to the elliptic 
integral of the first kind. Suppose the modulus k fixed, and consider 
the integral (3), Art. 29, as a function of its upper limit 0: 

r d<f> 

.vT^wm' 

Since 0 is the amplitude of u, we call the inverse of u by this name, and 
denote it by 

0 = am u, (5) 

or, sometimes, when the modulus k is to be brought into evidence, 

0 = am (u, mod k). 

Also, since <t> may be regarded as an angle, we sometimes deal with the 
trigonometric functions of 0; in particular, we use the notations 

sin 0 = sin am u = sn u, (6) 

cos 0 = V 1 — sn 2 u ss cos am u s cn u, (7) 

Vl — k 2 sin 2 0 = A0 s dn u. (8) 

The functions (6), (7), (8) we call elliptic functions of u. They are 
connected by formulas somewhat similar to the trigonometric formu- 
las.* 


PROBLEMS 

1. Show that K(k ) continually increases, whereas E(k) continually decreases, 
as k varies from 0 to 1. By examining the integrals defining K and E, for Ik « 0 
and k « 1, find the maximum and minimum values possessed by the two complete 
elliptic integrals. 

2. The integral 

__ 

Vl — At sin‘“ 4> 

was defined a* the elliptic integral of the first kind when 0 < lb < 1. If lb > t 
• See, for example, Peirce, “Tables,” 705-734. 
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this integral may also be expressed in terms of an elliptic integral. By means of 
the substitution k sin 4 = sin x, show that 


f 

•'0 


d<}> 


y/\ -k 2 


aim 4 



(fc > 1), 


where the amplitude x is evaluated from the up|x*r limit of integration as x 
(k sin *), and the integral has a real value when k sin <j> S 1. 

3. Express the integral 


r 


sin 2 4> d<f> 


0 \/l — k 2 sin 2 <t> 


(0 < k < 1) 


sin 1 


in terms of elliptic integrals. What is the result when the upper limit of integra¬ 
tion has the value v/ 2? 

4. Show that 


J "* cos 2 4> dQ 

0 \1 — A -2 sin 2 0 


0-?)«*■ 


*) + ^ E(k, +), 


when 0 < k < 1, and evaluate the result for k « J, <t> * 1. 


6. The integral 



k 2 sin 2 <p d4 


was defined as the elliptic integral of the second kind when 0 < k < 1. If k > 1 F 
this integral may also be expressed in terms of elliptic integrals. By means of the 
substitution k sin * sin x, show that 


J VI - k 2 sin 2 <t> d<t> - - k ^ F ^ , x^ + kE Q , x ^ (k > 1), 


where the amplitude x is evaluated from the upper limit of integration as x ■■ sin -1 
(k sin 0 ), and the integral has a real value when k sin <f> ^ 1. 

6. I'sing the same notation and substitution as in Problem 5, show that 


r 4 sin 2 0 d<(> 

•'ll v / 1 — k 2 sin 2 4> 




(k > 1). 


7. By means of the transformation x = t/2 — y, show tliat 



dx 

\/sii» 



_ dj[ _ 

\/ cos y 


Hence, by letting cos y = cos 2 z, show that these integrals are elliptic, and find 
their common value. 

f 8. I'sing the identity cos x “ 2 cos 5 (x/2) — 1, and then letting x/2 » x/2 — y, 
show tliat the integral 


f* dx 


(Ol) 


ifl elliptic and evaluate it for c ■ 7, * - w/2. 
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9. Show that the integral 

dx 

Ja \/3 + cos x 

is elliptic, and compute its value. 

10. By means of the substitution x * ja( 1 - sin 0 ), show that 

r n t _ i K /} v 

Jo y/2ax — x 2 \a 2 — x 2 3a \3/ 


11. As an alternative derivation of equation (3), Art. 28, begin with the rectan¬ 
gular equation (1), and show that the integral for the length of elliptical arc is of 
the form (2), Art.. 30, whence the result follows. 

0**2. ( liven the ellipse x~ + -4?/ 2 = 4, find (a) the length of are from / « 1 to 
7 = 2; ( b ) the abscissa of the point bisecting the quadrantal arc. 
v 13.' An ellipse of eccentricity 2 and 11 circle have the same urea. Find the ratio 
of their circumferences. 

14 . c; ivon the curve 1 / = sin x, find (a) the length of one arch; (/>) the coordinates 
of the points trisecting the arc from x = tt/ 2 to .r = 3tr 2. 

0*16. T he length of a certain ellipse of eccentricity \ V'2 is t wice that of one arch 
of the curve // = sin x. Find the length of arc in the first quadrant between the 
points on the ellipse with abscissas J and I, respectively. 

16. Find the.period of a pendulum 2 ft. long oscillating through an angle of 40°. 
By what percentage must the length In* changed if the period is to be the same 
but the angle of swing is doubled? 

17. A pendulum swinging through an arc of C>0°, has a period of 1 see. Find 
the time required to fall from the highest point, of its swing through an arc of 10°. 
w-18. A pendulum 9 in. long has a period of l sec. Find («) the angle through which 
the |>cnduliim swings; (/*) the time required to descend through the first quarter of 
its swing from an extreme position. 

.-19. A pendulum bob, swinging through an angle of 240 c ', starts from its extreme 
position, which is 3 ft. above its lowest level. Find how long it takes the bob to 
acquire a velocity of 13.27 ft. see. 

V20. Two pendulums, of equal length, swing through angles ot 100° and 80°, 
respectively. Find tin* ratio of the times required to fall through the first quarter 
of the respective swings, from the corresponding highest points. 

21. A pendulum is 8.04 ft. long. Determine the vertical distance through which 
the bob must fall to its lowest position if it starts from rest and if the time neces¬ 
sary to fall the first half of that distance is 0.104 sec*. 

22. Find the area bounded by the curve //'-(l — 2 sin 2 x) - 1 and the lines 
x = ±r. What is the limit of this area as c approaches w/4? Hint: See Problem 2. 

23. Find the area enclosed by one loop of the curve 3//’ — 3+4 sin 2 1 **» 0. 

24. A particle, starting from rest, slides from the edge to the bottom of a smooth 

hemispherical bowl of radius r (ft..), (a) If 0 (rad.) is the angular displacement in 

time l (sec.), show* that the differential equation of motion is rl) 2 0 = {/cos 0, where 
I) = ti/di and g = 32.17 ft./sec. 2 (b) If r — 2 ft., find the time of descent. 

26. A bowl, 2 ft. in diameter and 1 ft. deep, is in the form of a paraboloid of 
revolution. Find the time required for a particle, starting from rest, to slide from 
the* edge to the bottom of the bowl. 

26. Given the lemniscate p 2 — cos 20, find (a) its entire length; (f») the length of 
the arc from 0 — 0 to 0 » r/6. 
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27- (a) Find the length of one leaf of the rose curve p = sin n8. (b) Using the 
result of part (a), find the entire length of each of the curves p » sin 20, p = sin 30. 

28. The center of a sphere of radius a lies on the surface of a right circular cyl¬ 
inder of diameter a 2. Find (n) ihe surface* area of the cylinder intercepted by the 
sphere; (b) the surface area of tlit* sphere intercepted by the cylinder. 

29. Establish each of the following relations. (Cf. Peirce: 530, 532, 534, 536.) 


(a) f - .- '*r ._ = F ( V 1 - ft 2 , sin ‘-v/j- ^5 \ 0 < ft < x < 1; 

V(1 - -r-r(/- — ft") V. V1 - ft* r 

</>>) f — i-r- = 2 F(k, sin-’Vi), OCfcCl.OCacCl; 

’ J o Vr(l - i)(l - A) 


(r) f '--7-—~=1 = 2ft’ ( Vl - ft 2 , sii 
J * Vj(I - x)(i -ft”) V 

00 

V' pr — x-)ilr -- j--) (l ' a 




< x < b < a. 


< k 2 < x < 1; 


31. A mechanical brake problem. 



Eiu. 2li 

* An analysis of this problem was 
p US. Aug. Sept.,1011. 


We consider now a mechanical 
type of brake,* a portion of which 
is shown diagrammatic-ally in Fig, 
20. A rigid cylindrical shell (’, of 
inner radius It (ft.), rotates about 
a fixed axis A. A second cylin¬ 
drical shell, on part of which the 
brake lining is mounted, is inside 
C, and has its center originally 
at B\ we suppose the brake 1 lining 
to be an elastic strip obeying 
Hooke’s law. Let r (ft.) be the 
distance from the center B to the 
outer surface of the undeformed 
lining. 

Now suppose the brake to be 
applied, thereby moving t he point 
B to B and let a (ft.) denote the 
distance A B\ Let P be any point 

given by I. Opatowski, Am. }fnth. Monthly , 
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bf contact of the lining with the surface C, and let 0 (rad.) denote the 
variable angle PAB '. If the constraining surface C were not present, 
the point P would be situated at D' } where B'D f = r. Thus the de- 
formation of the elastic strip at P , measured along the line AD' t is 
x = PD' (ft.). From the figure we get for the deformation, 

x = PD' = AM + MD 9 - AP 


= a cos 0 + VV 2 — a 2 sin 2 0 — R. 


( 1 ) 


Now the radial force Af acting on an clement of arc R Ad is, by 
Hooke's law, cx Ad (lb.), where c is a constant of proportionality. 
Consequently, if p is the coefficient of friction between the brake 
lining and the surface C , the force of friction is AF = |iA/= jucx AO 
(Ib.) 7 and the torque exerted by the braking action is AT = R AF 
= Rpcx AO (ft-lb.). Therefore, if a and P are the values of 0 corre¬ 
sponding to the extreme positions of the contact point P, the resultant 
torque is 


T = Rpc r {a cob 


0 + V r 2 - <r sin 2 0 - R) do 


= Rnc[a (sin — sin a) — R{p — a)] 
+ Rficr J y /1 — (cP/r 2 ) sin 2 0 dO. 


( 2 ) 


If, in particular, r = a, (2) reduces to 

T = Rfic[2a (sin /3 — sin a) — R(p — a)]. (3) 

If a/r < I, the last integral in (2) is an elliptic integral of the second 
kind, and we have 


T — Rnc[a (sin P — sin a) — R(P — a) + rE(a/r , P) 

- rE(a/r , a)]. (4) 

Finally, if a/r > 1, the integral appearing in (2) can be expressed in 
terms of elliptic integrals of both the first and second kinds. (See 
Problem 5 following Art. 30.) 

32. Capillarity: two parallel vertical plates. In Chapter II, Art. 24, 
we discussed the theory of capillarity, and derived the differential equa¬ 
tion of the capillary curve in the form 


y" pq _ 4 
(1 + V'*)* T v <?*’ 


( 1 ) 


where p is the specific gravity (gr./cm. 3 ) of the liquid, g the grav- 
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ity constant (980.5 em./sec. 2 ), T the surface tension of the liquid 
(dynes/cm.), and c = 2VT/pg. We also solved the differential equa¬ 
tion (1) subject to the conditions prevailing when a single vertical 
plate is partly immersed in a large expanse of the liquid, and found 
that the height to which the liquid rises on the plate, measured from 
the distant horizontal surface of the liquid, is given by 

/l — sin a , v 

ho = cyj ---, (2) 

where a is the contact angle between liquid and plate. 

Let us suppose now that we have two parallel vertical plates AC and 
Bl) immersed in the liquid at a distance 2a (cm.) apart (Fig. 27); we 



wish to find the equation of the capillary curve AB between the 
plates. We may do this by again solving the differential equation (1), 
subject now to the new physical conditions imposed by the present 
problem. We choose the a-axis lying in the distant (outside) horizontal 
surface of the liquid and tin* //-axis midway between the plates. Let 
the //-intercept of tlie capillary curve be yo and let h be the maximum 
height to which the liquid rises between the plates. 

As before, let y r == p f y" = p dp/dy , so that equation (1) becomes 


p dp 

(i + rf 


~ydy, 


whence, by integration, we have again 


1 

vTTp 2 


2 y* 

— + Cl, 

cr 
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where C\ is the constant of integration. Since now p ~ dy/dx = 0 
when y = y 0 , we find C\ = —1 — ( 2yl/c?) 1 and consequently 

vr +7 = 1 -? {y2 - yl) - 

We note here, for later use, that since p = cot a when y = h, 

sin a = 1 — - (A 2 - yl), 

<r 

and 

h 2 - vl = C 2 LzJOL? = ft* (3) 

by equation (2). Thus h, the maximum height to which the liquid rises 
between the plates, is always greater than the capillary rise outside 
the plates, provided ?/ 0 is not zero. 

Solving now for p, we get 

c 4 

1 + r = [c 2 - 2(s, 2 - ’ 

dy = Vc 4 - [c 2 — 2(tf - j/»)f 
dx c 2 - 2(y 2 - i/ji) 

_ v/ !f~’(r - - 4(y 2 - yjj) 2 

c 2 - 2(y- - yri) 

and 

r 2 - 2(r - yl) , 
dx = -—7--——(ft/. 

2 v / c 2 (y 2 - j/,i) - (jr - 2/0)- 

In extracting the square root, we have chosen the positive sign for 
dy/dx. This means merely that we are confining our attention to the 
right-hand half of the capillary curve, which is certainly permissible 
in view of the symmetry of our figure with respect to the y-axis. 

To integrate the host equation above, make the substitution 
y 2 — V 0 — c 2 cos 2 0, whence 


Then 


y = \/yl + c 2 cos 2 0. 
y dy = —c 2 cos 0 sin 0 d0, 

\/c 2 (y 2 — yl) — (y 2 — yo) 2 = c 2 cos <t> sin 0, 


(4) 
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' Uo “h cf cos 2 0, 


Now let 


c 2 — 2c 2 cos 2 0 / c 2 cas 0 sin 0 rf0 \ 
2c 2 cos <j> sin <p \ Vyg + c 2 cos W 

c 2 - 2c 2 sin 2 0 , 

_ _-_ === d<t>. 

2V 2 /ii + c 2 cos 2 0 


= _£_ 

r i£ + c 2 ’ 


obviously k < 1. We therefore have, by (5), 

2 o 2 • 2 i 

, c - 2c- sin" 0 ,, 

dx = -- 00 

— V 7 1 — A; 2 sin 2 0 
k 

__ cA; d0 c 1 — 1 + /c 2 sin 2 0 

2 Vl — A* 2 sin 2 0 & V 1 — k 2 sin 2 0 


= _ c \ 
~ V 2 k) 


VI - i 5 


+ Vl — A: 2 sin 2 0 d0. 


Consequently, since 0 = 7r/2 when y = t/ 0 , or when x = 0 , integration 
between limits gives us 

f 1 dx = X = (- - - f* 7-==== == + - f* Vl - A- 2 siir^rf* 

Jo V 2 k/ J r i2 Vl — Ar sin 2 0 A; J t/2 

/c cfc\ r*'' 2 d4> c /--— 

= ( 7-) I ~ / —- r , r --- 7r - ^ — - I Vl — A: 2 sin 2 0 d<t>, 

\k 2 ) J* V l — A; 2 sin- 0 fc J* 


-ilO-S) 


[*(*) - P(*. +;] - [«(*) - *(*, *)lj ■ (6) 


It is seen that both A; and 0 in this expression for x depend upon 
which is so far unknown. But we have not as yet used the fact that the 
plates are a distance 2a apart. This means that x — a when y = h f 
and therefore 0i, the value of 0 corresponding to x = a, is given by 


h 2 — 2/5 h 0 \ — sin < 


from equations (3) and (4). Hence 


•-G-?) 


im) - F(k, «,)i - 7 \m - m ♦!)]• (8) 

k 
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We may thus proceed in the following manner. We first find, by trial 
and error, the value of k from the implicit relation (8), in which 
c = 2\/ T/pg and is given by (7). Then the definition (5) of k yields 
y 0 , and finally the equations (6) and (4) give us x and y in terms of the 
parameter <j>. In particular, the maximum rise h between the plates is 
given by (3). 

In connection with the relation (3) between the capillary rises out¬ 
side and between the plates, we noted that h > ho provided yo ^ 0. 
Now if yo were zero, we should have k — 1 bv (5). Then K{k) would 
become infinite (see Art. 30, Problem 1), while F(k, <£i), E(k), and 
E(k } 0 1 ) all remain finite, so that by (8) we should have a infinite, con¬ 
trary to supposition. Hence the liquid will always rise to a higher 
level between the plates than it will outside them. 

33. The elastica. As another application of elliptic integrals, we 
consider the elastica , the curve assumed by a uniform elastic spring, 
originally straight, the ends of which are subjected to two equal and 
opposite compressive forces (Fig. 28). lx;t the x-axis be taken through 



the ends of the spring and the y-axis through its midpoint. Let the 
magnitude of the force applied at each end, along the x-axis, be F (lb.), 
and let the tangent at any point P(x, y) of the curve make an angle 0 
with the negative direction of the x-axis, x and y being measured in 
inches. Then the bending moment equation [Chapter I, Art. 7(f)] 
gives us 

El 

— = M = -Fy, (1) 

K 

where E (lb./in. 2 ) is the modulus of elasticity, 7 (in. 4 ) is the moment of 
inertia of the cross-sectional area of the spring with respect to a line 
perpendicular to the xy-plane and through the neutral section, and 
R (in.) is the radius of curvature at the point P. 
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If s (in.) is the arc length AP , we have 

1 dd dyde dd 

— ----= sin 0 — ; 

R ds dsdy dy 

hence (1) may be written 

El am 6 dd = —Fy dy, 

or, letting c 2 = EI/F, 


Integration yields 


y dy = — c 2 sin 0 dd. 


— = <? COS d + Cl. 
2 


Denoting by a the value of d at the end of the spring where y = 0, we * 
find Ci — — c 2 cos a, and therefore 

y = V2 c Vcoe 6 — cos a. (3) 

Replacing sin 9 by —dy/ds in (2), we obtain 

, o dd c dd 

ds = <r — = ~t= —7= .. = - 

V V 2 V cos 0 — cos a 

Substituting cos 6 = I — 2 sin 2 (0/2), cos a = 1 — 2 sin 2 (a/2), this 
becomes 

c dd 


Letting k = sin (a/2) and sin (0/2) — fc sin 4>, whence 


cos-= k cos <t> d<t> 

2 2 


2k cos <f> d4> 

/1 — k, 2 sin 2 0 J 


we have 


Mid (3) reduces to 


s ' c f 0 VT 


k 2 sin 2 4> 


= cF(k, <f> 


/ a 0 

y ** 2c vsin 2 -sin 2 - = 2ck cos <f>. 

" *> o 
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To find x in terms of 0, we have 
dx — cos 8-da = (1 — 2k? sin 2 0) 

k 2(1 - fc 2 sin 2 *) - 1 


c d4> 


V1 — k? sin 2 0 9 


r 2(l - Jb* sin 2 0) - 1 

z /z — & *) - ♦)]■ 

VI - r sir 0 

Summarizing, we have for the parametric equations of the elastica, 
x = c[2S(Jk, 0) - F(k, 0)], (4) 

y * 2cfc cos 0, (5) 

and for the arc length AP y 


where 



* = cF(k , 0), 





.j sin (0/2) 
sill (a/2) 


( 6 ) 


If 2a, 6, and L, measured in inches, are, respectively, the distance 
between the ends of the spring, the maximum deflection, and the length 
of the spring, we have, since 0 = r/2 when 0 = a and <^ = 0 when 
* - 0, 

a = c[2E(k) - K(k)], (4') 

b = 2c/c, (5 ; ) 

L = 2cK(&). (6') 


Equation (6') is also of particular interest in that it indicates a 
critical value for L. For, the function AT(sin a/2) must be greater than 
t/2 (see Art. 30, Problem 1), and therefore L must be greater than ire 
to produce the supposed bent form; if L < tc, we have simple compres¬ 
sion without bending. An equivalent statement is that, for a given 
value of L, the number c = V El/F must be sufficiently small if bend¬ 
ing is to result; this may be brought about by decreasing E or /, or 
more simply by increasing the force F. 

34. The swinging cord. Our next problem is the determination of 
the curve assumed by a skipping rope (Fig. 29). Consider a uniform 
cord or chain rotating about a horizontal axis to which the ends are 
fixed at two points a distance 2a (ft.) apart. Let w (rad./sec.) denote 
the constant angular velocity of rotation, which we suppose so large that 
centrifugal force predominates over the gravitational force due to the 
small weight of the cord; we accordingly consider only the former 
force. Let w (lb./ft.) be the weight per foot of cord, and let t (pdl.) 
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be the tension at any point P(x } y) of the curve. Take the z-axis 
through the two ends of the cord, the origin 0 being at the left-hand 
end, and let 0 be the angle of inclination of the tension i* If 8 (ft.) 
is the arc length measured from 0, consider a second point Q at a dis¬ 
tance As along the curve from P. The three forces acting on the arc 
As are then the two tensions t and t + At at P and Q, respectively, 
and the centrifugal force F = w As u 2 yi (pdl.), where yi (ft.) is some 



ordinate between y and y + Ay. Since the element As must be in 
equilibrium under these three forces, we have, by resolving the forces 
into their horizontal and vertical components, 

(J + At) cos (0 + A0) = cos 0, (1) 

(t + At) sin (0 + A0) = t sin 0 — w As w 2 yi. (2) 


Now the first of these equations tells us that the horizontal component 
of tension must everywhere be the same. Let T denote this constant 
force, so that t cos 0 = T; it is seen that T must be the thrust in pound- 
als in the axis of rotation due to the pull of the cord. Dividing (2) 
by (1), we have 

w As W 2 7 /i 

tan (0 + A0) = tan 0-, 


or 


tan (0 + A0) — tan 0 wu 2 yi 


As 


T 


The limiting value of the left member of this equation, as As ap¬ 
proaches zero, is d(tan 0) ds = (sec 2 0) (dO/ds) ; also, since y\ approaches 

* Wa confine the discussion to the left half of the cord; f>oints on the right half 
mav he dealt with hy consideration of symmetry in the line x * a. 
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y , we get, as the differential equation of the left half of the cord, 

„ dd wu?y 

sec 2 6 — H-= 0. 

ds T 

Now dO/ds is the curvature, ?/'/(1 -f y' 2 ) and sec 2 0 = 1 + tan 2 0 
= 1 H- i/' 2 . Hence the differential equation takes the form 

y" W(j) 2 y 

- 7 === + —- = 0. (3) 

Vl + y ’ 2 T 

Since the independent variable x is lacking, we set y r = p, y ft = 
p(dp/dy) (Art. 0), whence we have 

p dp wu> 2 y dy 

~r • — + —-- = 0. 

Vl + f T 

Let the maximum value of y be b, so that p = 0 for y = b. Then 
integration between limits yields 

o 

/-.ip WLx) 


vtt?T'+— w 


1 + p 2 “ 1 + c(i/ 2 “ & 2 ) = 0, 


Therefore 


Now let 


'l + p 2 = 1 + “ 2/ 2 ); 

1 + p 2 = 1 + 2c(b 2 - y 2 ) + c 2 (6 2 - y 2 ) 2 } 
P 2 = c(b 2 - y 2 )[2 + c(5 2 - 2/ 2 )]. 

y = b sin <*>, 


so that p — (b cos </>) (d<t>/dx ). Then 


6 2 cos 2 0 


/d<b\ 2 

( — ) = b 2 c(cos 2 0)(2 + b 2 c cos 2 ^), 

\dx/ 

/d<i>\ 2 

( — ) = c(2 -f- b 2 c — b 2 c sin 2 </>) 

\dx/ 

= c(2 + b 2 c) (l - ~p- c sin2 *)’ 
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If we write, for simplicity, 

b 2 c b 2 wu? 

— _ = ___ 

2 + b 2 c 4 T + fcW' 


by (5), then k < 1 and c(2 + b 2 c) = b 2 c 2 /k 2 . Consequently 



b 2 c 2 , 9 

= — (1 - A; 2 sm 2 <*>), 
/c 


da: = 


be Vl — A: 2 sin 2 <£ 


(7) 


Integrating between limits, we have, since x = 0 when y = 0, 

d(f> 


r k ( 

. dx = bclvr^ 


k 2 sin 2 <f> 


x = — F(k, 0). 
be 


( 8 ) 


Equations (6) and (8) are the parametric equations of the left half 
of our curve, c and k being given by (5) and (7), respectively. 

Now, from (4) and (6), 


— = VT + p 2 = 1 + c(b 2 — y 2 ) — 1 + b 2 c cos 2 <f> 
dx 

= 1 + b 2 c — b 2 c sin 2 <j>. 


But, from (7), b 2 c = 2k 2 /{\ — /r), and therefore 

ds 2k 2 2k 2 

— = 1 H-—-- sin 2 <f> 

dx 1 - k 2 1 - k 2 

1 -f- A: 2 — 2A' 2 sin 2 <f> 
k 2 — 1 +2(1 — At sin 2 0) 

- -1 + —^(1 - A: 3 sin 2 <«. 
1 - k 1 
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k _ 2k 

/ 1 — k? sin 2 0 bed — 


ti 2 sin 2 0, 


k d(f> b / ----— 

ds = -— /==== - H— V 1 - k 2 siir 0 d4>. 

be Vl - k 2 sin 2 <j> k 


s = jE(k t ^)-~F(k, *). 
k be 
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(9) 


Consequently, if the total length of the cord is L, we have also the 
relation 






2b 2k 

L = -E(k) — -K(k). (10) 

k be 

It may be shown by the calculus of variations that the cord will take 
the form which, with given length L } has the maximum moment of 
inertia about the axis of revolution. 

36. Field intensity due to a circular current. As an application of 
elliptic integrals to electrical theory, we shall take the problem of 
computing the magnetic field intensity at any point of the plane of a 
circular loop in which current is flowing. The basis of our analysis is 
Ampere’s law,* which states that the magnetic held intensity at any 
point P is 

1 sin a ds 

dn = —— CD 

dynes per unit pole, f or, conventionally, lines per square centimeter, 
where ds (cm.) is a circuit element carrying a current I (abamp.), 
r (cm.) is the radius vector from P to ds, and a is the angle between r 
and ds. The direction of dll is at right angles to both r and ds. 

Suppose that the current I is flowing in a circular loop of radius a 
(cm.) and that the point P , at which the field intensity is desired, is 
distant b (cm.) from the center 0 of the loop. Wc have to consider 
two cases, according as P is within or without the circle. 

(a) In the first case (Fig. 30), let P be inside the circle, so that 
b < a. Let 6 denote the angle between the radius vector r from P 
to any point Q of the circle and the line through 0 and P. If As = QA 

• Also variously called Laplace’s law or the Biot-Savart relation. 

f We shall use e.g.s. units throughout this article. 
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is an arc of the circular loop, angle APQ will be AS. With P as center 
and radius r describe a circle arc cutting PA at B f and let 0 be the 
angle between QB and As. Since QB is perpendicular to r, and a 
is the angle between r and As, we have a = 90° — /3. Hence As-sin a 
= As*cos /3. But As• cos /3 is approximately equal to r A0. Thus 

I Ad 

AH i - 

r 

is an approximate expression for the field intensity at P due to the arc 
As. If we sum up all such expressions around the circle, and take the 



Pig. 30 


limit as the number of such arcs becomes infinite while each As ap¬ 
proaches zero, we have exactly 

r "* de 

( 2 ) 


Now from the triangle OPQ, we have by the law of cosines 
a 2 = b 2 + r 2 — 2 hr cos (180° — 6) = b' 2 r 2 + 2 hr cos 6. 
If we solve this quadratic equation for r, we get 

r = —6 cos 9 dt VV cos 2 9 + a 2 — b 2 


= —b cos 9 d= v a 2 — 6 2 sin 2 0. 

Since r is positive, we must choose the plus sign; inserting this value 
of r in (2), we find 

. r 2 ' d9 


"■ “ 'f V? 


1 sin 2 0 — h cos 0 
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Multiplying numerator and denominator of the integrand by 
(V a 2 — b 2 sin 2 0 -f b cos 0) so as to rationalize the denominator, we 
obtain 


since I < 


H\ = —r— —- | (Va 2 — b 2 sin 2 0 + b cos 0) 
or — b J Q 

= —-— f 2 Va? -b 2 sin 2 6 <16, 

a 2 — b J 0 


de 


since I cos 0 do = 0. Moreover, because of the symmetry of the 


graph of y = v a 2 — 6 2 sin 2 0, * we may write 


Hi 



b 2 sin 2 0 dO, 


A Tn r Tl2 y - 

= — f Vl — Z: 2 sin 2 0 c?0, 
a 2 - b- J 0 

where k x — b/a < 1, and therefore, dividing numerator and denom¬ 
inator of the coefficient of the integral by a 2 , we have finally 


I 


Hi = 


4/ E(h) 
a 1 - k\ 


(3) 


For k\ = 0, i.e., when the point P is at the center of the circle, there 
is found, since E( 0) = -k/2, the familiar formula 



As k\ approaches unity, which occurs when the point P gets closer to 
the current-carrying conductor, E{k{) approaches unity, and Hi be¬ 
comes infinite, as may be expected from Ampere's law (1). 

(6) In the second case (Fig. 31), P is outside the circle, and b > a. 
As before, let 0 denote the angle OPQ, As = QA, A0 = angle APQ } and 
let the arc QB of radius r be drawn. Since As sin a — As cos (a — 90°) 
— r AO approximately, we have again 

I AO 

AH 2 = - 

r 


• Cf. Art. 30. 
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as the approximate expression for the field intensity at P due to As, 
AH 2 dH 2 

and smce lim-=-, 

AS dd 

dd 

dH 2 = /-■ (4) 

r 

So far our work has been exactly analogous to that of the first case. 
Now, however, if E and F are the two points in which the line OP 
produced cuts the circle, and D is the point of contact of the tangent 
line to the circle from P, we have two expressions for the radius vector 



r, according as the point on the circle is between D and E, as Q, or 
between D and F, as Q'* If OC is perpendicular to r, gwe have OC 
= b sin 0, PC — b cos 6 , QC = Q'C = V^a 2 — b 2 sin 2 0. ^Snsequently 
we get for the position Q, 

r = PC — QC — b cos 8 — y/a 2 — b 2 sin 2 8, 
and for the position Q' f 

r = PC + Q'C = b cos 8 + vV - h 2 sin 2 0. 

Also, since sin OPD = a/b, the angle 6 varies only between dh arcsin 
(o/b); hence, substituting for r in (4) and summing up around the 
circle, we get, letting 8i = arcsin (a/b), for convenience, 


H 2 


/[ r-—- 

b cos 8 — V a 2 — b 2 sin 2 8 


+ f° _ % 

b cos 0 + V a 2 — 6 2 sin 2 0 


+ p_ 

•mj 6 cos 0 + V^a 2 — b 2 sin 2 8 


+ J1 


de 


b cos 8 — Va 2 — b 2 sin 2 0J 


• We have a similar distinction when the lower half of the circle is considered, 
but because of the symmetry of our figure with respect to the line OP, no additional 
discussion is necessary. 
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We next rationalize the denominators, change d into —0 in the third 
and fourth integrals, and reverse the order of integration in the second 
and fourth integrals. There is obtained 

H 2 = ^- 2 £ J 9 (b cos 6 + Va 2 — 6 2 sin 2 0 ) dd 

— I (6 cos 6 — 's/a 2 — b 2 sin 2 d) dd 
Jo 

— f° (6 cos 0 — Va 2 - b 2 sin 2 d) dd 
Jo 

+r (1 b cos 6 + V^a 2 — b 2 sin 2 $) dd J 

-■= --- I V a 2 — b 2 sin 2 6 dO. (5) 

b~ — a J 0 

This int( ^ral is not obviously elliptic as it stands since b > a. But, if 
we let b bin d = a sin 4>, we have 

b cos 0 dd = a cos d<f>, 
va 2 — b 2 sin 2 0 = a cos </>, 

and 

4/ a cos <^> ■ a cos 4> d<t> 

2 " •* - ■■ I ■ ■ • *- 1 • •-*«—. — 

6 2 — a 2 Jn 6 cos 0 


6 2 — a 2 « 
4 / 


4 / /• 

“ 6(6 2 - a 2 ) J 0 


>T/2 rz 2 — a 2 sin 2 0 


Finally, let /r 2 = a/6 < 1, whence 


i == f == defy. 
1 “^“ n * 


4/ f"' 2 Jfcl - 

Ht 


Jo a/ 1 - 


4/ 

r 2 /ci - 

6(1 

-*f). 

Jo ^ 

4/ 

1 

■r^ 

2 ^0 

d4> 

6 

p/2 


VT — A: 2 sin 2 $ 
1 — /C 2 sin 2 d<f> 


H ‘ - 7 [rrf - *■*<«]• 
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As &2 approaches zero, so that the point P recedes indefinitely from O, 
equation (6) shows that H 2 approaches zero, as we should expect. As 
&2 approaches unity, the expression (6) becomes indeterminate, but it 
is easy to see from (5) that H 2 will become infinite, as would naturally 
be the case as the point P approaches the circle. 

PROBLEMS 

1. In the brake problem of Art. 31, take r - 2a, R — 5a/2, and a — 30°. 
Find the angle 0 for which the torque has its maximum value, and determine the 
value of 0, to the nearest degree, for which the torque has half its maximum value. 

2 . Two parallel vertical glass plates are partly immersed in water. The surface 
tension is 74.0 dynes/cm., and the contact angle is 25° 30'. (a) Find the distance 
between the plates when the maximum height to which the water rises between the 
plates is 0.5 cm. above the outside horizontal surface. (6) Find the minimum 
height of the curve above the outside horizontal surface when the maximum height 
of the capillary curve is 0.5 cm. (c) Find the maximum height of the capillary 
curve when the plates are 1 cm. apart. 

3 . A flexible strip of length L in. is bent into an elastica in which the two ends 
touch. Find (a) the angle a; (6) the maximum ordinate in terms of L. 

4 . Find the maximum breadth of the elastica of Problem 3. 

6. A strip of steel for which E =* 3 X 10 7 lb./in. 2 is \ in. wide, in. thick, 
and ]p in. long. Find (a) the thrust at the ends which will produce a maximum 
deflection of 1 in.; (5) the maximum deflection produced by a thrust of 1 lb. at the 
ends. 

6. A strip of steel for which E — 3 X 10 7 lb./in. 2 is i in. wide and -Jt in. thick. 
Find the thrust at the ends which will produce a maximum deflection of 1 in. when 
the eifds are brought 5 in. apart. 

7. A strip of steel 7 in. long is deflected by applying at each enffa force of F lb. 
such that c — 's/El/F =» 2 in. Find (a) the distance between supports; (6) 
the maximum deflection; (c) the deflection at a point P on the arc one-quarter 
of the horizontal distance from one support to the other; (d) the length of the curve 
from its midpoint to P. 

8. A strip of steel 10 in. long is deflected into the form of an elastica, the thrust 
being such that the maximum deflection is equal to the distance between the ends 
of the strip. Find the maximum deflection. 

9. A strip of steel for which E * 3 X 10 7 lb./in. 2 is \ in. wide, -$x in- thick, and 
20 in. long. It is bent by means of a string connecting the ends so that the steel is 
perpendicular to the string at the ends. Find the tension in the string and the 
maximum deflection. 

10 . A swinging cord weighing 1 lb. /ft. rotates at an angular velocity of 20 rad./sec. 
The distance between the ends is 2 ft. (a) If the horizontal thrust at each end is 
200 pdl., find the maximum displacement and the displacement at a horizontal 
distance of 6 in. from an end. (5) If the maximum displacement from the axis is 
2 ft. find the horizontal thrust at the ends and the length of the cord. 

11 . A current / abamp. is flowing in a circular loop of radius a cm. A point Pi 
in the plane of the circle is at distance b < a from the center. If Hi is the magnetic 
field intensity at Pi, plot values of aHi/il against values of fci * 6/a, taking sin -1 k\ 
in 15° steps. From the graph determine the value of for which Hi has twice its 
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value at the center of the circle; using this value of fa as a first approximation, 
obtain a more accurate value by use of tables. 

12. If Hi is the intensity at distance b > a from the center of the loop of Problem 
11, plot values of aHifAJ against values of fa = a/b. From the graph determine 
the value of fa for which H 2 has ten times its value for fa => §, and then get fa 
more accurately by use of tables. 

13. A particle moves along the z-axis from x «■ 0 to x =» J under the action of a 
force T = 10V 2 coa 2x — 1. Find the work done by the foroe. 

14. In the flow of water through a pipe, the mean hydraulic radius (m.h.r.) is 
defined as the ratio of the area of the cross-section of the stream to the wetted 
perimeter. Calculate the m.h.r. for an elliptical pipe flowing full, the axes of the 
ellipse being 4 in. and 3 in., and find its ratio to the m.h.r. for a circular pipe of the 
same cross-scctional area. 

16. A sphere of radius 6 in. floats half submerged in water. Neglecting the 
resistance of the water, find the period of vibration of the sphere if it is pressed down 
so os to be tangent to the water surface and then released. 
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38. Introduction. In this chapter, we shall investigate some of the 
properties of infinite series, paying particular attention to power series, 
and shall consider two powerful methods for the solution of ordinary 
differential equations by means of infinite series. Our purpose in study¬ 
ing this topic is twofold: first, infinite series in themselves make pos¬ 
sible the numerical solution of many important physical problems which 
would otherwise be extremely difficult to handle; secondly, some 
knowledge of the behavior of infinite series will be necessary for the 
treatment of topics discussed later in this book. We shall give in this 
chapter several examples and problems illustrating the use of infinite 
series, and refer to them again in subsequent chapters; in particular, 
the topic of Fourier series will be reserved for Chapters V and VII. 

37. Definitions. We begin by reviewing a few definitions and facts 
concerning infinite series.* 

Let u\ 9 U 2 , • • *, u n , • • • be any unending sequence of functions of a 
variable x (or of numbers in the special case in which each u is inde¬ 
pendent of x). Then the symbol 

Unix) s 1*1 (x) + 1/ 2 (x) +- Unix) 4- (1) 

is called an infinite series. In order that this symbol shall have some 
significance, It is first of all necessary to know the law of formation of 
the successive u } s, or, what is equivalent, to know the manner in which 
the general term Un depends upon its position as nth term in the series. 
In what follows we suppose this information given. 

Let s n (x) denote the sum of the first n terms of (1), 

Snix) = Uxix) + U 2 ix) H - h Unix). (2) 

For some particular value of x for which the u } s are defined, say x = x 0 , 
the sequence of numbers si(x 0 ), ^ 2 (^ 0 ), * * •, s n ix 0 ), ■ • • may or may not 
approach a limit as n becomes infinite. By a limit is meant a number, 

* The student will be aided in making this review by referring to a textbook on 
calculus in which fuller discussions and proofs may be found. 
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depending in general upon the value x = Xo f so that it may be denoted 
by 8(x o), such that, for n sufficiently large, the difference between 
Sn(x o) and «(x 0 ) may be made numerically as small as we please. More 
precisely, we say that s(x 0 ) is the limit of s n (x Q ) as n becomes infinite, 
if, given a positive number e, however small, there exists a positive 
number N(x 0 , c) such that 

I s(xo) - 8 n (x o) | < € 

for every n greater than N(xq, «)■ Here we are employing functional 
notation for the number N(x o, c) to emphasize the fact that its value 
depends, in general, on both the value x 0 of x and e. 

Thus, the sequence of numbers 3.1, 3.01, 3.001, * * •, 3 + 10”", ■ • • 
approaches the limit 3; for, given any e > 0, the quantity | 3 — (3 
+ 10“*) | = 10“" can evidently be made less than t by taking 
n > N(e), where 10 _iV(e> = e, i.e., N(e) = —(In c)/(ln 10). 

Now, if the sequence Si(x 0 ), 52 (^ 0 ), • ■ *, s n (x 0 ), ■ ■ • does approach a 
limit s(x 0 ), we say that the series (1) converges for x = x 0 , and we call 
s(x 0 ) the sum of the series when x = x 0 ; if the sequence does not 
approach a limit, the series (1) is said to diverge for x = x 0 . 

It should be noted that, for a sequence of functions of x, the defi¬ 
nitions of convergence and divergence involve the value x 0 of the 
variable x. That is, given the number e > 0, the quantity N{x, e) 
in the definition of limit will in general be different for various values 
of x. We shall discuss in Art. 39 the situation arising when the series 
is such thatjJLVX*), independent of x, exists. 

When, as^Riurs most frequently, we are dealing with merely 
real values of x, we shall have as a range of values of x, an interval, say 
from x = Xi to x = x 2 ; sometimes the interval will include one of the 
end points ®i, x 2 , sometimes both, and sometimes neither. If, however, 
it becomes necessary to consider x as a complex variable, our range of 
values will be a two-dimensional region of the complex plane; again, a 
region may or may not include one or more of its boundary points. We 
shall use the letter R to denote the range under consideration, whether 
this be an interval of the real x-axis or a region of the complex plane, 
and speak of R in either case as a region . 

Now a series (1) may converge for every value of x of a certain region 
R and diverge for every x not in R; then R is called the region of con¬ 
vergence of the series. 

Let x 0 be in R, so that the series 

14n(®o) s Wlteo) + U 2 (Xq) H-f- tfnteo) +* *' (3) 
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converges. If, when we replace the terms in (3) by their absolute 
values, the resulting series 


I «n(*o) | = | Wife)) | + I «2(Z o) H-1- | MnOo) | H- (4) 

also converges, then (3) is said to be absolutely convergent If (4) is 
convergent, then (3) must also converge. 

We state two frequently employed tests for convergence, th< com¬ 
parison test and the ratio test. 

Comparison test Let 



fli + a? H-h fl» + •■• 


be a given series of positive numbers. If we can find a convergent 
series of numbers, 

Ci + c 2 + • • • + c n -|-, 

such that a n ^ c n for every n from a certain point on in the series, the 
given series must converge. If. on the other hand, we can find a diver¬ 
gent series of numbers, 

Di + + ■ • • + D n + • ■ ■, 


such that On ^ D„ for every n sufficiently large, the given series must 
diverge. 

Two series frequently useful in applying the comparison test are the 
geometric series, 

o + ar + ar* H-h ar n H-, 

which converges and has as sum a/( 1 — r) when | r | < 1 and diverges 
when | r | ^ 1, and the p-series, 


1 1 

1 + —: + — +’ 
2 P 3 P 


■+-= + ■ 


which is convergent for p > 1 and divergent for p ^ I. 

Cauchy's ratio test Let there be given a series of continuous func¬ 
tions. 



U\ + U2 H-b u»» +• • •, 


and form the ratio Un+i/u n . If the limit of | Un+i/u» | as n becomes 
infinite exists and is less than unity, the given series converges abso¬ 
lutely; if this limit does not exist, or if it is greater than unity, the 
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given senes diverges; if the limit is equal to unity, the test gives no 
information. 

Py k power series is meant a series of the form 
«0 

y. On®" * Oo + aiX + 02 X 2 H-1- OnX n H-, (5) 

where the coefficients Co, a if a 2 , • ■ • are constants, independent of x. 
The ratio test given above is particularly valuable in determining the 
region of absolute convergence of a power series. 

A series of real constants whose terms are alternately positive and 
negative is called an alternating series. If, after a certain point, the 
terms of an alternating series decrease in numerical value, and the nth 
term approaches zero, the series is convergent. Of particular impor¬ 
tance in gauging the accuracy of numerical work with a convergent 
alternating series is the fact that the sum of the first n terms of such 
a series differs numerically from the sum of the series by less than the 
absolute value of the (n + l)th term. 

A function f(x) possessing derivatives of all orders at a point x = x 0 
may be expanded in a Taylor's series, 

f(x) = fix o) +f'(x 0 )(x - x 0 ) + - ^° - (x - Xo) 2 4- 

Zl 

+ ^^-(x-x 0 ) n +•••, ( 6 ) 

n! 

convergent for | x — x 0 | sufficiently small. If x 0 = 0, (6) reduces to 
Madaurin’s series , 

/"( 0 ) 0 f n) (0) 

m = /(0) + /'(0)x + J —~r~ x 2 -1-— ® B H-• (7) 

2! n! 

This is a power series of the form (5), with a n = / (n) (0)/n!. 

For convenience, in the following article we shall deal with Mac- 
laurin’s series, the generalization to Taylor’s series offering no difficulty. 

38. Theorems on power series. We collect here some theorems 
regarding power series. The proofs of these theorems belong properly 
to a course in the theory of functions, rather than in a book on engi¬ 
neering mathematics, as Borne of the proofs are rather difficult and 
require considerable background. Consequently we shall omit all 
proofs,* giving merely statements of the theorems useful to us, with 

* The interested reader may find proofs in K. Knopp’s “Theory and Application 
of Infinite Series,” or L. L. Smail’s “Elements of the Theoiy of Infinite Processes.” 
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simple illustrations to bring out concretely the meanings and applica¬ 
tions of the theorems. 

Theorem I. If, for the power series 

Oq -+* a\x a 2 x 2 + • * • -h a n x n + ■ • *, 


toe have 


lim 


On-l 

On 


= r, 


then the series is absolutely convergent for | x | < r and divergent for 
| x | > r. The behavior of the series for | x | = r must be determined 
by other means. 

This theorem may be easily proved by applying Cauchy's ratio test. 
As an illustration of the theorem consider the series 


we find 


and 


“1 

+ 

W| 

1 

■•■+ (- 

-D n 

j.n+1 

_| 

n -f 1 

a n-l 1 _ 

n 


1 

On 1 

n - 1 


1 

1 

n 


lim 


On-l 

a n 


1, 


so that the given series converges for [ x | <1 and diverges for | x | > 1. 
For x = 1, the series becomes 


which is an alternating series whose successive terms decrease numer¬ 
ically, with the nth term approaching zero, so that we have con¬ 
vergence for x = 1. For x = —1, we get 

1 1 1 

— 1-- ■ - 

2 3 n + 1 


which is the negative of the p-eeries with p * 1 and therefore diverges. 
Hence we have, finally, convergence for —1 < x ^ 1, and divergence 
for all other real values of x. 
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Theorem II. Let f(x) be represented by a power series 

fix) = ao + a\x + a, 2 X 2 H— * 4- a n x n H-, 

convergent for | x | < rj, and lei g(x) be given by a second power series 
g(x) = bo + bix + b 2 x? H-h b n x n H— •, 

convergent for | x | < r 2 . Let r be the smaller of the two numbers r\ and r 2 , 
so that both series converge for \x \ < r. Then the sum fix) + g(x) is 
represented by the power series 

fix) 4 g{x) = (ao + b Q ) + icii + b x )x H-h (an 4- b n )x n H-, 

convergent at least for | x | < r. That is, two power series may be added 
term by term, and the resulting series is valid for those values of x for which 
both of the given series converge. 

As an example, let 

f(x) = e x = l+* + “+"-+^+'--, 

2! n\ 

and 

x 2 

g(x) = e~ x = 1 - i-f- -h ( — l) n — : H-• 

2! n\ 

Then 

e* + e- x = 2 

= 2 cosh x. 

Here, since the series for e* and e~ x converge for all values of x } the 
series for their sum, 2 cosh x, converges likewise for all x, as may be 
readily checked by means of the ratio test. 

Theorem III. If 

fix) = ao + a\x + a 2 x 2 + * * • 4- a n x n + ■ • ■ 

and 

g{x) = bo 4“ bix + b 2 x 2 4-h b n x n 4" • • ■ 

both converge for | x | < r, the product f{x) -g(x) is given by the power series 

f(x)-g(x) = aob Q + (oo&i + aMx + ( a 0 b 2 4* ai&i + a 2 b 0 )x 2 d-, 

which also converges at least for | x | < r. Thus, one power series may be 
multiplied by another to obtain the expansion of the product of the two func¬ 
tions, the coefficients being formed just as in the multiplication of two 
polynomials , and the product series converges whenever the two given series 
are convergent. 


. 1+ 0'*+S + ' 


1 4 - ( —l) n x n 
■ 4 --^-;+■ 

2 n\ 
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To illustrate this theorem, consider the series 


X 3 X 5 

x 2n-l 

sinh x = xH- 1 -K • ■ 

* + + * * *, 

3! 5! 

(2 n - 1)! 

x 2 x 4 

x 2n-2 

cosh x = 1 - 1 -+•• 

. J - 1 -. .. 

2! 4! 

(2 n - 2)! 

We then have 



sinh x cosh x = x + ( - 1 -^ x 3 + + ——h —^ x 5 + • • • 

\2! 3!/ \4! 312! 5!/ 


= X + |x 3 +iV 5 +-‘- 


1 

2 


2 x -f 


(2xf 

3! 


(2*) fi 

5! 






= § sinh 2 x. 

Again, each of the original series converges for all x, as does the product 
series. 


Theorem IV. If 

fix) = do + CL\X + CI 2 X 2 + ' * * + CL n X n H-- 

and 

g(x) = b 0 + b x x + b 2 x 2 H-h b n x n H- 


60 ^ converge, and if, in addition, b 0 5 ^ 0 , then the quotient f{x)/g{x) is 
represented by the series 


g(x) 




obtained by dividing the series for f(x) by that for g(x). The resulting 
quotient series must itself be examined to determine its region of convergence, 
since no conclusion can be drawn from knowledge of the regions of con¬ 
vergence of fix) and g{x). 


To illustrate, consider the series 
x 3 x 5 

sin x = x - 1 - 

3! 5! 

x 2 x 4 

cos X = 1-1- 

2! 4! 


■ + 

■ + 


(-l) n - 1 x 2n - 1 

( 2 n - 1 )! 

(_ l) n - 1 x 2n “ 2 

( 2 n - 2)1 


Then we find by division, 


sin x 


x 3 2 x 5 
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Although the series for sin x and cos x converge for all values of x, that 
for tan x is convergent only for | x | < t/2. 

If, in the expansion of g(x), b 0 — 0, we may sometimes obtain a 
power series as quotient. For example, suppose that g{x ) ~ x, so 
that its series is finite rather than an infinite one, together with f(x) 
= sinx = x — .x 3 /3! + x 5 /5l -. Then we get the power series 


sin x x x 

- =1 -+-+ (- 1 )" 

s 3! 5! 


_2n—2 


( 2 n - 1 )! 


+ ■ 


In this case, the series for sin x and for x (x itself) converge for all values 
of x , and the series for (sinx)/x does likewise. On the other hand, 
although the quotient may not be a power series when 6 () = 0, the in¬ 
finite series may be obtainable and useful for various purposes. Thus, if 


we have 


x 2 x 4 

f(x) = cosx = 1 + “• 


COS X 1 X X 3 

-=-+- 4 - (- 1)"- 1 

x x 2! 4! 


ff(x) = x, 


x 2n-3 

(2n -2)! 


This is not a power series because of the presence of the term 1/x, but 
since the power series beginning with the second term is convergent for 
all values of x, the above infinite series may be used for any x other 
than x = 0. 

Theorem VT Let 


z = a 0 + a Y y 4~ a 2 y 2 H-b a n y n H- 

converge for | y | < r u and let 

y = b 0 4- b Y x 4- b 2 x 2 H-b b n x n H-, 

converge for | x | < r 2 . If \ bo \ < r Y , we may substitute for y in the first 
series its value in terms of x from the second series so as to obtain z as a 
power series in x, convergent for | x | sufficiently small. In particular, if 
the given series for z converges for all values of y, the series for z in terms 
of x may then always be found , and this will converge for | x [ < r 2 . 


For example, let 


y 2 , y 3 


z = e , = 1 + 3/ + ^ + ^ + . 


• + 


v 


in - 1)! 


+ • 


x 3 2x 6 

V = tanx = x+ — + — H-. 

3 15 


and 
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Here the series for & converges for every y, and consequently we get 

37x fi 


x 2 x 3 3x 4 

1 + x + -■+- + — 
2 2 8 


120 


which converges for | x | < t/ 2 since the series for tan x has this region 
of convergence. 


Theorem VI. If 

f(x) = Oo + a { x + 0 2 x 2 H-h a n x* H- 

converges for \ x | < r, the derivative of f(x) may he obtained by term-by- 
term differentiation of the series , 


— f(x) = -f 2a*x -I-b nOnX* 1 -, 

dx 


and the resulting series also is convergent for \ x \ < r. 
As a simple example, let 


x 3 x 5 . X 2 "' 1 


f(x) * sin x = x-1-- • -b ( — l) n 1 

3! 5! (2n — 1)! 

whence 


+ • 


dx 


x 2 x 4 x 2n ~ 2 

1 —- 1 -— ■ ■ ■ -f- (— 1 )” 1 - 

2! 4! (2n - 2)! 




= cos X . 

Here the series for sin x converges for every x, and that for cos x 
does likewise. 

Theorem VII. If 

f(x) = cio + ail + a- 2 x 2 4- b a^x 71 H- 

converges for | x | < r, the integral of f(x) may be found by integrating the 
series term by term, 

J * (Ii n flo „ 

/(x) dx = c + aoX + — X 2 + X 3 H-1- x n+l H- , 

2 3 n -f 1 


where c is an arbitrary constant, and the integral series converges for 
I x | < r. 
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To illustrate, let 
1 


/(*) = 


whence 


1 +x 2 


= 1 -x 2 +x* -+ (-l)-- 1 **"- 2 + ..., 


/ dx x 3 x s 

T7s~ c + x -T + 7~ 


(- 1 )" 


2 n - 1 


+ ■ 


= arctan x + c. 


Since the series for 1/(1 + x 2 ) converges for | x | < 1, the series for 
arctan x has the same region of convergence. 


Theorem VIII. If two power series 



OnX n and 



b n x n are 


equal for every | x | < r, the coefficients of like powers in the two series 
must be equal, i.e., ao = b 0 , ai = bi, a 2 = b 2y - - - . Thus, if a function 
is expanded in a power series by two different methods, the series obtained 
must be identical. 


For example, consider the function f(x) = 1/(1 — x). By Mac- 
laurin's formula (7), Art. 37, we have 

fix) - (1 - x)- 1 f(0) = 1, 


J'ix) = (1 - x)~ 2 , f'i 0) = 1, 

f"(x) = 2(1 - x)~ 3 , f"( 0) = 2!, 

/'"(x) = 3-2(1 -x)- 4 , /"'(0) = 3!, 


/ (n) (x) = n!(l - x)-"-*, f M ( 0) = n\, 

—— = 1 + x+x 2 +---+x"+---, 

1 — X 

convergent for | x | < 1. Alternatively, if we divide 1 by (1 — x), 
we have 

1 4- x + x 2 -f • • • 

1 — x)l 

1 - X 

r 
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which is ttie same expansion. We might also obtain our series by use 
of the binomial formula, 

, n(n — I) 

(o + b) n = a" + na n - l b + --- a n ~ 2 b 2 + •• ■, 


with o« 1, 6 = —x, n = —1, since this formula holds for every n 
when | b/a | < 1, but this is not essentially different, the binomial 
series itself being obtainable from equation (7), Art. 37. 

Theorem IX. Let y = fix), where yo = f(x 0 ), be expanded, in a Tay¬ 
lor's series, 

y -* yo + ai(x - x 0 ) + a 2 (x — x 0 ) 2 H-h a n (x - x 0 ) n H-, 

convergent for | x — x 0 \ sufficiently small. Then the inverse function 
x * g(y) is obtainable as a power series , 

x «» x 0 + b\(y — y Q ) + b 2 (y — yo) 2 H-b b n (y — yo) H H-, 


where 

1 

&i * — } b? 

<*i 


_3 ’ 

a x 


2 a\ 


Oia 3 


a? 


convergent for | y — y Q | sufficiently small , provided only that a x ^ 0. 

Thus, if 

x 2 x 3 x" 

y =« In (1 -}- x) * X - — + —-h (-1)"” 1 -1-, 

2 3 n 


this theorem yields, by reversion , 

, v 3 , v 8 , , , 

x-, ' + it + s; + ' + ^T + — 

•i. Other types of infinite series. We have seen in the preceding 
article that power series have many of the properties of polynomials; 
this fact enables us to make use of such series in a number of problems 
encountered in engineering work. However, it sometimes happens 
that a given problem is more naturally or more conveniently investi¬ 
gated by the aid of other types of infinite series. Thus, we shall find in 
Chapter V that various functions not representable by power series 
valid throughout the entire range of values of our variable can never¬ 
theless be easily represented by certain forms of trigonometric series. 
Moreover, when solving certain types of partial differential equations, 
useful solutions are obtained in the form of infinite series of functions 
other than power functions. 
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It therefore becomes desirable to inquire into the properties of more 
general types of infinite series. As in Art. 38, we 3hall omit proofs * 
of the theorems stated, but shall give illustrations of their content. 

For a proper understanding of the theorems of this article, we must 
first discuss the concept of uniform convergence. It was pointed out in 
Art. 37 that, in the definition of limit there given, upon which rested 
in turn the definitions of convergence and divergence, the number N 
corresponding to the stipulated e depends in general upon the value of 
the variable x appearing in the terms of the series. To illustrate, con¬ 
sider the series 

x + x(l -i) + i(1 - x) 2 H-h x(l - x)"” 1 H-. 

which converges for all values of x in the interval 0 ^ x ^ 1. Using 
the formula for the sum of a geometric progression, we find 

s n (x) = 1 - (1 - x ) n , 


and for any x between 0 and 1, and for x = 1, we have 
s(x) = lim s n (x) = 1. 

n —» « 

Hence 

I S„(x) - s(x) I = (1 - x) n . 

Now, if we examine this series from the standpoint of our fundamental 
definitions, we see from the foregoing that, for a given e > 0, n must 
be such that (1 — x) n < t, or 

In e 

n >- 

In (1 — x) 

Suppose, for definiteness, that we are given e = tJo, so that we must 
have n > —(In 100)/In (1 — x). It is evident that N(x, t) will depend 
upon x. Thus, if x = ^y, we may take iV(i J ( y, e) = —(In 100)/In 
= 43.7 approximately; similarly, A r ( nni> 0 = *159, A( T oVo, e ) = 4G03, 
and so on. The smaller the value of x , the greater N(x , e) must be. 

It frequently happens, however, that an N may be chosen which will 
serve for a given e whatever the value of x. Thus consider the series 

1 1 1 (-I)"" 1 

1 + x 2 2 + x 2 3 + x 2 ~*"n + x 2 + 


which converges for any real x. 
alternating, 

I «n(x) - S(x) 


Since, for any real x, the Beries is 


I < 


1 

n+T+1® ’ 


Proofs may be found in the textbooks by Knopp and Smail, previously cited. 



106 


INFINITE SERIES 


[Chap. IV 


whence we must have 

1 

n + 1 + x 2 < €f 
or 

n >-1 — x 2 . 

e 

It is seen that we may put AT = \/t — I here, no matter what value 
x may have. 

The difference in the behavior of the above two series is due to the 
possession or non-possession of the property of uniform convergence. 
We frame the following definition: 

The series of functions 


yi = W,(z) + « 2 (*) -I-1- U„{x) -I-, 

n - ] 


convergent in some region, and representing the function s(x) in its 
region of convergence, is said to be uniformly convergent over a region 
R if, given any e > 0, there exists a positive number N(e), depending 
upon € but independent of x, such that I s n (x) — s(x) | < e for every 
n > N(e) and for every x in R . 


Thus, the first series 


E 

« - 1 


z(l — x) n 1 is not uniformly convergent 


over the interval 0 ^ x < 1; the second series / -—- is uni- 

7T( n + x 

formly convergent over any interval. Note, however, that the former 
series is uniformly convergent over some intervals, e.g., the interval 
2 = x ^ 1. 

It should also be remarked that the function defined by the series 




is discontinuous at x = 0. 


For the value of the func- 


»-i 

tion when x = 0 is 0, whereas, as we have seen, the series converges to 
the value 1 for 0 < x ^ 1. But the function is continuous over any 
interval, such as § ^ x ^ 1, for which the series is uniformly conver¬ 
gent; in fact, if a series of functions continuous throughout a region R 
is uniformly convergent over R } the function represented by the series 
is always continuous in R. 

Although some series may be easily tested for uniform convergence 
by means of the definition given above, it is usually simpler to employ 
the following test. 
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Trxorem I. Weierttrau’s M-test. Let 

| Un{x) m Ul {x) + U 2 (x) + • • • + U n (x) + ■ 


S’ 


be a given series of functions defined in a region R. If the series of positive 

—■*— jf l+J f,+.-+«.+- 

is convergent , and if | u n (x) | g M n for every n and for all values of x 
in R, the given series is uniformly convergent in R . Moreover , the series 
of u’s is absolutely convergent in R. 

To illustrate the use of the M-test, consider first the power series 

x 2 x 3 x n 

x + ^ + -r + --*+-r + ---. 

2 s 3 3 n 3 

Now, since | x n /n 3 | S 1/n 3 for | x | ^ 1, and since the series 

1 1 1 

1 + ^ + + + 

2r 3 3 n 3 


is convergent, we may use the latter series as our M-series, whence it 
follows that the given series is uniformly and absolutely convergent 

for | x | ^ 1. The absolute convergence of — for | x | < 1 may, 

nTl 71 

of course, be readily established by means of Cauchy's ratio test. 

As a second example, consider the series 

cos 2x cos 3x cos nx 

Since | cos nx | ^ 1 for all values of x and for any n, we may take a jb 
M- series the series 


1 1 

l + ^ + i i+- 


■ + 



and consequently the trigonometric series is absolutely and uniformly 
convergent for every x. We shall meet trigonometric series of this sort 
in Chapter V; thus this example is particularly pertinent as an illus¬ 
tration of the use of Weierstrass’s M-test. 

QC M 

X 

The first example, /_* > being a power series, suggests a question 

nTi 71 

as to the possible uniform convergence of power series in general. The 
next theorem we cite serves as an answer to thiB question. 
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Theorem II. If the power series 

a n x n o 0 + a x x + a 2 x 2 4-h a n x n 4- 

is convergent for | x | < r, it is uniformly convergent for | x | ^ r', where 
r' is any positive number less than r. 

The property of uniform convergence is of importance in connection 
with the integration or differentiation of series. 

Theorem III. Let the series of continuous functions 

CO 

w„(x) 5= Ui(x) + u 2 (x) H-1- u„(x) - 

n- 1 

converge uniformly to a function s( x) in a closed interval a ^ x S b. Then 
if Xy and x 2 are any two numbers between a and b, i.e., if a < Xy < b and 
a < x 2 < b, the series may be integrated term by term between the limits 
Xy and x 2 , and the series of integrals will represent the integral of s(x) over 
this subinterval: 



r*\ rxt nx 2 

I s(x ) dx = I uy(x) dx 4- I u 2 (x) dx H-4“ I u n (x ) dx 4- 

Jx 1 J Xl J X\ Jx\ 

As an example, consider the series 

cos 3x cos 5x cos (2 n — l)x 

+ + + (2n — l) 2 

Here each term is a continuous function of x, and, by Theorem I, with 
M n = l/(2n — l) 2 , the series converges uniformly in any interval. By 
the theory given in Chapter V, this series represents the function 
t 2 /8 — x| x |/4 in the interval — x ^ x ^ x. (Cf. Example 2, Art. 45.) 
Hence, if we take, say, xy = 0, x 2 = x/2, we may write 

r Tl2 /x 2 xx\ r T>2 r vl2 cos3x 

I [-) dx * I cos x dx 4- I 

J 0 \8 4/ J 0 Jo 


-dx 4-- 


+/ 

|Vx irx 2 l’ /a f sin 3x 

Lt-t1 


o 3- 

ri2 cos (2/i — l)x 


and 


X* 

32 


_ 1 JL _ 1 

1 - 3 5 + 5 i ~7» + ’ 


(2n - l) 2 
sin (2n — l)x 
(2n - l) 3 


+ rz - it ; + • ■ 


dx + • 


+ • 


y!2 

Jo ’ 


(2n - l) s 

We have thus deduced a convergent series of constants from which x 
may be evaluated. 
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Theorem IV. Let the series 


Unix) * Ui(x) + mix) H-h Unix) H- 

represent a function s(x) in a closed interval a ^ x £ b. If each term 
possesses a derivative, iti(x) = du n {x)/dx, and if the derived series 

U\{x) + ih(x) H-+ Unix) H- 

is uniformly convergent in the interval (a, b), then this derived series 
represents the function ds(x)/dx in that interval. 



As a simple example, take the series 


x° x“ 

x -\ -1-h ’ 

3! 5! 


+ 


( 2 n - 1 )! 


+ • 


which represents the function sinh x in any closed interval. Each term 
obviously possesses a derivative for every x, and we get from term-by- 
term differentiation 


x 2 x 4 x 2 "- 2 

1 H - j -h ■ • ■ H - 

21 4! (2n - 2)! 


Now, this power series, absolutely convergent for every x, is, by 
Theorem II, uniformly convergent in any closed interval. Hence it 
must represent the function d(sinh x)/dx = cosh x, which it evidently 
does. 

On the other hand, consider the series 


,r • 1 • 

Ism x-si 

L 2 


sin 2x H— sin 3x — • 
3 


. ^-sm nx + • 




It will be shown later (Chapter V, Art. 45), that this series represents 
the function s(x) = x in the interval and therefore in 

any closed interval lying within this range. Each term of the series 
possesses a derivative, so that term-by-term differentiation gives us 

2[cosx — cos 2x + cos 3x-1- ( —l) n_: cos nx H-]. 

But this series does not converge for any value of x, much less converge 
uniformly. Hence we cannot draw the conclusion that the derived 
series represents ds(x)/dx = 1. In fact, since it does not converge 
at all, it cannot represent any function. 

40. Applications. As stated before, we shall have occasion to apply 
infinite series to a variety of problems in later chapters. We give here 
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merely a few of the ways in which series may be used in computational 
problems. 

(o) One of the most common uses of power series is in the evaluation 
of definite integrals. For example, consider the integral 

oin * 


f 


■ dx. 


Now the indefinite integral of the function (sinx)/x cannot be ex¬ 
pressed in terms of a finite number of the elementary functions, and 
consequently we are forced to evaluate the above definite integral by 
other means. We have 


_2n—1 


so that 


sin x — x -+-+ (~l) n_1 - 

3! 5! (2n - 1)! 


sin x x* x 

-= 1 -+-+ (- 1 )" 

x 3! 5! 


Jln-2 


( 2 n - 1 )! 

This power series is absolutely convergent for every value of x, and 
hence, by Theorem VII, Art. 38, we arc justified in integrating term 
by term. We therefore get 

sin x C l / x 2 x 4 x 6 \ 

L 3 - 3 ! 5 5 ! 7 - 7 ! J 0 

1 1 1 

~ 1 ~ 3 3! + 5^5! ~ 7TI 4 ' 


By taking sufficient terms of this series, we may evaluate our integral 
to any desired degree of accuracy. Moreover, since the scries is an 
alternating one, we have a definite criterion as to the maximum 
possible error introduced by breaking off the series at any given point. 

(6) Infinite series may also be used to find the numerical values of a 
function for different values of the variable. Thus, from series expan¬ 
sions for the trigonometric, exponential, and logarithmic functions, 
tables of these functions ma}' be evolved. To evaluate e 01 , we may 
use the Maclauiin expansion 


x 2 x"- 1 

I +* + 5i+-+(— 5 ; 


+ • 


. 0.1 


whence 


1 + iV + irhr + Wtra H—• 
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If, however, we wish to find the value of e 21 , say, the Maclaurin series 
may not converge sufficiently rapidly for accurate and rapid computa¬ 
tion. We should therefore expand e x in a series of powers of (x — 2) 
by Taylor's formula, 


«* - + -2) +^p-+"- + 


(x - 2) n_1 
(» ~ 1)1 



so that we get 


e 2 1 = g 2 (i + iV + -2~$TT + Wrnr H-)■ 


If we have found e 0 * 1 by a previous computation, we should of course 
wrte e 21 = e 2 -e 01 , which is equivalent to the preceding equation. 

As a particular problem in evaluating a function for tabulating pur¬ 
poses, we return now to the elliptic integrals discussed in Chapter III. 
Consider the elliptic integral of the first kind, 


F(.k, *) = r■ f- %=n (0 < * < !)• 

J 0 VI - r sin 2 0 

In this integral, the function (1 — k 2 sin 2 <p)~ y may oe expanded into 
a series by means of the binomial formula, 

, n(n — 1) 

(a + b) n = a n + Tia^b +- a n ~ 2 b 2 


the expansion being valid for any n if | b/a | < 1. For, since k < 1, 
and sin <f> ^ 1, we have here | b/a \ = | k 2 sin 2 0 | < 1. Then we get 
the series 


k 2 3 k* 

(1 — k 2 sin 2 0) _H = 1 H-sin 2 0 H-sin 4 0 4-, (1) 

2 8 


which holds certainly for k < 1 and for any value of 0. In particular, 
if we put 0 = ir/2, we get the convergent series 


1 


k 2 3/c 4 5k 6 

+ 7 + T + li' + ‘ 


( 2 ) 


Now since | sin 0 | ^ 1, the terms of series (1) are less than or at most 
equal to the corresponding terms of series (2). Hence, by Weierstrass’s 
ilf-test (Theorem I, Art. 39), series (1) is uniformly convergent in any 
0-interval, and consequently (Theorem III, Art. 39) we may integrate 
term by term. In this way the function F(k, 0) may be evaluated for 
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any specified values of k and 4>, the integration being performed by 
means of recursion formulas for J sin" x dx (Peirce, 263). 

In dealing with the complete elliptic integral of the first kind, 

we may materially shorten the work by making use of Wallis’s formula 
(Peirce, 483). We then have, from (1), 

r !2 / Jf2 3^4 \ 

(l+ — ain 2 ^ + — siii 4 </> + — sm e *H-) <U> 

\ 2 8 16 / 

If, for example, k = sin 10°, equation (3) gives us 


K = - (1 + 0.00754 + 0.00009 +• ■ ■) = 1.5828, 
2 


which checks with the value given in Peirce’s “Tables.” 

(c) As an engineering application of infinite series, we consider next 
the problem of designing a proportional-flow weir, such as the Sutro 


weir,* for which the discharge of 
water is proportional to the head. 
Such a weir is of use as a control 
for a grit-chamber outlet, as a 
control for a float-regulated clos¬ 
ing device, and as a flow meter. 

Let the weir opening be bounded 
by the vertical edges DR = a (ft.) 
and CE = a + h (ft.), the hori¬ 
zontal crest CD — b (ft.), and the 
curve RS whose equation relative 
to the axes shown (Fig. 32) is de¬ 
sired. Let the total discharge of 
water through the weir in 1 sec. 
be Q (ft. 3 /sec.), and suppose that 
the line MN, placed for conveni- 



• See E. A. Pratt, “Another Proportional-Flow Weir; Sutro Weir,” Engineering 
Newt, p. 462, August 27, 1914; E. Soucek, H. E. Howe, and F. T. Mavis, “Sutro 
Weir Investigations Furnish Discharge Coefficients,” Engineering Newt-Record, 
p. 679, November 12, 1936. 
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ence of calculation and of actual operation at a distance a/3 (ft.) above 
the crest, is taken as datum line, so that we are to have 


Q 



(4) 


where k is some constant of proportionality whose value is to be found. 

Now the theoretical discharge in cubic feet per second through a 
rectangular strip of area w dz (ft. 2 ) a distance z (ft.) below the water 
surface is given approximately by y/2gzwdz* where g = 32.17 
ft./sec. 2 Hence the discharge Qi through the rectangular opening 


CDRO is 


Qi = b's/tyj* y/zdz 


= § bV2g [(o + h) H - h H ], 
and that through the opening ORSE is 

J* y/h — y x dy. 


Q2 


Equating Q to the sum of Qi and Q 2 , we get 

k ( h + j) = \ 6v ^ [(o+ h) * ~ h * ]+ 


(5) 


( 6 ) 


(7) 


This relation is to hold for all non-negative values of h. Setting h = 0, 
we have 

2 ak — 


whence 


zafc ,— a 9 

T- 


k = by/ 2ga. 

Substitution of this value of fc in (7) yields 


W 


j H bV2g (h + = | by/2g[(a -f h) H — h**\ + Vfy y/h — yxdy, 

J*Vfc — y xdy = b[a, H h + fa* - f (a + h) H + f/i*] 


|6[a* + %a*h + h* - (a + fc)*]. 


(9) 


See any textbook oil hydraulics. 
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We wish to find z as a function of y such that the relation (0) is 
satisfied for all positive values of a and h. Since the character of the 
functional relationship between x and y is unpredictable, it is natural 
to assume for x an infinite series involving y and to determine, if pos¬ 
sible, the coefficients such that (9) is fulfilled. This procedure requires 
that the right-hand member of (9) be expressed in series form, and we 
here have two possible choices, namely those given by the two ex¬ 
pansions 

(a + h) H « a H + fo H /i + %a~ H h 2 -, \h/a \ <1, 

(h + a)** = hP + + -§7i~^a 2 — • • •, | a/h | < 1. 

Since in practice h > a, it would seem that the second series should be 
chosen. But it turns out * that a series of ascending powers of y, when 
substituted for z, will not produce a series in descending powers of h, 
while a series of descending powers of y f when multiplied term-by-term 
by y/h - y and integrated between the limits 0 and h, produces a 
divergent result. 

We therefore write (9) as 

Vh — y xdy = § b(h^ — ^a~^h 2 + -j ^a~^h 3 

-T+■■■). (9') 

Now we have, for 2 /^ 0 , 

- %h~ H y + -) dy 

h~Ky m + 2 , 

~ 2 (to + 2) + 8(m + 3) 

-= (const .)/i m+w , 

so that the first term in the right member of (O') can be obtained from 
a constant term in the series for r, and other terms in (9') by taking 
TO half an odd integer. Consequently we assume 

X = Ai + Asy^ + As,y H + A 4 y H H - . (10) 

• Verification is left to the student. 
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Substituting in the left member of (9'), and using formulas 214 and 
218 of Peirce, we get, since [ \/hy — y 2 ^ * 0, 


f wr 
•'0 


n—y + A%\/hy — y 2 + AzyV hy — y 2 


+ AtifVhy — y 2 H- )dy 

f „ x* , A*h* . _j 2y — A 

‘-j- 

A 3 h h 2 2 y — h 

H- — sin 1 - 

2 8 h 

5 Aih h 3 ,2y — h 1* 

8 16 h Jo 

2A l h Vl rA 2 h 2 *A 3 h 3 5rA 4 h 4 

= —— + —— + —— +-— +■••. ( 11 ) 

3 8 16 128 

We must therefore have, from (9') and (11), 

Ai = b, A 2 = — - a~ H b, A 3 = ~~ a~*b, A 4 = — — a -w b, • • •, 

ir 3ir 5 tt 

whence 


tan 1 w = u-1-(~ • 

3 5 7 

whence we infer 


M | < 1, 


- 6 


y/o | < 1, 


There are two reasons for looking askance at the result (13). In the 
first place, we have inferred the inverse tangent of V^y/a from merely 
the first few terms of the series (12). Secondly, even if we were to show 
that the series (12) is the expansion of the function given in (13), we 
should at best be assured of the correctness of our result when | y/a | 
< 1, whereas we should like a functional relation between x and y 
valid for all positive values of y. That (13) is indeed a correct and 
sufficiently general solution of our problem may be shown by direct 
sulwtitution of (13) in (!)): this task is left to the student in Problem 
15, below. 
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PROBLEMS 

I. Expand each of the following functions in a power series by a direct appli¬ 
cation of Maclaurin’s formula. Also obtain each series by another method, and 
determine the region of convergence in each case, making use of the theorems of 
Art. 38. 


(a) z cos x; 
(c) e*cosx; 
(e) tanh " 1 x; 


( 6 ) sin x 2 ; 

(d) e* inU *; 

(/) cosh (e* — 1 ). 


8 . Evaluate the following definite integrals, citing the theorems on which each 
step is based. 


(a) f e~ xt dx ; 
(0 

Jo x 

(«) ( sin x 2 dx; 
Jo 



8 . Using Theorem IX, Art. 38, find the inverse of each of the following func¬ 
tions by reversion of series. 


(а) y - x 

( б ) y - x 


3! 5! 

X 2 X 3 X 4 

2* + 3* ” i 2 + 


4. Find the area bounded by the curve xy » sin x, the lines x — 1 and x — 2, 
and the x-axis. 

8 . Find the centroid of the area of Problem 4. 

8 . Find the area bounded by the curve xy = sinh x, the line x * 1, and the 
coordinate axes. _ 

7. Find the area bounded by the curve y — Vg — x 3 , the line x — 1, and the 
coordinate axes. 

8 . If (1 — x) dy/dx — e~*, and y — —0.1 when x » 0, find the value of y when 
* -1 

8 . A rectilinear motion is given by the equation 


do 

dt 


e- + 


2v 

1 +<• 


where I (sec.) is time and v (ft./sec.) is velocity. If v ■■ 0 when t — 0, find the 
velocity when t • 0.1 sec. 

J r* dx 

—--= by expanding (1 — } cos x ) -2 in an infinite series 

o (4 — cos x)* 

and integrating term by term. Use Wallis’s formula (Peirce, 483). 

11. Obtain a power series in k representing the complete elliptic integral of the 
second kind E(k), and use this series to compute £($) correct to four significant 
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12* Compute the value of the elliptic integral 



dip 

y/l — k' 1 sin 2 <p * 


where k 


sin 8°, 
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(a) by use of series; (b) by double interpolation with the tables. 

13. A particle moves from rest at a distance 1 ft. towards a center of attraction 
0 in accordance with the equation d~x/dt 2 = -2r 3 , where x (ft.) is the displacement 
from 0 at time t (sec.). Find the time required to travel from the halfway point 
to the center O. 

14. According to Planck's radiation law, the radiation density is 

* = *-r fw KT - l)-' d,, 

c 3 J 0 


where v — frequency (sec. -1 ), T = temperature (deg. abs.), h = Planck’s constant 
= 6.554 X 10 -27 erg sec., c *= velocity of light = 2.998 X 10 10 cm./sec., and K « 
Boltzmann's constant = 1.372 X 10~ 16 erg/deg. By expanding the binomial ex¬ 
pression in the integrand and integrating term by term, show that the above for¬ 
mula reduces to the Stefan-Boltzmann law, = a7’ 4 . Compute a, and Bpecify the 
units in which it is measured. 

16. By direct substitution and integration, show that the functional relation (13), 
Art. 40, satisfies equation (9) identically for all positive values of a and h. 

16. (a) If the upper and lower horizontal dimensions of the Sutro w r eir are- to 
be 1.5 in. and 0 in., respectively, and the desired theoretical discharge is to be 
2 ft. 3 /sec., find the vertical dimensions a and h. {b) If the height h of the weir 
and the lower horizontal dimension b are to he 24 in. and 12 in., respectively, and 
the theoretical discharge is to he 3 ft,. 3 /s<-e., find the upper horizontal dimension. 

17. A transition spiral, used in highway engineering, is defined as a curve whose 
curvature varies directly as the arc length. Let the initial point of this spiral be 
the origin 0, and let the tangent at 0 be the j-axis. (a) Show that parametric 
equations of the spiral can be written as 


cos 0 

0 V* 


dd, 


k f* S 
•A) 


sin d 


where k is a constant. (6) Evaluate the ratio x/y for <p =* ir/4. 


41. Picard’s method. We shall devote the remainder of this chapter 
to a discussion of two methods of solving ordinary differential equations 
by means of infinite series. The methods given in Chapter I apply only 
to certain standard forms of differential equations, and aim at the deter¬ 
mination of solutions in finite form. Frequently, however, the differ¬ 
ential equations arising in a physical problem do not fall into one of 
the familiar types, and it may not be possible to find solutions in terms 
of a finite number of the elementary functions. It is natural, then, to 
attempt a solution in the form of an infinite series, or to try for an 
approximate solution when we are concerned primarily with numerical 
computations. 

One method of getting a numerical approximation is that known as 
Picard’s method o* successive approximations, after the French mathe- 



INFINITE SERIES 


[Chap. IV 


ISO 


matician who evolved it. Although the method is useful only for those 
equations for which the successive integrations can be easily performed, 
it has great theoretical value in that it also provides a proof of the exist* 
ence of solutions of differential equations of very broad type. We do 
not, in this book, consider the problem of the existence theorem,* but 
confine ourselves to the application of Picard’s- method to numerical 
approximations. 

Consider the equation of first order, 
dy 

y=fi*,v), (1) 

dx 


and suppose that we desire a solution of this equation such that y = b 
when x = a; that is, we are seeking not the general solution of (1), 
containing an arbitrary constant, but a particular solution satisfying 
the additional condition a = b. If we multiply (1) by dx and 
formally integrate between limits, we get 


or 




fix, y) dx, 



( 2 ) 


This is an integral equation equivalent to the differential equation (1) 
together with the boundary condition, the unknown function y appear¬ 
ing now under the integral sign instead of in a derivative. If we re¬ 
place y in /(.r, y) by b, and perform the indicated integration in rela¬ 
tion (2), we get a first approximation to the desired solution, 


2/i = b + 



dx. 


New replace y in the right-hand member of (2) by y lf thereby obtain¬ 
ing a second approximation, 



We continue this process, replacing y in the function f(x, y) of (2) by 
the nth approximation y n to obtain the (n -f l)th approximation, 

Z/n+i = b (* fix , y n ) dx. (3) 

da 

• Such proofs may be found in H. T. H. Pi&ggio’s “Differential Equations” or 
E. L. I nee's “Ordinary Differential Equations.” 
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We thus obtain a sequence of functions of z, namely, y u y 3 , • • y*, 

Vn+u - a a as approximations to the solution of equation (I), and for 
each of these functions we have, by (3), y n+i * b. The theory of 

Picard’s method shows that the sequence y 3 , ••• tends to a limiting 
function Y as n becomes infinite, and that this limiting function is the 
solution of equation (1) which satisfies the given condition, 

dY n 

lim y n * Y, — = f(x, Y) } Y ] « 6, 

whenever the function f(x, y) of equation (1) obeys certain restrictions 
which we shall not state but which are met in all the cases with which 
we have to deal. 

A simple example will serve to illustrate the method. Let there be 
given the differential equation 

dy 

— = 2iy - 2x, (4) 

dx 

and suppose that we require that solution of (4) which takes on the 
value 2 when x = 0. The integral equation corresponding to (4) is then 

y = 2 + f (2xi / - 2x) dx. (5) 

•A) 

Putting y = 2 in the right-hand member of (5) and integrating, we get 
2 /i = 2 + f (4x - 2x) dx 
= 2 + j 2 . 

Getting y = 2 + x 2 in (5) and integrating again, we find 
2/2 = 2 + f (4x + 2x 3 — 2x)dx 


= 2 + * +F 

Continuing in this fashion, we easily obtain the following successive 
approximations, 

x 4 i 6 

y3 = 2 + x 2 + _ + _ 


, 4 = 2+i2+ _ + _ + _. 
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In this particular example (but not in general), the successive approx¬ 
imations are all polynomials in x , each one containing precisely the 
same terms as the preceding approximation but with one additional 
power term. A little study of the first few approximations may there¬ 
fore enable us to infer the form of the nth approximation, 

x A x 6 x 2n 

+ + - + ( 6 ) 

That this inference is correct is easily proved by mathematical induc¬ 
tion, for we have, supposing (6) correct for n = n, 

fW 0 2x 2n+1 \ 

Vn+i = 2+1 ( 2x + 2x 3 H — ■ + - —) dx 


— 2 + j 2 H-1-1-, 

2! (n + 1)! 

which is of the same form as (6) with n -J- 1 replacing n. It follows 
that the limit function Y can therefore be obtained; we have, in fact, 


lim y„ = 2 + x 2 + — + — - 1 -- + 


= 1 + 


[l+x 2 


2! 3! 

(* 2 ) 2 , (* 2 ) 3 


+ •-•+■ 


It is easily seen that this function does satisfy equation (4) identically 
in x } and that Y ] ltt0 = 2 as required. Here Y was not only obtained 

but could be.recognized as a function expressible in finite form; actu¬ 
ally, of course, Picard’s method was not needed in this case since equa¬ 
tion (4) is a linear equation of the first order which may be solved 
directly by the method of Art. 5, Chapter I. 

In a more complicated problem we should probably not be so for¬ 
tunate as to be able to deduce the nth approximation. But if we wanted 
to find the value of y corresponding to a given value of x, say x = c, we 

could find in turn y\ y 2 ] t _ c > * • *, proceeding until the desired ac¬ 
curacy is obtained; for example, if a numerical result correct to three 
significant figures were required, we should continue the process until 
further approximations appeared to yield refinements only in the fourth 
figure. 
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41 Method of Frobenius. The second method of which we make 
use is one due to Frobenius. This process is applicable to homogeneous 
linear differential equations of any order, with variable coefficients, and 
also plays a large part in the theory of such equations.* It consists, 
in its full generality, of assuming a solution in the form of a series, 


y = x e (a 0 + aix H-f- a n x n H-), (1) 


where the numbers c, a<j, ai, ■ • •, a„, • • • are to be determined by sub¬ 
stituting (1) in the given differential equation and setting the com¬ 
plete coefficient of each power of x equal to zero. It should be empha¬ 
sized that this method is a tentative one,t in that certain linear dif¬ 
ferential equations possess no solution of the form (1). For example, 
the equation 


4 d2y _l o 3 dy 
x*— + 2x 3 —-y 

dx“ ax 


0 


has no solution of type (1) since its general solution is y = C\e lfx + 
C 2 fi” 1/x , and the functions eV x and e~ x,x cannot be expressed in series 
of ascending powers of :r. 

As a special case of the Frobenius method, we sometimes assume a 
solution in the form of a Maclaurin series, 


y = a 0 + a Y x H-h a n x n H-, 


( 2 ) 


to which (1) reduces if c = 0, since it is easier to deal with series (2) 
than with series (1). Then if our efforts to find a solution of the type 
(2) fail, or if the solution so obtained is not sufficiently general for our 
purpose, we may assume a solution of the form (1). 

As an example, consider the equation 


d 2 y dy 

4x + 2 --2/ = 0, 

dx“ dx 


(3) 


and let us seek a solution of the form (2). Differentiating (2) twice 
and substituting in (3), we get the relation 

8 a 2 x + 24a 3 x 2 H-b 4n(n — l^x"” 1 H- 

+ 2ai + 4a 2 x + 6a 3 x 2 H-b 2na„x n " 1 4- 

—o 0 — cqx — a 2 x 2 — --a„_iX n_1 -=0. (4) 

* See, for example, the books of Piaggio and Ince, previously cited, 
t That is, in the absence of knowledge of the theory of linear differential equa¬ 
tions. The Frobenius theory enables one to determine the conditions under which 
a given linear equation will have a solution of the postulated form. 
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This equation will be satisfied identically in x if the complete coeffi¬ 
cients of the successive powers of x are set equal to zero. Hence we 
have the further relations 


2oi — Oq - 0, 1202 — a\ = 0, 30a 3 — = 0, * • •, 


whence 


2n(2n - l)a« - a n -i =0, * • •, 




24’ 




a n 


Gn-1 

2n(2n — 1) ' 


(5) 


As a matter of fact, only the relation between a n and a n _i is actually 
needed, since this holds for n = 1, 2, ■ Replacing n by n — 1 in 
the latter, we have 


so that 


a n -2 

(2n - 2) (2 n - 3) ’ 


a n 


071-2 

2n(2n - 1) (2n - 2) (2 n - 3)* 


Proceeding in this way, we ultimately find 


o,t 


0Q 

(2«)!’ 


( 6 ) 


which is checked for n = 1, 2, 3 by the first three of relations (5). 
Substituting for a lt o 2 , • ■ • their values as given by (6) in series (2), 
we therefore get the series solution 

y = ao 1 + 

where a () is arbitrary. Inspection of (7) shows that the series in brack¬ 
ets is merely the expansion of the function cosh y/x , so that a solution 
of the given differential equation (3) is 

y - oo cosh Vx. (8) 

That this is indeed a solution may be easily checked by direct substitu¬ 
tion. Our tentative method has therefore been successful in that we 
have found a solution of (3) containing one arbitrary constant. In a 


2! + Ji + 5i + ' 


X 

,+ (2^ + ‘ 




(7) 
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sense, however, it has not been completely successful, for we have, so 
to speak, only half the general solution, this latter involving two arbi* 
trary constants. It so happens in this particular example that the gen¬ 
eral solution would have been obtained had we assumed a series solu¬ 
tion of the more general form (1) instead of the Maclaurin series (2). 
(See Problem 7 at the end of this chapter.) 

When employing the general Frobenius method, involving the series 
(1), we assume, as we evidently may without loss of generality, that 
oo ^ 0. After substituting (1) and its successive derivatives in the 
given differential equation, we ar e again led to an infinite system of re¬ 
lations similar to (5) in the constants c, a 0 , oj, . The first of these 
equations, obtained by setting equal to zero the coefficient of the low¬ 
est power of x in the series which is to vanish identically, is called the 
indicial equation since it serves to determine the index c. If the differ-' 
ential equation under investigation is of order m, the indicial equation 
will in general be an algebraic equation of degree m. Thus it may 
happen that m distinct possible values of c can be found from the in¬ 
dicial equation, whence we shall get m distinct * solutions of our dif¬ 
ferential equation. When this occurs, we have the general solution as 
a linear combination of the m distinct functions with arbitrary con¬ 
stants as coefficients. 

If we wish to make use of the series solutions obtained by the Fro¬ 
benius method, we should, of course, examine each series for conver¬ 
gence to determine the region of its validity. The series (7) found in 
our example, for instance, is convergent for all values of x, and hence 
may be used in computation. 


PROBLEMS 

1. Using Picard’s method of successive approximations, obtain a solution of 
the equation dy/dx — y + x such that // = 1 when x == 0. Curry out the work 
through the fourth approximation, and cheek your result by finding the exact par¬ 
ticular solution. 

2. Given the equation dy/dx = 1 + 2 xy — 2i 2 . If i/ ■ 1 when x *> 0, use 
Picard's method to find the value of y when x =* 

3. A 10-lb. weight starts its motion with an initial velocity of 5 ft./sec. and 
moves thereafter subject to a force* of 20 v / lb., where t (sec.) is time, acting in the 
direction of the initial velocity. The motion is opposed by a resisting force numeri¬ 
cally equal to lOr/p 11)., where r is velocity (ft./sec.) and g « 32.17 ft./sec. 2 Using 
Picard's method, find the velocity when t <=* i sec. 

4. Tank A contains 100 gal. of brine in which arc* dissolved 50 lb. of salt. 
Tank B contains 100 gal. of water. Water runs into A at the rate* of 3 gal./min., 

* By distinct we mean here linearly independent; for a precise discussion of this 
concept, see the text books on differential equations referred to previously. 
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and the mixture, kept uniform by stirring, runs into B at the rate of 2 gal./min. 
If the resulting solution, likewise kept uniform by stirring, then runs out of B at 
the rate of 2 gal./min., find the amount of salt in B at the end of 20 min. (a) by di¬ 
rect use of a series; (6) by Picard’s method. 

6 . Apply Picard’s method to the equation dy/dx ** 2y — 2x 2 — 3, where 
y 2 for x « 0. From the first few approximations, infer that y n « 2 4- x + 
x 2 — 2"x n+, /(n + 1)! — 2 n+l x n+2 /(n + 2)! Hence deduce that the solution is 
y ™ 2 + x 4- x 2 , and verify this result. 

6. Apply Picard’s method to the equation dy/dx * 1 + 2 xy — 2x 2 , where 
y « 1 for x ** 0. From the first few approximations, infer that y n =* 1 + x ■+■ x 2 
-f x 4 /2! + ■ • • + x 2n /n\ — 2 n x*" +, /l-3-5 • • • (2n + 1). Hence deduce that the 
solution is y — x 4- e** f and verify this result. (Cf. Problem 2.) 

7. Find the complete solution of the example of Art. 42 by the method of 
Frobenius, using the more general series (1). 

8. Using the method of Frobenius, find the general solution of the differential 
equation 2x(l — x) d 2 y/dx 2 4- (1 + x) dy/dx — y — 0. 

9. Find the general solution of the differential equation x(l — x) d?y/dx 2 + 
2(1 — 2x) dy/dx — 2y * 0. 

10 . Find the general solution of the differential equation 2x(l — 2x) d 2 y/dx 2 + 
(1 + 4x 2 ) dy/dx — (1 -f 2 x)y = 0. 

11. Using the method of Frobenius, obtain two independent solutions of the 
equation 2x(l — x) dhy/dx 2 (1 — x) dy/dx +3) y =0: one, the irrational alge¬ 
braic function y\ = (1 — x)\/x ; the other, in the form of the series 3/2 * 1 — 3x 

+ x 2 H-3x” 41 /(2n + l)(2n — 1) H-. Show that the latter series is the 

expansion of the transcendental function 


1/2 



7(1 — x)Vx In 
4 


1 + Vi 
i- Vi 


12. A particle moves from rest at a distance 10 ft. towards a center of attraction, 
the force varying inversely as the distance. If the initial acceleration is numeri¬ 
cally equal to 5 ft./sec. 2 , find the time required to traverse the first two-thirds of 
the distance to the center. 

18. A particle moves from rest at a distance 10 ft. towards a center of attraction, 
the force varying directly as the square of the distance. If the initial acceleration 
is numerically equal to 1 ft./sec. 2 , find the time required to travel from the half¬ 
way point to the center. 

14. The following formulas give the maximum deflection yj. of a cantilever beam 
of length b (in.) and weight w (Ib./in.) subjected to a horizontal force P (lb.) at 
the free end. 

Compressive force P (Problem 03, Art. 14) : 

wEI f 9 2 \ 

VL - ^1 - - - sec e 4 e tan 0J- 

Tensile force P (Art. 22): 

wEI / 0 2 , , \ 

Vl - "pT^ 1 + g “ Bec ^ ie ~ Otenney 
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Show that these formulas may be written, respectively: 


VL 


VL 


wEI76* H30 8 

T r \ 8 + 14 4 + 5700 

wEI 70 ® 1130 8 

p- V 8 ~ iii + 5760 


+ ••). 


m 


which are convenient for computation when 0 = Ly/'PjEI is small. 

A wooden cantilever beam 2 in. by 4 in. by 10 ft., with E = 15 X 10 s lb./in. a 
and weighing 40 lb./ft.* is subjected to a horizontal force of 100 lb. at the free end. 
If the 2-in. side is horizontal, find the maximum deflection when the force is (a) 
compressive; (b) tensile. 

15 . Tank A contains 100 gal. of brine in which 100 lb. of salt are dissolved. 
Tank B contains 100 gal. of water. Brine flows from /I to B at the rate of 2 
gal./min., the mixture is pumped from B back to A at the rate of 1 gal./min., 
and 1 gal./min. also flows from B into a third tank. Bet x and ;/ (lb.) denote the 
salt content of tanks A and B, respectively, at time t (min.). Formulate the differ¬ 
ential equations of the system, and eliminate y to obt ain a second-order linear equa¬ 
tion for x. For convenience, introduce a new independent variable, u = 100 — l, 
to get 

100 u 2 ^4 - 2u(IOO + u) ~ + 2(100 + u)i = 0. 
r hi 2 an 


Apply the method of Frobenius to this equation, and hence show that 
- £(100 - <)(1 + * ' /5 °), V = 50 - (50 - 0c~‘ /5 °. 


x 
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43. Introduction. In Chapter IV we discussed certain properties 
of infinite series in general, and gave particular attention to power series 
because of their wide applicability and frequent occurrence. In some 
types of problems, however, it is impractical or otherwise undesirable 
to deal with power series, and we often find a more natural approach 
to a required result through an infinite series of trigonometric functions. 
Because of the periodicity of the trigonometric functions, it may be 
correctly supposed that such series would be useful in the investigation 
of various periodic physical phenomena. In addition, we shall see in 
Chapter VII that many partial differential equations arising in physics 
and engineering are most conveniently solved by means of such series 
of trigonometric terms whereas series of power functions would be 
awkward to use. 

44. Definitions and formulas. By a trigonometric series we shall 
mean a series of the form 

do 

- + 2^ ( a n cos nx + b n sm nx ), (1) 

where the a’s and b’s are constants. The constant term in (1) is written 
as Oo/2 rather than as do for later convenience, for we shall see that the 
formula we obtain for a n will then hold for n = 0 as well as for n = 1, 

2 , 

Whether a series of the form (1) will converge for any value of x, 
and if so, what manner of function it will represent, will of course depend 
upon the numbers a n and b n . But if it converges in any closed interval 
of length 2ir, say c g x ^ c + 2ir, it must, because of the periodicity of 
the functions sin nx and cos nx, converge for every real value of x, 

• and consequently will represent a function defined for all values of x 
and periodic with period 2 tt. We therefore need deal with merely the 
interval c S x S c + 2ir, the behavior of our series for other values of x 
being completely known when its properties for this interval are 
determined. 

In order to investigate the nature and behavior of a series of the 
type (1), we shall make use of the following formulas, where in and n are 

188 
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any positive integers or zero, except for the restrictions stipulated; 

(I) 


f 1 *. r i 

J suinxdx *= y -cosnxj = 0, n^O, 

r + 2x n -ic+ 2 t 

coe nxdx *= ^-sinnxj » 0, n^O, 

r + 2 » 

sic 


sin mx coa nxdx 

c+ 2r 


(IV) 


(V) 


(VI) 


(VII) 


r +2ir 

■* 




[sin (m — n)x + sin (m + n)x] dx *= 0, 


sin mx sin nx dx 

+2x 


r + 2 x 

[cos (m — n)x — cos (m + n)x] dx = 0, m ^ n f 

r +2ir 

c 


cos ?nx cos nx dx 

-!-2t 


r *rZT 

[cos (m — n)x -f cos (m + n)x] dx = 0, m ^ n, 

r +2* *c+2t 

sin 2 nx dx = j I (1 — cos 2 nx) dx = n, n 7 * 0, 

r + 2 x ^r-¥2r 

cos 2 nx dx = *| I (1 + cos 2nx) dx = v, n 0. 


Wc are now ready to prove 
Theorem I. // the series 


30 

— + ai cos £ 4* «2 cos 2x + ■ • • + a n cos nx H- 

2 

-1- sin x + ^2 sin 2x + ■ ■ • + h n sin nx -f • 


( 1 ) 


is uniformly convergent in the dosed interval + 2tt, and has the 

8umf(x), then for n — 0, 1, 2, ■ • • we have 

l pC+2 jt J pC-\-2r 

On = - I /(x) cos nx dx, &n = - I /(x) sin nx dx. (2) 

IT e/ c 7T d c 


First of all, wc note that since the series (1) is uniformly convergent 
for c ^ x £ c 4- 2r, and because of the periodicity of the functions 
sin nx and cos nx, we have (1) uniformly convergent over every real x 
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interval, and therefore this series may be integrated term by term 
(Theorem III, Art. 39). We therefore find 




dx 



cos x dx H-h 

sin x dx + • • • + 


r 

r 


+2t 

a n cos nxdx H- 

+2* 

b n sin nxdx H— • 


= aoir 


by formulas (I) and (II). Thus ao is given by the first of equations 
(2) with n = 0. 

Now let 


s„(x) --b fli cos x a 2 cos 2x + ■ ■ ■ + a n cos nx 

2 

+ hi sin x -f b 2 sin 2x H-h b n sin nx. 

Then by definition of uniform convergence, we have, given any « > 0, 

I /(*) - s n (x) I < e 

for n sufficiently large and for any x. If we multiply (l) by cos nx , 
the resulting series is also uniformly convergent. For, we have, since 
| cos nx | ^ 1, 

| fix) cos nx — s„(x) cos nx | ^ | fix) — s n (x) | < e 


for any x. Consequently the new series may likewise be integrated 
term by term; doing this, we get 


r 


+ 2 *- 

fix) cos nx dx 



— cos nx dx 
2 



+2t 

ai cos x cos nx dx -f- 

+2t 

On cos 2 nxdx H- 

+2r 

bi sin x cos nx dx H— • 

+2* 


= a n x 


b n sin nx cos nx dx + • • • 
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by formulas (IT), (III), (V), (VII), and therefore we have the first of 
equations (2) for n - 1,2, 

Finally, if we multiply (1) by sin nx, which will similarly give us 
another uniformly convergent series, and integrate, we find 


r + 2 ir ~c-\ 

f(x) sin nx dx - I 


Oo 

2 

-|- 2 t 


sin nx dx 


r 'KsT 

CLi cos 

r +2r 

a, 

-r 


cos x sin nx dx + ■ 


cos nx sin nx dx + ■ 


+ | b\ sin x sin nx dx H- 

,H'2jr 


r i" 2 tt 

b n sin 2 


nx dx + • 


= b n Tr 


by formulas (I), (III), (IV), (VI). This gives us the expression for b n 
stated in the theorem. 

In the above discussion we have regarded the trigonometric series 
as the given tiling, and supposed it uniformly convergent with some sum 
function f(x). It has then been shown that the coefficients of the given 
series are related to the function fix) represented, by the relations (2). 
Now ordinarily we start with a given function f(x) and attempt to find a 
series representing it. On the basis of the foregoing derivation, we 
should naturally compute numbers a n and b n associated with f(x), by 
means of equations (2), and thus formally construct the series (1). A 
series so constructed from f(x) is called a Fourier series belonging to 
f(x). We then have hope, but, in general, no assurance, that the 
Fourier series for f(x) will converge and that it will represent f(x). 
Indeed, for a function arbitrarily given, neither of these hopes may be 
fulfilled.* 

Fortunately, however, a very wide class of functions will possess 
Fourier series that do converge and represent them. Every function 
defined for an interval c < x < c + 2r and possessing a Taylor series 
expansion valid in this interval will certainly possess a Fourier series 
representing it, and in addition many functions for which no Taylor 
development over the interval exists may nevertheless be expanded in a 

* It is not even true that all continuous functions are representable by their 
Fourier scries. 
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Fourier series. It is this wide applicability of Fourier series that fur¬ 
nishes one reason for their importance and usefulness. 

It is beyond the scope of this book to discuss conditions under which a 
function will be represented by its Fourier series.* We merely state 
Fourier’s theorem, which applies to all the functions that normally arise 
in physical and engineering applications. 


Theorem II. Any singlwalned function f(x), continuous except 
possibly for a finite number of finite discontinuities in an interval of length 
2r, and having only a finite number of maxima and minima in this interval f 
possesses a convergent Fourier series representing it. 


By a finite discontinuity at a point x = x 0 we mean, roughly speak¬ 
ing, a finite “jump” in the graph of the function, as shown in Fig. 33. 
More precisely, if lim f{x 0 — h) 

Jk-*0 + 

and lim f(xo + h) both exist but 

Jk-»0 + 

are different numbers, we say 
that f(x) has a finite discontinu¬ 
ity at x — x 0 . It turns out that, 
when /(x) has a finite discon¬ 
tinuity at i = zo> the Fourier 
series yields the arithmetic mean 
of the two limits given above 
when we set x = x 0 in the series. 

46 . Examples. We proceed to consider a few concrete functions to 
exemplify the manner in which Fourier series are obtained. 



Example 1 . Consider the function /(x) defined by the relations (Fig. 34) 
/to-1, 0 < x < t; 

/(x) “2, w < x < 2t. 


Here we are dealing with an interval 



of length 2ir, for which c — 0. We have 
not defined /(x) at the midpoint of 
our interval, but the statement at the 
close of Art. 44 indicates that the 
resulting series will yield /(ir) * $. 
Moreover, the series, because of its 
periodic character, will define f(x) for 
every x not in our interval, whence we 
r should expect to get /(0) = /( 2w) « f 
also. This we shall verify. 

It may be mentioned, in passing 


* See, for example, Goursat- Hedrick, “Mathematical Analysis,” Vol. I. 
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that there is nothing strange about defining our function in the two halves of 
the interval by means of two different equations; we shall have frequent 
occasion to deal with such functions in our applications. As a matter of fact, 
we can by a slightly artificial device define the above function over the given 
range by means of a single equation if desired, namely 

\ 3 i x ~ r 

~ 2 + 2 | x — t | ’ 

but this is not necessary. 

Now by formulas (2), Art. 44, we have 

mlw 


flo 1 


1 r tw l r r 1 r 2r 

- I l'dx H— I 2d®-l-f 2-3, 

X J 0 X, Jq W J r 


2-cos nx dx 


1 r* 1 r r 1 r 

— I f(x) cob nx dx = - I 1 ■ cos nx dx — I 

irJ 0 IT j o tJ, 

J^sinrwJ 4-^J^sinnsJ =0, n — 1, 2, 

V r* w 1 f r 1 f Zr 

- I f(x) sinnx dx = - I sin nx dr -f— | 2 sin nx dx 

r Jo t Jo t J* 



i v, r 

2 1 

a 

-cos nx -M 

-cos nx 


L xn Jo L 

xn J 


COSTMT . 1 2,2 

-1-1-cos nx 

xn im m im 


— (cos nx — 1), 
xn 


n = 1, 2, 


For this function, therefore, all the a's with the exception of ao vanish, and all 
the 6's with even subscript do likewise since the cosine of an even multiple of x 
is unity. Substituting n = 1, 3, 5, ■ * • in the expression for b n , we get 

2 2 2 


and we have the Fourier series 
3 

2 x 


/(*) 


— ^ ^sin x + ^ sin 3® + ^ sin 5x H-^ • 


( 2 ) 


Since the function defined by equations (1) satisfies the conditions of Theorem 
II, Art. 44, the series (2) will represent /(®). We see also that we do get from 
(2), as predicted, 

/( 0 ) * /(t) « /(2x) * i 

Moreover, an interesting by-product may be obtained from series (2). Setting 
x - x/2, we get, since /(x/2) - 1, 


or 


‘-H 0 -KH+■■■)• 


!oi - 1 4 .1 _ 1 4 -. 
4 3^5 7^ 


m 
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Thus we have found from the Fourier expansion an alternating convergent 
series representing the number 7 t/4. 

Example 2, Let a function be defined as follows (Fig. 35): 

f(x) = -X, -IT < X ^ 0, 

f(x) - X, 0 < X < IT. 1 } 

This time we take the initial point of our interval at — x. Again, the series we 



obtain will yield a value of /(x) for every x, but now the series function will be 
continuous everywhere,* as indicated by the graph. We find here 

1 r* 1 r° 1 r T 

Oo = - I /(x) dx - - I (—x) dx - I xdx 

7T J —x X J —x X */() 



1 f T If 0 1 f r 

— I /(x) cos nx dx = — I (—x) cos nx dx + — I : 

7T J ~t X «/_x X Jo 

1 Tx sin nx cos nxl° 1 |~x sin nx cos nx"| 
x L n rr J_x x L n n 2 Ji 


x cos nx dx 


1 COS 717T COS n7i 
xn 2 xn 2 xn 2 


i (cos nx — 1), 


1 r* 1 1 r* 

b n = - I /(x) sin nx dx = ~ I (—x) sin nx dx H— I x sin nx dx 

IT J-w X J-r 7T Jo 


1 

x cos nx 

( sin nx ' 

r+i 

J-r 7T 

x cos nx 

sin nxT 

X 

n 

Hr o 

n z . 

n 



COS nx cos nx 


= 0. 

n n 

Consequently we get the series 


/(*) = " - ^ [ cos x + “ cos 3x + i cos 5i H- J • (5) 

* Note, however, that this function does not possess a derivative at x ■» 0, 
dfcx, ± 2 v, ■ • • 
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If we substitute z * 0 in (5), we find another interesting series involving w t 

0 t ’l~i[ 1 + h + h + h + '"]’ 

v 2 - 1 , 1 . 1 , 

¥ = 1 + 3 5 + 5 s+ 7 i+ '“- (6) 

Since the positive roots of cos x — 0 are x — ir/2, Sr/2, 8v/2, • • •, series (6) 
gives us the curious result that the sum of the squares of the reciprocals of the 
positive zeros of cos x is equal to \ (ci. the analogous result concerning the zeros 
of the Bessel function Jq(x), Art. 76, Chapter VII). 

Example 8. As a final example, we take the function defined by 

f(x) = X, -7T < X < 7T. (7) 

This function (Fig. 36) coincides with that of Example 2 in the right-hand half 
of the interval, but differs in the left-hand half. 



We find in this case 


whence 


1 f* 1 r r 

oo — - I f(x) dx = - I x dx = 0, 

7T w_f TT J —x 

If* 1 r* 

On — - | f{x) cos nx dx — ~ j x cos nx dx * 0, 

TJ—T W J—r 

If* 1 f* 2 

6„ = — I fix) sin nx dx = — I x sin nx dx =-cos nr, 

rJ- f 7r J-, . n 

/(x) = 2(sin x — J sin 2x + \ sin 3x-). 


( 8 ) 


Substitution of x = t/2 in (8) again yields the alternating series (3) for x/4. 
For x ** — it or x = 7T we find /(x) = 0, which is the midpoint of the break at 
each discontinuity of (8). 
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PROBLEMS 


Expand each of the functions in Problems 1-7 in a Fourier series, and examine 
each aeries at the points of discontinuity when such exist. 


1. /(*) - x, 0 < x < x; f(x) — 0, x < x < 2x. 

2. fix) — x 2 , 0 < x < x ;f(x) — — x 2 , x < x < 2x. 

8. fix) - e®, — x < x < x. 

4. /(x) — x sin x, 0 < x < 2x. 

fi, fix) - Vl — cos x t —x < X < X. 

6. /(x) - cos ax, -x < x < x (o ^ 0, ±1, ±2, • • 

7. /(x) — | sin x |, — x < x < x. 


8 . Expand the function fix) «* sin x for 0 < x £ x, /(x) — 0 for x < x < 2x, 
and show that the result checks when x — 0 and when x — x/2. 

9. Obtain the Fourier scries for the function fix) — x 2 , —x < x < x, and from 
it deduce the relations 


x 2 

6 


1 1 1 
1 + 2 2+ 3* + 4* 


+ •••, 


T 2 111 

- =2 1 - 1 -(_ . 

12 2 2 ' 3 2 4 2 ' 



+ S 2 + 7i 




10. From the result of Problem 3, derive a series for x/sinh x. 


46. Even and odd functions. A function f{x) is said to be an even 
function if f{—x) = f(x), and is an odd function if /(— x) = —fix). 
Examples of an even function are x 2 , cos x; of an odd function, x and 
sin x. If a Maclaurin series contains only even powers of x, it is an 
even function; and if it contains only odd powers, it is an odd function. 
The geometric characteristic of the graph of an even function is its sym¬ 
metry with respect to the y- axis; for the graph of an odd function, 
we have symmetry with respect to the origin. 

Example 2 of Art. 45 evidently has to do with an even function, 
whereas in Example 3 we have an odd function, as may be seen from the 
graphs. Now it turned out in Example 2 that every b n vanished, the 
series (5) containing only the constant and cosine terms. On the other 
hand, the a’s of Example 3 were all found to be equal to zero, and the 
series (8) involved only sine terms. 

These occurrences were not accidents, but might have been foretold. 
We have in this connection the following theorem. 



Avr. 46] 


EVEN AND ODD FUNCTIONS 


107 


Theorem. When an even function f(x) is expanded in a Fourier 
series over the interval from —t to w, the coefficients of the series mU be 
given by 

2 r v 

dn = ~ I /(x) cos nx dx, b n «= 0. (1) 

V Jq 

When an odd function is developed in this interval , me heme 

2 f* 

a n = 0, b n = - I /(x) sin nx dx . (2) 


It is easy on geometric grounds to see the truth of this theorem. We 
shall, however, give an analytical proof of the first part of the theorem, 
the second half being capable of similar treatment. Let /(x) be even, 
so that/( — x) ee /(a;). We have 


1 r T 1 r° 1 r* 

a n = - I /(x) cos nx dx = - I /(x) cos nx dx -f— I f(x) cos nx dx. 

IT 7T 7T J o 


Now in the first integral of the last expression, replace x by —x. 
Remembering that cos nx is an even function, we then get 


On 


1 r° 1 r 

— - I f(x) cos nx(—dx) + - I /(x) cos nx dx. 
vJjr V Jq 


If in the first of these integrals we change the order of integration and at 
the same time change the sign of the integral, we see that it becomes a 
duplicate of the second integral, whence the first of equations (I) 
follows. Likewise, we have 

1 r w 1 r° 1 r* 

b n = - I f(x) sin nx dx = - I /(x) sin nx dx + - I /(x) sin nx dx 

TT J _ T 7T J—r TT J{) 

lf° 1 r r 

= - I /(x) sin (— nx)(— dx) + - I /(x) sin nx dx 

V J r TT Jo 


- f f(x) sin nx dx H— f f(x) 

V Jq TT Jq 


sin nx dx 


*0, 

whence the second of equations (1) holds. 

This theorem materially shortens the computation when we have to 
find the Fourier series of either an even or an odd functioif for the 
interval —ir < x < it. 
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47. Half-range series. In some problems we are concerned with an 
interval of length r instead of length 2r. In addition, we may be forced 
by the conditions of the problem to expand a given function in a series 
of sines alone or a series of cosines alone. Suppose that we Are given a 
function f(x) defined for 0 < x < x. It follows from the discussion of 
Art. 46 that we may find an expansion valid over this interval, in either 
sine terms alone or cosine terms alone. For, if we wish a sine expansion, 
say, we may create a function F(x) which is identical with /(x) for 
0 < x < x but equal to —/(— x) for — x < x < 0: 

F{x) « f{x), 0 < x < t, 

F(x) « —/(—x), —x < x < 0.. 

Then F(x) will be an odd function for the interval —x < x < x, and 
will accordingly possess a Fourier series involving only sine terms. 
Since we are concerned with only the range 0 < x < r, and since F(x) 
coincides with f(x) there, we shall have the desired expansion of /(x) 
in this half-range. Likewise, if we desire a cosine expansion for/(x), we 
may define a new function F(x) equal to f(x) for 0 < x < x, as before, 
but equal to/(—x) for — x < x < 0: 

F{x) = fix), 0 < * < 

Fix) - fi-x), -r<x<0. { ' } 

Hence F(x) will be even and therefore will be expressible in a cosine 
series. 

Thus a function /(x) defined over the interval 0 < x < x is capable 
of these two distinct types of series 
over the half-range 0 < x < x, we 
call them half-range series. 

An example will render the pro¬ 
cedure clear. Let /(x) = x + 1, 

0 < x < ir, and suppose first that 
we require a sine expansion. We 
define the function F(x) by means 
of equations (1), 

F(x) - x + 1, 0 < x < *, 

F(x) - x - 1, -*■ < x < 0. 

From the graph (Fig. 37), we see 
that F(x) is an odd function. Hence 
we need compute only the b% as 
"follows. 


. Since these two series are valid 




Art. 47 ] 


HALF-RANGE SERIES 


, ^ 2 f xcosnx am nx cosnxT 

6 n *= “ I (x + 1) sin nx dx .= -1-—--- 

r Jq jtL n nr n Jo 


= — (1 — cos mr — ir cos tr-V- 
icn 

Consequently we get 




7T 1 T "1 

(tt + 2) sin x -sin 2x + - (* + 2) sin 3x-sin 4x + ■ ■ • • 

2 3 4 J 


As a check, we have 

/t\ 2(tt + 2) / 11 1 \ 2(t + 2) * 


K 1 ~i + l 


1 \ 2(t + 2) IT T 

_ = _ + 1 > 


by relation (3) of Art. 45. 

For the cosine expansion, we find from equations (2), 
F(x) - x + 1, 0 < x < 7r, 

F(x) — — x + 1, —7T < x < 0. 



For this even function (Fig. 38), we have 


2 r 2 [x 2 7 

a 0 ^ “ I (x-hl)dr = —I — H-xl = ir + 2, 

t Jo 7r L 2 Jo 

2 r v 2 Tx sin nx cos nx sin nx Y 

A* « - (x + 1) cos nx dx = --1- 2 -1- 

wJq v L n n J c 


whence 


—- (cos nv - 1), 
xn 2 


- ^ + 1 — - (cos X + ^ cos 3x + ~ cos H - ^ • 
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To check, we get, as we should expect, 

r 4/ 11 \ T 4 tf 2 

« 0 ) --+ , - ; (i+p+^+-)- i + i - ;? -i. 

r 4/11 \ ir v 

M.- + 1 + -[ 1 + - + - + ...').- + i+ -., + i, 

by equation (6), Art. 45, and 


For the above illustration we chose a function which is neither even 
nor odd. If the given function were odd, for example, F(x) would be 
given by the same expression in x in the two relations (1), and the half¬ 
range sine series would be also the full-range series for —t < x < t. 
Thus, in the case /(x) = x, we should automatically get the sine series 
(8) of Art. 45, valid for — r < x < tt. But when finding the half-range 
cosine series for an odd function f(x), we should get different expressions 
for F{x) from (2), and a series representing the negative of f(x) for 
— r < x < 0, as series (5) of Art. 45. Similar remarks apply to the 
two half-range series for an even function. 

In practice, it is not necessary actually to construct the function 
F{z), for it coincides with f(x) in the half-interval, 0 < x < t, with 
which we are concerned, and its values for — v < x < 0 are immaterial. 
We need merely apply the theorem of the preceding article to the given 
function f(x), as was done in the above examples. 

48 . Change of interval. In most engineering applications of trigo¬ 
nometric series, we require an expansion of a given function over an 
interval of length different from v or 2ir. To this end, we might obtain 
a development over the interval from — ir to ir, say, and then stretch or 
compress this interval by means of a transformation of variable to suit 
the circumstances. 

Suppose that we have given a function /(x) defined for the interval 
—L < x < L , w here L is any positive number. We 

'fine interval irom — r to t 
in the ratio L/ir. Thus, if we denote by z the variable referring to the 
latter interval, we must have x/z = L/t r, or 



(D 
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Now f(x) * f(Lz/ t), regarded as a function of z, may be represented 
by a Fourier series, 


/Lz\ oo 

J ~ t fli cos z + 02 cos 2zH-h On cos nz -|- 

-f 61 sin z + 62 sin 2z H-|- b n sin 712 H-, (2) 

valid for — t < z < t, which, under the transformation (1) becomes 

„ x do . irx 2irx nirx 

/W " “ T cos — 4- <h cos — H-J- a n cos-1- 

& L L L 


+ &i sin — + b 2 sin — H-f- b„ sin — H-, (3) 

/ L L 


valid for —L < x < L. However, we need not go through the inter¬ 
mediate step of developing the 2-series (2), but may compute the 
coefficients a n and b n of (3) directly. For we have 


On 




cos nz dz 

sin nz dz 



UTX 


cos 


L 


dx y 


nirx 

sin- dx. 

L 


(4) 


As an example, let it be required to expand the function 
fix) = 0, -2 < x < 0, 

fix) = k, 0 < x < 2, 

where k is any constant different from zero (Fig. 39). We get from 
formulas (4), with L — 2, 


do — if 0 -dx + ij k-dx = k, 

1 r° nirx 1 r 2 nirx 

On = - I 0 • cos- dx + - I k- cos- dx 

2 J_2 2 2 Jo 2 

I" k nirx "I 2 

= 1 — * 0, n = 1, 2, •••, 

Lnir 2 Jo 

1 /*° nirx 1 r 2 . nirx 

h- = - I 0-sin-dx + - I A sm—-dx 

2 J —2 2 2 Jo 2 

[ A; n*®]* fc 

--cob— - —(1 -eosn*). 

I M 2 Jo m 
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Fig. 39 


Hence, substituting in (3), we have 

k 2k / tx 1 3t tx 1 5 tx \ 

f(x) = - -|-Ism-b “ sin-b - sin-1-). 

2 tt\ 2 3 2 5 2 / 

Half-range series for the interval 0 < x < L may be obtained in 
similar fashion. For the half-range sine series, we find 


tx 2tx 71TX 

f(x) * bi sin — + 62 sin — H-b b n sin — + • 

Lb L 




mrx 

sin- dx, 

L 


and for the half-range cosine series, we get 

Oo tx 2tx nrx 

f(x) - ■— + fli cos — + a 2 cos — H-b On cos — -b • 

2 L L L 


r nxx 

f(x) COS — ( 
L 


For example, let it be required to expand the function (Fig. 40) 


/(*) - 1 . ° < * < -. 

( 9 ) 

a 

f(x) - -1, - < x < a, 

2 

in a cosine series. From (8) we then get 

2 r“ /2 2 r* 

Oo - - I l-ds H— I (-1) dx - 1 - 1 - 0, 

0*0 O rf,/, 
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and for n 



2 r® /2 nrx 2 nxx 

On = - I 1 • cos - dx + - I (-l)coe-dx 

CL Jq CL CL JqI 2 o 


[2 

nrx ‘ 

a/2 

r 2 * 

nxx"l a 

= — sin 


— 

— sm 

— 

.nr 

a . 

0 

Lnx 

a Ja/2 


2 nx 2 nx 4 nx 

= — sin-1-sin — = — sin — 

nx 2 nx 2 nx 2 

Therefore, by (7), 

4 / rx 1 3 xx 1 5xx \ 

f(x) = -1 coe-- cos-h - eoe-• ■ )• 

x\o3 a 5 a / 

In particular, since (10) represents an even function, we have 

4 / xx 1 3 xx 1 5xx \ 

1 = - ( cos-cos-+ - cos-- • • I, 

x \ a 3 a5 a / 


( 10 ) 


(ID 


valid for —a/2 < x < a/2. We shall make use of this series in con¬ 
nection with a diffusion problem in Chapter VII. 

For convenience, we bring together the relationships embodied in 
equations (3)-(8) in the form of a theorem. 

Theorem. The Fourier series belonging to a function /(x), defined in 
the interval — L < x < L, is given by 


fix) 


do rx 2rx nrx 

— + a! cos — + oj coe — H-1- On coe — H- 

2 Lt It Li 


xx 2 xx nrx 

+ 6lBin + ^ _+...+ 6»ein —+•••, 

L L L 





where 
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Far the half-interval 0 < x < L, the half-range sine series for f(x) is 
f(x) 

where 

b n 

and the half-range cosine series , for 0 < x < L, is 

a 0 ttx 2ttx mcx 

f(x) = — + a x cos — + a 2 cos — H-h a n cos — H-, 

2 L L Li 

where 



b j sin — + 6 2 sin — H-1- b„ sin —— + • 

Li h Li 


2 r L nrx 

= - I sin — dx) 

Li Jq Li 


PROBLEMS 

1. Find sine and cosine half-range series for the function fix) — x 2 , 0 < x < v. 
Why do these results differ from the result of Problem 2 following Art. 45? 

2. Find sine and cosine half-range series for the function fix) =• «*, 0 < x < r. 
Why do these results differ from the result of Problem 3 following Art. 45? 

3. Find sine and cosine half-range series for the function fix) * x, 0 < x £ x/2, 
fix) •* ir — x, tt/ 2 < x < r. 

4. Find the Fourier series for the function fix) — 1, —2 < x ^ —l, fix) ■« x, 
-1 < x £ l, fix) - 1, 1 < x < 2. 

6. Find sine and cosine half-range expansions of the function fix) = 2x — 1, in 
the interval 0 < x < 1. 

6. Find an expansion for the function fix) *= 1 4- sin x, in the interval — 1 < x 
<1. By setting x * ir/4, obtain a series for esc 1. 

7. Find an expansion in a series of sines and cosines for the function fix) m 2, 
-2 < x < 0, fix) - x, 0 < x < 2. 

8. Find the half-range cosine series for the function fix) = 1 — x, 0 < x ^ 2, 
fix) * x — 3, 2 < x < 4. 

9. Find the half-range sine expansion for the function/(x) = x 2 — 2, in the in¬ 
terval 0 < x < 2. Using this series, obtain a numerical series for ir 8 . 

10. Find the half-range cosine expansion for tne function of Problem 9. 

11. Obtain the half-range sine series for the function fix) «* 2x 2 — 4x, 0 < x < 2 

12. Find the half-range cosine series for the function of Problem 11. 

18. Find the half-range sine expansion for the function fix) “ (x — l) a p in the 
interval 0 < x < 1. 

14. Find the half-range cosine series for the function of Problem 13. Using thi- 
series, obtain a numerical series for t 2 . 

15. Show that a linear substitution of the form t — mx + k will transform an) 
interval a £ s £ b into any other interval c & x £ d. Using the proper tinea; 
substitution, transform the sine series for unity in the interval 0 < s < * into th« 
cosine series (11) of Art. 48. 
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49 . Combination of series. It is often necessary to obtain a half¬ 
range sine or cosine series, for a given half-range 0 < x < L, of a linear 
or quadratic function of x. Instances of such needs will arise in our 
work with partial differential equations in Chapter VII. 

Instead of deriving such series by the application of the theorem of 
Art. 48, we may conveniently combine known half-range series for 1, 
x, and x 2 . In this connection, formulas 808-812 of Peirce’s “Tables” 
will be found useful, as illustrated in the following example. 

Let it be required to find a sine series and a cosine series for the 
function 

f(x) = 3x — 9, 0 < x < 6. 


To get a sine series for this function, we combine the sine series for x 
(Peirce, 809) and the sine series for unity (Peirce, 808), using the value 
c ** 6 for the maximum value in the x-range. We then get, multiplying 
the former by 3, the latter by —9, and adding, 

2*6 f tx 1 2rx 1 3 •kx ] 

3x — 9 = 3 *- sin-sin-f- - sin- 

t L 6 2 6 3 6 J 


4 ' 

— 9 • - sir 

x L 


1 3tx "I 

■ - sin-1- 

3 6 J 


Evidently the terms involving odd multiples of tx/ 6 cancel, and the 
result is 

18 / tx 1 2xx 1 3 tx \ 

3l - 9 --7l“T + 2“T + i“T + "7' 

0 < * < 6 . 

The cosine series may be similarly found. Multiply Peirce’s formula 
810 by 3, setting c = 6, and subtract 9 from the result. Then we get 


72 / tx 1 3tx 1 

3 l _ 9 .__r e _ + _“*_ + _ 


5tx 

cos-b • 

6 


0 < x < 6. 


60. R.m.s. value of a function. In a number of physical applications, 
particularly in connection with alternating-current theory,* we have 
occasion to deal with the concept of root-mean-square (r.m.s.) or effec* 

* See, for example, Art. 75, Chapter VTL 
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live value of a function. The r.m.s. value of y * f(x) over on interval 
from as~atox*6is defined as 


V - 



( 1 ) 


If, in particular, our interval is of length 2r, say c < x <c + 2x, 
equation (1) gives us 



( 2 ) 


Now suppose y « f(x) is expanded in a Fourier series, 

09 

do ^ V 

y -/(x) * — + > (a»coeru! + b n smnx), 


(3) 


for c < x < c + 2jt. Then the mean square value, i.e., the square of 
the r.m.s. value, of y over the given interval is 

< 4 > 

To obtain this formula, we shall merely substitute aeries (3) in 
equation (2), carrying out the necessary operations formally; that the 
resulting series (4) converges may be proved without difficulty.* 
When we square/(x), we get terms of the following types: 

do - 

—, bl sin 2 nx f c£ cos 2 nx f oq b n sin nx, aoOn cos nx, 

4 


2 Orfim sin mx cos nx f 2 b m b n sin mx sin nx, 2a m a n cos mx cos nx. 

Now the integrals, from c to c + 2 v, of the last five of these expressions 
vanish, by formulas (I)-(V) of Art. 44, whereas 


f 


r +2r 

6 


4 2 9 

Tbl 


b^ sin 2 nx dx 


r +2r 

oj cos 3 nx dx “ rai, 


* Bee K. Knopp, "Infinite Series," p. 361. 



Art. 50] R.M.S. VALUE OF A FUNCTION 207 

by formulas (VT), (VTI). Consequently 

" 2t + m i + *°a H-h *H- 

+ T&i + t 6| H-h + • • ■ j , 

whence equation (4) follows. 

As an illustration of the use of equation (4), suppose that we have an 
alternating-current wave represented by the series 

i = I\ sin (vt + ai) + 1 3 sin (3 oat + as) + sin (5a>f + as) -+-•■•, (5) 

where i denotes .the instantaneous current at time t; w is 2 ir times the 
fundamental frequency; I\, J3, ■ • • are the amplitudes of the funda¬ 
mental, third harmonic, etc.; and ai, a^, • • ■ are angles representing 
phase displacements. If we expand each term of the above series by 
the trigonometric addition formula, we get the current i expressed in 
the form 

% ■> Ai cos at + A 3 cos 3ut + A 5 cos 5wt H- 

+ Bi sin wt + Bz sin 3 at + B 5 sin fiwH-, 

where A n = /» sin a„, B n = I n cos a n . Hence we have from (4) 

i 2 = \(A\ -f B\ + A\ + B\ + A\ + B\ H-) 

= 2(^1 + ll + H H-)» (6) 

which is the square of the effective value of the current. Similarly, if 
the impressed voltage e is given by 

e » Ei sin (ut + f$i) + Ez sin (3w£ + £ 3 ) + E& sin (5 oj t + p&) + • ■ •, (7) 
the effective voltage will be 

As a second application of equation (4), we derive a series involving 
7 r, of which we shall make use in Art. 52. Consider the function 
f(x) m v < x < t, whose Fourier series is readily found by the 
methods explained earlier in the chapter to be (cf. Problem 9, Art. 45) 
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Now oil the one hand, equation (2) gives us as the mean square value 
of our function 

— J* x 4 dx = — • (10) 

Moreover, from the Fourier expansion (9) we get by equation (4) the 
series 

v 4 / 1 1 \ 

? + 8 ( 1+ ? + ? + -) (1I) 


as a second expression for the mean square value of x 2 over the interval. 
Equating the two results, we find the relation 


90 




+ •••. 


( 12 ) 


51. Harmonic analysis. If we have given the values of an unknown 
function/(x) corresponding to a set of values of the variable x, as in the 
case of a group of physical measurements, we can gain visual knowledge 
of the variation of /(x) over the given range by inspection of a graph. 
It is sometimes desirable to find an equation which will “fit” the graph, 
i.e., an equation whose graph varies but little from that obtained from 
our numerical table. 

There are a number of ways in which this curve-fitting may be 
attempted, including polynomial approximation and harmonic analy¬ 
sis.* The main difficulties in a particular problem are usually to choose 
the most useful type of functional relation which may be assumed to fit, 
and then to estimate the proper number of constants, coefficients or 
exponents, which may or should be determined. 

We give here one form of harmonic analysis which may be easily 
and rapidly applied. We shall discuss it merely in connection with a 
range of values of the variable x from 0 to 2 tt, since the extension cf the 
method to problems involving other ranges may be made without dif¬ 
ficulty, following the procedure outlined for a change of interval given 
in Art. 48. The following theorem gives the relations upon which the 
analysis is based. 

* See J. Lipka, 1 ‘Graphical and Mechanical Computation,” and Cane and 
Shearer, “Fourier Analysis and Periodogram Analysis.” The method of least 
squares, applied to curve-fitting, is considered in Chapter IX, Art. 90, of this 
book. 
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* , ( 2 ) 


Theorem. If the equation of a given curve for the interval 0 £ x < 
2 r is expressed in a Fourier expansion, 

Oq 

f(x) ®= — + ai cos x + 02 cos 2 x H-h o n cos nx H- 

2 

+ 6i sin x + b 2 sin 2 x H-1- h n sin nx H-, (1) 

then 

2m(0m + Oam + Osm H-) = /(0) - f (^j 

/2ir\ /2m - 1 \ 

+/fc)--/(—•')■ ® 

and 

2 m(b m — bzn + bsm -) “ “ / i^rn) 

( 5tt\ /4m - 1 \ 

+/ y _...^(_.) 1 < 3 , 

form= 1, 2, 3, 

To prove this, we use the Euler relations, 

e ntx = cos nx + i sin nx, 

(4) 

e~~ ntx = cos nx — i sin nx, 

where i denotes >/ —1, from which we get, by addition and subtraction, 
e nix + e -71 ^ e nix - 


Substituting these expressions in series (1), we have 

oo 

/(x) = — + y y^ j (a n cos nx + b n sin nx) 

2 nTi 

-7 + S[(7 + ^ + (T-i)H 


_ Oo 1 

“ 2 J 

For simplicity, let 


On ib n 


•e ntx + - 


0 >n + 


On - (b n 


0„ + tfe n 
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On ■ + fin, bn 583 l(“n “ At), (0) 

/(x) - 5 + V(«„e"“ + (7) 

^ n-1 

Now since 1 =* cos 2 nr + * sin 2nir = e 2ntr , where n is any positive 
integer, we have on extraction of the (2m)th root, l 1/2m = e niT/n \ L e t 
r n = e nw/m (n = 1, 2, • • •, 2 m) denote the 2 m distinct (2m)th roots of 
unity; evidently r m = — 1 and r 2m = 1. Then trom (7) we find 

/(O) = I +£(<*» + 

^ n-1 

/(-) = ^ +y%nr n + /V»‘) 

2 trf 

f (m) = J + P^ + /3 " r " _2) ’ 

=f+2>»^- 1 +^ +i ). 

Hence 

/(0) -/(-)+/(-)- 

\m/ \m/ \ m / 

BO 

= + ^- r n”" 1 ) 


Hence 


+ j8„(l - r" 1 + r„ s 


rn 2m+1 )l (8) 


But for » = 1,2, •■•,m — 1, m + 1, • • 2m, we have 


1 ~ r„ + ti 


J.-, _ 1 - (-’•n) 2 ” = 1-rg” 
" 1+ r„ 1 + r B 


1 _ r ~ + r -2_— 2m+l 1 ~ ( r ") 2W = 1- 1’*. 2 ’ ! _ 0 

1 r » +*■„ r n 1+r -. i +r -i °> 

since by the definition of r n , r n 5 * — 1 and r 2 " 1 = 1 for these values 
of n, while 

l-r„ + ii-r^" -1 = 1+1+14— • + 1 ” 2m, 

1 - r~ l + ri a -r»*" +1 - 1 + 1 + 1 +• ■ • + 1 - 2m. 
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Moreover, since c « r ( 2r "»+«)/»" - e a,,r/m when r and s are integers, the 
above four relations are repeated in the group containing a 2 m+i, • • •» 
and in the group involving /? 2 m+i, ■ • • £ 4m , and so on in the subse¬ 
quent groups. Therefore we have 

m -/(-) +/(-)- /(—-4 

= 2m (a m + /3 m + a 3m + /3 3m + a 5m + /3 5m H-) 

= 2m(a m + a 3wi + a 5m H-) 

by the first of equations (6). This proves relation (2). 

Next let p n = e n,vl2m (n = 1,2, ■ • Am) be the (4m)th roots of unity; 
then p m = i, p 2 m ~ 1? Pam = f| P 4 m == and p n = r n for any w. 

We now have 

f(—) = ~ +y^(°n Pn + 0nPn l ), 

\2 m) 2 frf 

/ (£) _ 2 + 5 < “^ +9 “’" I) ' 


/4m_l \ _ ^ + ^ (anp 4 n —t + 0np ~ 
\ 2m / 2 fri 

It follows that 


= [anPn(l “ Pn + pJ 


+ flnPn J (1 — Pn 2 + Pn* -P* 4 "* 2 )!- 

Again, for n * 1, 2, ■ ■ •, m — 1, m + 1, • • ■, 2m, we have 

1 -P?> + P 4 »-P 4 n m ' 2 = l-r fl + ^ B -r 2 - 1 = 0, 


1 “■ Pn 2 4 Pn ^ 


-4m+2 

Pn 


1 - r- 1 + r." 2 


i 2 i 4 4 m —2 _ i . i J2. __ . . _ „2m-l _ i) m 

1 — Pm 4 Pm-Pm “ 1 — 4 " r m — ■ T m = Zm, 

_ -2 , -4_~4m+ 2 _ i _ r ~l J r ~2_—2m+1 = 

Pm + Pm- Pm I ' m • ' m r m 
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Hence, from the first 2m terms of the preceding summation, we get 
merely 2rna m p m + 2m/3 m p “ 1 = 2 tni(a m - / 3 m ) since p m = i and p~ l 
= ~f, which in turn is equal to 2mb n by the second of equations ( 6 ). 
Likewise, from the next 2m terms of our summation, we get only 
2rna 3m P3m + 2m/J3mP3m‘ = -2 mi{a 3m - 0 3m ) = -2mb 3m . Again, since 

giic(Arm-\-a)t2m _ ^ air/2m 

we have cyclic repetition, whence equation (3) follows. 

Relations ( 2 ) and (3) may now t>e used for curve-fitting as follows. 
Our first step is to judge, from the appearance of the curve, how many 
terms of a Fourier series will serve to fit the graph adequately. In the 
absence of relevant information, only experience will aid in making this 
initial judgment; however, as we shall see, the present method gives us a 
basis on which our judgment may be confirmed. Suppose, then, that 
we decide that we need compute no a’s and b’ s with subscript greater 
than ten, or, in other words, that we may assume all such coefficients 
equal to zero. From equations (2) and (3) we then have, since a 30 = 
060 = * * ■ = &30 = b 50 = ■ • • = 0, 

From the curve we measure the necessary ordinates, whence a little 
addition and subtraction yield numerical values of ai 0 and 6 l0 . Now if 
both these numbers are close to zero, our supposition that coefficients 
with subscripts greater than ten are negligible is borne out, at least until 
09 , o 8 , ■ and b 0 , b Hl • • • are computed. But if either a 10 or b 10 is large 

in comparison with, say, the maximum absolute value of f(x) } it may 
appear advisable to start farther out- in the series, and compute, for 
example, a\ R and 6 15 . 

If, to make our procedure definite, we find aio and 6 jo both small 
numerically, we can next compute a$ and bg, a« and 6 8 , etc. These are 
all found individually until we reach a 3 and Z> 3 , where we must use the 
values of ag and 69 previously obtained, since we have 

C(a 3 + ag) = /(0) — f H-/ ^ , 


--O 
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Likewise, the computations of 02 , 621 <* 1 , &i involve coefficients already 
determined. Finally, a 0 /2 may be found from the relation 

/(0) =-— + 01 + <*2 H-+ Oio- 

« 

When a large number of curves are to be analyzed harmonically, a 
mechanical device may be used which shortens the labor of computa¬ 
tion. * 

PROBLEMS 


1. Using the sine series for f(x) — x, 0 < x < *, apply the method of Art. 50 
to show that 

y -1+ ^ + ^ + i + ■■ 

2. From the cosine series for f(x) « x, 0 < x < ir, deduce the relation 

9G 

3. From the sine series for f(x) * 1, 0 < x < t, obtain the relation 

T® ill 
¥" 1 + 3 2 + 5® + 7* + '“’ 

4. From the cosine series for f(x) = (2x — l) 2 , 0 < x < 1, obtain the relation 

T 4 11 

— “l+rj+ziH-. 


1 1 1 

1 + 3 i+ ^ + 7 i+ "- 


90 


2* ' 3 4 


5. Using the table of values given below, plot accurately the curve y ** f{x) 
and analyze it harmonically, starting with the computation of o 6 and 6&. 


X 

y 

1 r 

- 0.22 

10* 9 

- 0.01 

11* 9 

-0.5S 

4* 3 

-0.31 

13* 9 

0.13 

11* 0 i 

! 0.73 

5* 3 J 

; 1.43 

i 10 * 9 

1.9S 

17* 9 

i - i7 1 

1 

i 

! 

1 1 . 9 s ; 


X 

y 

0 

1.98 


1.69 

2*/9 

1.70 

*/3 

2.15 

4*79 

2.79 

5*/9 

3.11 

2*/3 

2.77 

7*/9 

1.82 

8*/9 

0.07 

1 


•See W. Koenig, “Mechanical Analysis of Waves.” Hell Laboratories Record 
Vol. XIII, No. 9, p. 258, May, 1935. 
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62. The use of trigonometric series in beam and bridge problems. 

For the application of this subject to the theory of suspension bridges 
we give two references: S. Timoshenko, “The Stiffness of Suspension 
Bridges/ 1 Am. Soc. C. E. Trans., Vol. 94 (1930), page 377; G. C. 
Priester, “Application of Trigonometric Series to Cable Stress Analysis 
in Suspension Bridges,” Univ. of Mich. Engineering Research Bulletin 12. 
We shall consider here only an introduction to the subject, namely, the 
application of trigonometric series to a simple beam carrying a concen¬ 
trated load or a uniform load. 

Suppose that we have a beam of length L ft. simply supported at 
its ends and carrying a concentrated load of P lb. at x = c, the origin 



being taken at the left end (Fig. 41). This problem appeared as Prob¬ 
lem 09 following Art. 7 of Chapter 1. Solving it by the regular methods, 
two different equations were obtained for the curve of the beam, one 
holding to the left of P and the other holding to the right of P. Now 
we have found that such a function may, by means of trigonometric 
series, be represented by a single scries throughout the whole interval; 
it seems natural, therefore, to try to obtain a trigonometric series 
representing the curve of the beam throughout the interval 0 ^ x ^ L. 

We take the y -axis positive downwards and represent the curve of 
the beam by a series of sines vanishing at x = 0 and x — L, namely 


ttx 2irx nirx 

y = bi sin — + b 2 sin — H -h b n sin -|- • 

L Ij Lj 


We have to determine the h 1 s so that this series will represent the curve 
of the beam in the interval 0 £ x £ L. 

Let us now obtain the potential energy, ]V, of the beam represented 
by (1). We have, from equation (28), Art. 7(f): 

et r L 

W = — I y" 2 dx. (2) 

2 Jq 

Differentiating (1) twice, we have 

ir 2 / tx _ 2 rx nirx 

/' “ “ 72 1fcl sin 7" + b * 2 sin ~j~ ^ -1" sin "•- 



Akt. 52] 


BEAM AND BRIDGE PROBLEMS 


We now square this value of y", substitute in (2), and integrate, but it 
will not be necessary to include the cross-product terms, since 

r mirx m tltx 

sin —— sin- dx — 0 (m ^ n). 

L L 

_ C L 0 nrx L 

Furthermore, I sin 45 - dx = —, so that 

J o L 2 

r 4 r L . tits 

tf = TZ^I 8in T* 

or 

Elr? \*° ^ 

W - UjT Z 4 -” - W 

This potential energy, IF, is imparted to the beam by the load P 
acting at x = c and producing the deflection y c at that point, where 

S nirc 

6 n sin—• (4) 

If, now. we consider the load P as acting through an infinitesimal 
displacement dy c it will do an amount of work P dy c equal to the 
infinitesimal increase, dW f in the potential energy of the beam and 
expressible in terms of the infinitesimal changes, db n , in the b’ s. We 
have, then, from (3) and (4), 

El t 4 . nice 

3 / b n db n ~ P / sin db n) 

or, 

/ EIic 4 . ttirc\ 

This equation is satisfied, independently of the values of db nt if and 
onl yif „ T 4 


that is, 


E1tc a . nice 

—r- n% n — P sin-, 

2L 3 L 


21?P sin ( nicc/L) 


With the 6’s thus determined, we substitute them in (1) and have the 
equation of the curve of the beam: 


21?P sin (nice/L) nirx 

- > -- ■ sin-* 

EIic A n 4 L 


( 5 ) 
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Example 1. Suppose that P acts at the midpoint of the beam (c — L/2), 
find the maximum deflection. 

We have, from (5), 


We have shown in Art. 50 that 

i+i+i. 

I 4 ' 2 4 ' 3 4 
The sum of the even terms of (7) is 


1 + 1 + ...V 

3 4 T 5 4 T ) 

( 6 ) 

+ ..— ■! 

90 

(7) 


lA + 1+l+...^l. 

2«\ ^2*^3*^ ) 16 


15 T 4 

Hence the sum of the odd terms of (7) is — — , and we have, substituting in (6), 
"I 2L*P 15 ir 4 l UP 


-I _ 2 UP 15r ^ 1 UP 

y L-L!t ~ EIt* 16 90 = 48 El 


Without summing the series in (6) we could use the first two terms and obtain 
1 2 UP 82 ^ J64 UP 

y \r-Lii “ El r 4 '81 81 t 4 El ’ 

a result which differs from the one obtained above by about 0.2%. 

Now consider (Fig. 42) a beam ._ L __ 

of length L ft. simply supported -- c - *| de 

at its ends and carrying a uniform ‘J* * 

load of id lb./ft. The weight of a wdc 

small element of length dc, at dis- Fio. 42 

tance c from 0, is w dc. Replac¬ 
ing P by w dc in equation (5) and integrating with respect to c from 
0 to L, we have 

2L 3 w sin ( nrx/L) C L nrc 
y = TTTT / ,- ~i - Sin — 


2L a w sin ( nrx/L) P l 

y = m? {ri n* Jo 

r nirc L nrcl L 

sin- dc --cos- 

L nr L Jq 


mrc 

sin- dc. 

L 


f0 (n even) 


(I — cosnir) = 12 L 


— (n odd), 
nir 


Since 
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we have for the equation of the curve of the beam 


4 L A w sin (mrx/L) 

El? « 5 


( 8 ) 


Example 2. Find the maximum deflection of the beam considered above. 

__ 4 L*w r 1 _ 1 1 

Li i " EIt 6 Ll* 3 s + 5‘ 

The sum of the series in brackets is ott 5 / 1530 (Knopp, “Infinite Series,” page 
240); hence the maximum deflection of the l)eam is 

"I _ 41V 5t 5 _ 5 L*w 

V \r-Ln ~ eT-^'TEw ~ 384 £7 ' 

Without summing the series, we could use merely the first term and obtain 
1 _ 4 L*w 

V \,-Ln -’PUT’ 

a result differing from the value obtained above by less than 0.4%. 

The equation of a beam which is uniformly loaded and also carries a 
concentrated load is obt* ; "ed by setting y equal to the sum of the values 
found in (5) and (8). 

PROBLEMS 



We have 

y L 


1. Derive equation (5), Art. 52, by the following alternative procedure. First 
express the bending moment as 

M =* -j {L - c)x , 0 ^ x £ r; 

Pc 

M -- — {L — x), c ^ x 2s L\ 

Li 

and obtain the Fourier half-range sine series for this function in the interval 
0 £ x ^ L. Using the fact that Ely " = M , equate the foregoing result to Ely” 
as given by equation (1), and thence find b n . 

2. In Example 1 of Art. 52 suppose that P acts at the quarter-point of the 
beam; find the deflection at. the midpoint. Show that, if two non-vanishing terms 
of the series are used, the result differs by about 0.1% from that which w'ould be 
obtained from the equation of Problem 60, Art. 7. 

3. In Example 2 of Art. 52 find the deflection at the quarter-point. Show that 
if only one term of the series is used the result is too small by less than 0.4%. 

4. A wooden beam 3 in. by 3 in. by 12 ft., simply supported at the ends, weigh¬ 
ing 40 lb. /ft. 3 , and for which E *= 15 X 10 6 lb./in. 2 , carries a concentrated load 
of 300 lb. at a distance of 2 ft. from the left end. Find the deflection at a point 
5 ft. from the left end. 

5. A cast-iron beam 2 in. by 2 in. by 8 ft., simply supported at the ends and 
weighing 450 Ib./ft.®, carries a concentrated load of 500 lb. at a distance of 16 in. 
from the right end. E « 15 X 10 6 lb./in. 2 Find the deflection at distances of 
4.0 ft., 4.4 ft., and 4.8 ft. from the left end. Estimate the location of the point of 
maximum deflection, and check by substituting in the series for y*. 
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53. The factorial. The gamma function, which is useful in evaluat¬ 
ing certain definite integrals, many of which arise in physical problems, 
is a generalization of the factorial. We recall the definition of factorial 
n, written n\, for n a positive integer: 

n! * n(n - l)(n — 2)- - -1. (1) 

For example, 4! = 4 3-2*1 = 24. It follows from (1) that 

(» + !)!= (» + l)-fiL (2) 


We may regard this formula as defining n\ when n = 0. Thus 1! = 1*0!, 
or 0! = 1. 

54. Generalization of the factorial; the gamma function. From the 
definition of n\ when n = 0, 1, 2, 3, • • •, as given in the preceding 
paragraph, we may plot the 
function n!, getting a scries of 
points as in Fig. 43. It is natu¬ 
ral to wonder whether we can 
find a function whose graph is a 
smooth curve connecting these 
points, i.e., a function that will 
reduce to n! when n = 0, 1, 2, 

3, • ■ •, and yield a continuous 
set of values for non-integral 
values of n. 

In searching for such a func¬ 
tion we might notice what hap¬ 
pens when we integrate by parts J x n e~ x dx, with u = x n , dv = e~ x dx, 
so that du = nx?- y dx, v = — e~ x . We have 


20 

10 

' ' • ___ 

0 12 3 4 

Fiq. 43 



dx = — x n e 1 




w Jx-V 


: dx. 


( 1 ) 


Now we wish to choose limits of integration such that the first term 
on the right will vanish for both limits. Such a pair of limits is 0 and « 
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since, for any value of n > 0 (not necessarily an integer), ** 

also x n e~ x I = , which is of the meaningless form «/« for 

J e Jx— « 

n > 0, but by differentiating both numerator and denominator p times, 
where p is the first integer ^ n, we have 

x B l n(n — l)(n — 2) • • ■ (n — p + 1) 

Furthermore, both integrals in (1), taken between 0 and *> for n > 0, 
represent definite functions of n. Hence we have, from (1), 





x n ~]e- s dx 


(n > 0). 


( 2 ) 


The integral on the right is a function of n which, when multiplied 
by n gives the same function of n + 1, whether n is an integer or a 
fraction; it reminds us of (n — 1)! when n is an integer, which has this 
property, for, from (2), Art. 53, 

n\ = n(n — 1)!; 


it is a generalization of the factorial (n — 1)!—we call it the gamma 
function of n : 

r(n) = f x'-'e-’dx (n > 0). (3) 

Jo 

Then, from (2), we have 

r(n -hi)* 7ir(n). (4) 


Now if we can compute the value of the integral (3) for values of n 
throughout a unit interval, say 1 < n ^ 2, the formula (4) will give 
the values of the integral throughout the next unit interval, 2 < n £ 3, 
from which in turn the values of the integral for 3 < n ^ 4 are deter¬ 
mined, and so on for all positive values of n > 1. 

Furthermore, using formula (4) in the form 


T(n) 


T(n + 1) 
n 


(40 


we may, from the values of the integral for 1 < n g 2, obtain the values 
of the integral for 0 < n ^ 1. Thus we can find the value of T(n) for 
all values of n > 0 provided we know its value for 1 < n g 2. 
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We may now generalize further for negative values of n by letting 
the formula (4) or (4') define T(n) when n is any negative number except 
a negative integer. For example, putting n = — £ in (4') we obtain 
r(-£) in terms of F(^). Since the numbers 0,-1, —2, —3, ■ • • sub¬ 
stituted in turn for n in (4') do not yield finite values for r(n) we exclude 
these values from the domain of definition of the gamma function. 

The complete definition of the gamma function defining it for all 
real values of n except when n is zero or a negative integer is 


r(n) 

r(») 


■ f“x n - l e- x 
Jo 

r(n + 1) 


dx (n > 0), 


(0 > n 5 * -1, -2, -3, ■■■). 


(5) 


It is possible to generalize the gamma function still further for com¬ 
plex values of n, obtaining the Gauss pi function II (n), but we shall not 
use this function in our subsequent work.* 

A table of numerical values of T(n) for 1 < n ^ 2 is given in Peirce’s 
“Tables.” From this table the values of T(n) for values of n outside 
the interval 1 < n ^ 2 (except n = 0, —1, —2, —3, ■ ■ ■) may be found 
by use of the relation (4) or (4'). 

Example. Find the value of (a) T(3.p); (b) T(0.5); (c) T(-0.5). 

(а) T(3.$) - 2.<jr(^6) - (2.6)(I.6)r(L0), by (4). 

log r(3.G) = log 2.6 4- log 1.6 + log r(1.6) 

= 0.4150 + 0.2041 + 9.9511 - 10 = 0.5702, 

T(3.6) = 3.717. 

(б) T(0.5) - 21X1.5), by (4’), 

= 2(0.8862) - 1.772. 

(c) r(-0.5) = = -4r(1.5)-4(0.8862)-3.545. 

— U-O 

To show that F(n) reduces to (n — 1)! when n is a positive integer, 
we start with 

r(n) - (» - l)T(n - 1), 

then replace T(n — 1) by its value obtained from the same formula by 
changing n to n — 1, namely T{n — 1) = (n — 2)r(n — 2), and so on, 
thus: 

r(n) = (n - l)(n - 2)T(n - 2) 

= (n-l)(n-2)...l.r(l). 

* See, e.g., J. Edwards, “Integral Calculus/' Vol. 2, Chapter XXIV. 
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But T(l) e~* dx *= “ e_ *] 0 " 1; hence 

F(n) - (n - l)(n - 2)- • 1 - (n — 1)! 
when n is a positive integer. 

We may now fill in the graph of the factorial (Fig. 43) and obtain 
the graph of r(n), a a in Fig. 44. 



Fig. 44 


It is an interesting exercise to find the exact value of T(|) by integra¬ 
tion and compare with the value found by the tables in the preceding 
example. 

r (i) = f ^~^ e ~ x dx (l®t x * V 2 * dx = 2y dy) 

•!t> r * v 

■* 2 f e“ v * dy * 2 f e~* dx, 

Jq‘ Jq 

[r(J)J 2 = 4 T e~ x% dx f e~ v% dy - 4 f f dy dx. 

Jq Jq Jq Jq 


Changing to polur coordinates, we have 

ar/2 /•« 


Therefore 


[r(i)] a = 4 r f V'*p dp do - -2 f e-'T 

•^0 ^0 •'O 0 

r 12 

= 21 dB =* t. 

Jq 


dJB 


r(i) - v^. 


( 6 ) 
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This is the exact value of r(|). To four figures we have y/v *= 1.772, 
the value found by the tables for T(0.5). 

65. A useful formula. From the definition of the gamma function 
(5), of Art. 54, we have 


r(m)-r(n) = f s m *e 8 ds f t n 1 e 1 dt (m > 0 , n > 0 ). 
Jq •'0 

Letting s = x 2 , ds = 2x dx, t = y 2 , dt = 2 y dy, 

T(w)r(n) = f 2x 2m ~ 1 er xS dx f 2y 2n - 1 e~ t/t dy 
Jo Jo 

= 4 f‘ f x 2m-y»-i e -(^+»*) dydx 
j 0 Jo 

Changing to polar coordinates, 

j % t /2 /»<*} 

r(w)T(?i) = 4 I I (p cos 0 ) 2m-1 (p sin d) 2n ~ 1 e~ p 'p dp dO 
Jo Jo 

~ l e sin 2 "- 1 edfff p 2m+2n ~ 2 e~ , '2p dp. 

j 0 


Letting p 2 = z, 


»rf 2 
= 2) c 


cos 


/•■*■/2 /»* 

r(m)r(n) = 2 I cos 2 ™- 1 6 sin 2 "- 1 6 d6 j 

j o •'O 

-»/2 


2m—1 


_T»+n— 1 _—z 


e Z dz 


Therefore 

/.W 2 


J 0 


f 

J o 


cos 2m_1 6 sin 271-1 0 dd = 


cos 2m 1 8 sin 2n 1 0 d 0 - T(m + n). 
r(m)T(n) 


(m > 0 , n > 0 ). ( 1 ) 


2r(m -J- n ) 

n + 1 . 

If we change 2 m — 1 to n, 2n — 1 to 0 , i.e., m to-, n to -j 

2 

we obtain as a special case of ( 1 ): 


r /2 

c 


cos” 6 dd = 


Y i±l\ 

\-2 J V* r * 12 

-= I sin" ( 

2 Jn 


•c-o 


(n > -1), 


the last integral being written down by symmetry—it could have been 
obtained by changing 2n — 1 to n and 2m — 1 to 0. If n is an even 
integer the above expression becomes 
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n - 1 n - 3 1 /1\ 

2 2 2 \2/ Vr (n - l)(w — 3)---l *■ 

n n - 2 2 /2\ 2 7 i(?& — 2) • * *2 2' 

2 ' 2 2 r \2/ 

and, if n Is an odd integer, it becomes 
n — 1 n — 3 2 ^ ^2^ 

2 2 2 \2/ Vx_ (n-l)(n-3)---2 

n n — 2 1 /1\ 2 n(n —2)---l 

2 ' ~2 2 \2/ 


Hence we have the much-used Formula 483 of Peirce's “Tables" 
(Wallis's formula): 


J r */2 **12 

sin w Odd = l co8 n 0 dJB 
0 ■'0 


(n 

-1)(«- 

3)•• • 1 


n(n — 2) 

■2 

(n 

- i)(w - 

3)- -2 


n(n — 2) • 

■i 


(n+ 1\ 


r l 

k 2 ) 



r G +i ) 


- , if n is a positive even integer; 
2 

if n is a positive odd integer; 


(n > -1). 


( 2 ) 


Letting x = cos 2 0, the integral of formula (1) becomes 

\ f x w " 1 (l - x) n ~ l dx. 

•Jo 

The beta function of m and n is defined as follows: 

n, n) = f x m ~ l (l - x)"- 1 dx. 

•Jo 


B{m t 


We then have 


J r 1 r T/2 

I - x )»-i dx = 2 1 cos 2m_1 <9 sin 2 " -1 0 d0 

0 Jq 


— B(m, n) = 


T(m)T(n) 
T(m + n) 9 


(3) 


in which m > 0, n > 0. 
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66. A problem in dynamics. A particle moves from rest at a distance 
a (ft.) towards a center of attraction, the force varying inversely as the 
distance. Find the time required to reach the center. 

If x (ft.) is the distance from the center at time t (sec.), we have 

d 2 x k 

dt 2 x' 


with dx/dt * 0 and x = a when t — 0; k (ft. 2 /sec. 2 ) is a positive con¬ 
stant of proportionality. Setting v = dx/dt, v{dv/dx) * d 2 x/dt 2 (Art. ' 
6), we have 

dv k 

v— = 

dx x 

whence integration yields 

v 2 

— = — k In x + c. 

2 

Since v = 0 when x = a, c — k In a, and therefore v 2 = {dx/dt) 2 = 

2 k In (a/x). Taking the square root and using the negative sign since 
dx/dt is negative, we get 

1 dx 

dt = -7= — — , 

y/2k \/\n {a/x) 


so that, if T is the time required to reach the center, 


r T 1 r° 

J 0 dt ~ T ~ V2kJ a 


dx 


VTn(a/T) 


Now let y = In (a/x), whence x = ae -w and dx = —ac - * dy. Then 


T 


a 

V2 k 



dy 


qr(|) 

V2k 


l r 

a _— sec. 
\ 2k 


PROBLEMS 


1. By substituting y * e~ x in equation (3), ArL 54, obtain another form for 
r(/i) (Peirce’s “Tables,” page 140): 


2. Evaluate the following integrals: 


(a) 


Jo 

(c) ; 

Jo V I - i 4 


(b) f vc” 1 -* dx\' 

Jo " 

w f 

Jo 


72 ,_ 

V dB. 
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8. Given the function 


F(m , n ) - j x m ^ln ^ dx t 


show that (a) F(m, n ) « T{n + 1 )/(m + 1)" +1 ; ( b) dF(m, n)/dm — -F(m, n + 1). 

4. Find the area inside the oval (1 + x 2 )y 2 ** 1 — x 2 . 

5. Find the length of the lemniscate p 2 = cos 20. 

6. Find the volume generated by rotating one loop of the curve p 2 — sin 0 
about the polar axis. 

7. Find the area of one loop of the curve p 6 * sin 0 cos 2 0. 

8. Find the area bounded by the curve y 2 = 1 — j 4 . 

9. Find the area bounded by the curve (4 — x 2 )y 2 =» a: 5 and its right-hand 
asymptote. 

10. (o) Find an expression in terms of gamma functions for the area bounded by 
the curve x 2m + y 2n * 1. (b) Evaluate the result of part (o) when m ** n ~ 
anti check by direct computation of the area enclosed by the astroid. 

11. Find the moment of inertia, wit h respect to the polar axis, of the area bo un ded 
by one loop of the curve p 3 = sin 2 0. 

12. Show that 

v; r(n) 

n “ 2*“ -l r(» + j) 

13. Find an expression, in terms of n, for 


J o Vl -I B 7 


Evaluate the result for n » 4. 

14. Find an expression, in terms of a and n, for 


f Va n ~- x n c 

Jo 


Evaluate the result for a * 10, n = 2, and check the answer. 

15. By means of the substitution y - frx 2 } show that 




(n > - 1 ). 


When n = 0, this reduces to the relation 




which arises in connection with the probability curve (Art. 88). 
. 16. Show that, if c > 1, 

I<1+ n 

l (\nv7 +V 


Draw and evaluate the area represented by the integral when c - 2, and find the 
xxmlinatcs of the maximum i>oint. 
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17. Using four terms of a series, compute the value of the integral 


(■/’(I - x)^ a di, 

Jo 


and compare the result with the value obtained by using formula (3), Art. 55, and 
a table of gamma functions. 

16. I'ind the distance from the pole to the centroid of the area of one loop of the 
curve fJ = sin 3 0 cos 0. 

19. Show that 

J m * 12 / - r® j 2 di /- 

V t an 0 ,10 - 4 ——j - »V 2. 

0 Jq 1 + X 

20. Express the value of the integral 

^ /"V= 

•'o V cos y 

in terms of gamma functions. Hence, using the result of Problem 7, Art. 30, show 
that 

/ v 2 \ x'Yw r(J) 

K V 2 / Ti'(J) 

21. Combining the results of the preceding problem and Problem 3, Art. 30, 
show that 

„ / V2\ V'S rxj] v 2t r(}) 

\ 2 / ” 8r(J) + 2r(f) 

22. Combining the results of Problems 20 and 21, show that 




23. An arch is in the form of an elastica (Art. 33) whose ends are perpendicular 
to the line joining them. Using the results of Problems 20 and 21, show that aL 
* tc”, and evaluate the ratio L a. 

24. Using Maclnurin's series and gamma functions, evaluate 

r Tl2 

I cos (sin i x)dx. 

J o 

26. Find the area in the first, quadrant bounded by the curve x s + y** * 1 and 
the coordinate axes. 

26. In the problem of Art. 50, if the particle starts at a distance of 25 ft. from 
the center with an acceleration numerically equal to 8 ft. /hoc.*, find the time re¬ 
quired to reach the renter and the time required to travel the first half of the diu- 
tanre to the renter. 

27. In the problem of Art. 56, if the particle takes 1 hr. to reach the center, find 
the time required to travel the first third of the distance to the center. 
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28. Find the time required for a particle to slide from the edge to the bottom of 
a smooth hemispherical bowl 2 ft. in diameter. 

29. A particle starts from rest at a distance 2 ft. from a center of attraction 0 and 
moves toward 0 under the action of a force which varies inversely as the fourth 
power of the distance from O. If the initial acceleration of the particle is numeri¬ 
cally equal to 8 ft./sec. 2 , find the time required to reach 0. 

80. A particle starts from rest at a distance 10 ft. from a center of attraction, the 
force varying directly as the square of the distance. Initially the acceleration is 
numerically equal to I ft./sec. 2 Using gamma functions, find the time required to 
reach the center. 

31. A particle moves in a straight line in accordance with the law (Px/dt 1 — 
-(2-|- 3x*)/2x* t where x (ft.) is the displacement from the center of attraction O 
at time t (sec.). If it starts from rest at a distance 1 ft. from 0, find (a) the time 
required to reach O; (b) the time required to travel the last -J ft. 

32. A particle starts from rest at a distance 1 ft. from a center of attraction 0, 
the motion being given by the equation tPx/dl 2 = —\/x n } where n > 1. Find an 
expression, in terms of n, for the time required to reach 0. Evaluate the result for 
n * 2, and check by a direct computation. 

33. A particle starts from rest at a distance 1 ft. from a center of attraction Q, 
the motion being given by the equation tPr/dt 2 = — x* where n > 0. Find an 
expression, in terms of n, for the time required to reach 0. Evaluate the result for 
n * 1, and check by a direct computation. 

34. Evaluate the triple integral 

/// 

where V' is the volume cut from the first octant by the plane x + y + * - 1. 

35. By suitably choosing values of a, b, and r, use the result of Problem 34 to 
compute the volume of the tetrahedron, its centroid, and its moment of inertia with 
respect to an edge lying along a coordinate axis. 

67. The Bessel function J n (x). Bessel functions are named after 
the German mathematician and astronomer Friedrich Wilhelm Bessel, 
who was director of the observatory at Konigsberg. He obtained them 
in solving a differential equation connected with a problem in planetary 
motion. If Bessel functions applied only to this problem they would 
not be so useful to the engineer and physicist, but it happens that they 
arise in many practical problems in electrical engineering, acoustics, 
aeronautics, hydrodynamics, thermodynamics, and the theory of elas¬ 
ticity. For example, they are used in the following types of problems: 
loading electrical transmission lines to increase inductance; determiner 
tion of eddy-current loss in the core of a solenoid; the theory of vibration 
of membranes as in loud speakers; problems dealing with wind-tunnel 
interference; and problems in heat flow. The student is referred to 
N. W. McLachlan’s treatise, “Bessel Functions for Engineers,” in which 
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a bibliography of ninety-three references to theory and applications 
is given. 

Bessel functions are particular solutions of the differential equation 


,< ^ + x^- + (x 2 - n 2 )y = 0, 


dx 


dx 


(i) 


which is called Bessel’s equation of order n, although the differential 
equation is, of course, of order 2. The number n may have any value, 
positive or negative, integral or fractional, or even complex. The form 
of the general solution of (1) depends on the character of n. We are 
going to obtain first a particular solution of (1) when n is a positive real 
number or zero, n ^ 0; this particular solution will be a Bessel function. 

We use the method of Frobenius. (See Chapter IV, Art. 42.) 
Assume a solution in the form 

y = x c (ao + a x x + a 2 x* + a 3 x 3 H-), (2) 

substitute it in the differential equation (1), and determine c and the 
a’s so that the equation is satisfied. We should keep in mind that we 
are not now trying to find the most general value of y which will satisfy 
(I), but the simplest particular value of y , and we emphasize this by 
calling it y x and writing (2) in the form 

2 n = a&f + aix c+1 + a 2 x c+2 + a 3 x c+3 -)-. (3) 

We now substitute y x , dy x /dx, d 2 y x /dx 2 for y, dy/dx f d 2 y/dx 2 in (1) 
and arrange the result in tabular form. At the top of the table are the 
various powers of x which occur, at the left the terms of the equation in 
reverse order, with their corresponding coefficients in the body of the 
table. 



S C 


X e + 2 

j.e+3 

x‘+ 4 


-n 2 yi 

afyi 

— aon 2 

“fllTl 2 

— <Z27l 2 

Oo 

— asn 2 

Ol 

— ain 2 

02 





dy\ 

X dx 

QqC 

ai(c+l) 

a 2 (c-h2 , l 

fls(c+3) 

fl4(c+4) 

... 

<L*V 1 
dx 2 

<XqC(c — 1) 

Oi(c + l)C 

aa(c+2)(c+l) j 

as(c+3)(c+2) 

04(c+4)(c+3) 

... 


Since the complete coefficient of each power of x must vanish, we 
write at the left the equations obtained by placing the sum of each 
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column equal to zero; these equations will be satisfied if c and the a’g 
have the values written at the right. 


§ 

% 

1 

3 

o? 

11 

© 

c — n, a o arbitrary 

a,[(c + l) 2 - n 2 ] = 0, 

«r = 0; 

02 [(c + 2) 2 — n 2 ] + Oo = 0, 

£ 

II 

§ 

3 1 

+ § 

Os[(c + 3) 2 — n 2 ] + ai = 0, 

£ 

II 

p 

04 [(c + 4) 2 - n 2 ] + 02 = 0, 

a 2 

a 4 =-: 

4(2n + 4) 

.[(c + r) 2 - n 2 ] + a r _ 2 = 0, 

~ Or—2 

^ r(2n + r) 


We notice that all a’s with odd subscript vanish; furthermore we may 
substitute in a 4 the value of a 2 previously found, then in a$ the value of 
a 4 , etc., thus obtaining all the a’s in terms of clq and n: 
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We now choose do so as to make this expression as simple as possible, 
once oo is arbitrary and we are after a particular solution. We could 
take Oo equal to unity, but it is better to let 

1 

On = - : 

2 n T(n + 1 ) 

this makes the power of 2 in the denominator the same as the power of x 
in the numerator and produces in the denominator (n + k) (n + k — 1) 
• ■ ■ (n + l)r(n. + 1), which is an expanded form of T(n -f k + 1) 
obtained by a repeated application of (4), Art. 54. Equation (3) may 
then be written 

- x n+2k 

Vl = S (_1) 2" +2 *A!r(n +T+1)’ (4) 


We have here a function of x in the form of an infinite series which is a 
particular solution of the Bessel equation (1); we call it the Bessel 
function J n (x ): 

+ ( n S 0). (» 

This is the definition of the Bessel function of order n, where n is any 
positive real number, or zero. The series converges uniformly in any 
finite interval. 

In the special case where n is a positive integer or zero, 


r(n + k + 1) * (n + k)\, 


and 


Jn(*) 




Ji+2* 


2 n+2 *Jfc!(n + k)\ 


(» = 0 , 1 , 2 , • • •). ( 6 ) 


One might think that ./oCx) is the simplest of the J’s but, at least from 
one point of view, J^(x) is simpler—it can be expressed in finite form. 
If n * J in (5), we have 
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*-( iVHi ** t+2 , + 

dx K 2 2k+ \k + l)! 2 2? k+2 (k + l)! 2 

t ^* +1 
( ^ 2 2t+1 A:!(A +1)!’ 

which is the negative of the term containing x 2fc+1 in J\{x)\ also, the 
derivative of the first term of Jq(x) is zero. Hence 


— Joix) = 
dx 

We now multiply the series for Ji(x) by x and differentiate: 
d 


( 1 ) 


dx 


IxJlix)] 


d [x 2 x 4 x 6 . 

= —-1-K-1)* 

dx L 2 2 3 2 ! 2 5 2!3l 


x 2 *+ 2 


that is, 


x 3 x 5 , x 2fc+1 

X 2 2 + 2 4 2! 2 "' +( X) 2 ? k ( k \) 2 


— [x/i(x)l = xJo(x). 
dx 


2 2fc+1 A;!(A: + 1)! 
H-, 


+ • 


( 2 ) 


We shall use formulas (1) and (2) in Chapter VII. 

59. The roots of J 0 (x) = 0 and J\(x) = 0. The student is familiar 
with the theorem in algebra which states that an equation of degree n, 

aox n + aix n_1 H-h ix + a n 0, (flo 5^ 0), 


has n roots, real or complex. He may have been one of those who won¬ 
dered why so much work is expended in proving a theorem which is 
rather obviously true. As a matter of fact it is far from obvious, and 
might be considered surprising, that this general equation has any root 
at all. Suppose that n is increased indefinitely; then according to this 
theorem the number of roots increases indefinitely. Is it obvious, or 
does it even seem likely, that the equation, 

Oq + aix + 02 X 2 + a 3 x 3 H-=0, 


will have an infinite number of roots? As a matter of fact, it may have 
no root at all, real or complex. For example, the equation 



x 2 x 3 x n 

2! 3! • n! 


0 
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has no root. It is equivalent to e x = 0, and no finite value of x t real or 
complex, satisfies this equation. When we form an equation by setting 
an infinite series in x equal to zero it is usually a difficult problem to 
determine the nature of its roots or to find them when we know their 
nature. The nature of the roots of Jv(x) — 0 and J\{x) = 0, however, 
is known, and tables of these roots have been constructed.* The roots 
of Jo(x) = 0 are useful in certain physical problems, for example, the 
problem in Art. 76, Chapter VII. 

The following statements f indicate the nature of the roots of 
Jo(x ) = 0 and J\{x) = 0. These equations have no complex roots; 
they each have an infinite number of distinct real roots; between two 
consecutive roots of either equation lies one and only one root of the 
other equation, i.e., the roots of the two equations separate each other; 
in each equation the difference between consecutive roots, as the roots 
become larger and larger, approaches the limiting value 7r, i.e., the 
functions Ja(x) and J\(x) arc “almost periodic” with (almost) period 
27r — the functions behave somewhat like cos x and sin x. 

Following are the first five positive roots of Jq(x) = 0 and Ji(x) = 0 
to four decimal places, together with the differences between consecu¬ 
tive roots. 


Mx) 

i = 0 

Ji(x) 

= 0 

Roots 

Differences 

Roots 

Differences 

2.4048 

3.1153 

3.8317 

3.1839 

5.5201 

3.1336 

7.0156 

3.1579 

8.6537 

3.1378 

10.1735 

3.1502 

11.7915 

3.1394 

13.3237 

3.1469 

14.9309 


16.4706 

■ 


* See Jahnkc-Emdo, “Funktioncntafeln,” for values of these roots to four or five 
decimal pLaces. 

t For proof of these statements sec Frank-v. Miscs, “Differentialgleichungcn der 
Pbysik.” 
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The differences of the roots of Jq(x) = 0 are approaching r from below; 
those of J\(x) = 0 are approaching r from above. The roots of J\{x) 
= 0 fit in between the roots of Jo(x) = 0 to form an increasing sequence. 

It is an interesting fact that the sum of the squares of the reciprocals 
of the positive roots of Jq(x) = 0 is 

1 , 1 ■ 1 ■ _ 1 
2.4048 2 + 5.5201* + 8.G537 2 + I' 

This relation is obtained in Art. 76, Chapter VII. The corresponding 
relation for the positive roots, 7r/2, 3 tt/ 2, oir/2, • • - of cos x = 0 is 

1 1 1 4 T 1 1 1 1 

(ir/2)-’ + (3ir/2) 2 + (5»/2) 2 + ^ 2 l_ 1 + 3 2 + 5 2+ 'j _ 2’ 

since the series in brackets is equal to 7r 2 /8 by (6), Art. 45, Chapter V. 

For values of J 0 (.r) and J\(x) to four decimal places at intervals of 
0.1, see Juhnke-Emde’s “Tables.” Fig. 45 shows the graphs of Jq(x) 



Fig. 45 


and J[{x) for x > 0. Jo(x) is an even function like cos x, and J\{x) is 
an (Kid function like sin x, as can be seen from the series representations 
of the preceding article. 

60. Two integral relations involving 7 0 and J\ . Using primes to 
denote derivatives, we may write the Bessel equation of order n, (1) 
Art. 57, together with its solution (5), in the form 

x 2 y" + xy' + (x 2 - n 2 )y = 0, y = J n (x). 

Changing x to ax, hence y' to y'/a, y" to y"/a 2 , gives 

x 2 y" -f xy' + (a 2 x 2 - n 2 )y = 0, y = J*(ax), 
and, for n = 0, 

xy" + y' + a 2 xy = 0, y « J 0 (ox). (1) 


Art. 60] TWO INTEGRAL RELATIONS INVOLVING Jo AND Ji 285 

Now we can get some interesting and useful results by considering 
two of these Bessel equations of order zero and their solutions: 

xu " -f u'-1- a 2 xu = 0, u = J Q (cxx), (2) 

xv " + v' 4- 0 2 xv = 0, v = Jo(0x). (3) 

Then 

u(xv" + V* -f fpxv) — r(zw" 4- u' 4- a 2 xu) = 0, 
or 

03 2 — a 2 )rut; = — uv n ) + (u'v — uv f ), (4) 


Now the right member of equation (4) is an exact derivative: 
d[x(u'v — uv')]/dx, so that integration of (4) between x = 0 and x * 1 
gives ^ 

(fi 2 — a 2 )^* xuvdx = — wy 0] o = u'v — wi/J (5) 

Since u = J 0 (ax), we have from (1) ; Art. 58, 


d d 

u f = —Jq(olx) = —— 
dx d(ax) 


J 0 (olx) 


d(ax) 

dx 


— auJ\{ax). 


Similarly v = Jq((3x), v f — — 0Ji(0x), and equation (5) becomes 


/ 


xj Q (ax)J Q (fix ) dx = 


— oJl(cO.7o(0) 4- PJo(<x)J\(P) 

q - 


( 6 ) 


Now, if a and 0 are distinct roots of Jq(x) = 0, Jo(a) = 0, Jo(0) * 0, 
and equation (0) reduces to 


/ 

Jo 


xJq(olx)J o (0x) dx — 0 (a 0). 


(7) 


However, if 0 — a, each being a root of ./o(r) = 0, the right member 
of (6) is of the meaningless form 0/0, and we may evaluate the limit 
by considering a ap a root of./ 0 (x) = 0 and 0 as a variable approaching 
a. Then the right member of (6) is —aJiia)J o (0)/(0 2 — a 2 ), and, by 
differentiating both numerator and denominator with respect to 0 } we 
have 


lim 

& —» a 


—aJ 1 (a)J 0 (P) 

f} 2 — a 2 



aj i (a)J i (0) 
, 2/3 



( 8 ) 


Hence we obtain from (6) 



P!«. 


(») 
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The integral relations (7) and (9) will enable us in the next article to 
find the coefficients in the expansion of a function of x in terms of Bessel 
functions. 

6L Expansion of f(x ) in terms of Bessel functions of order zero. 

Denote by a 1; a 2 , a 3 , • • • the positive roots of J 0 (x) = 0. Then for a 
wide class of functions an expansion of the following form, valid for 
0 < x < 1, is possible.* 

f(x) = AiJo(onx) + A^Jofax) + • • • + A n Jo(a n x) + ■ ■ • ■ (1) 

To determine the A’s we multiply (1) by xJo(a n x ) and integrate from 
0 to 1, assuming the validity of termwise integration. All integrals on 
the right vanish by virtue of (7), Art. 60, except the one containing A n , 
and we have 



by (9), Art. 60. Therefore 

2 r l 

A n = : I xJ °("«*)/(*) dx . (2) 

J lt«n) Jo 

We then have an expansion ior f(x) in the form (1), the coefficients 
being given by (2). 

Example. Expand unity into a series of Bessel functions of order zero. 

2 r 1 

Here/(z) = 1 and A n = -jj-. —- I xJ Q (a n x ) dx. 


We can perform this integration by use of formula (2), Art. 58, for changing 
x to a n x in that formula gives us 


or 

d[a n xJ i(ct n x)) 

= a n xJ 0 (a n i) d(a n x), 

AxJ i(a n x) "1 
L Qf n J 

= xJ 0 (a n x) dx. 

Hence 




A = 2 r 



" JiM L 

OL n Jo CtnJl(<Xn) 


and series (1) gives for the expansion of unity: 

2 Manx) 2 Joiatix) _ 2 JojanX) _ 

ai Jl(ai) «2 Jl(«2) On 

* Sufficient conditions are that the function be continuous and have a finite num¬ 
ber of oscillations in the interval 0 £ z £ 1. 
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The series is valid for 0 < x < 1. It does not hold for x = 1 since the series 
then reduces to zero; it does, however, hold for x - 0, giving the relation * 


y _ 1 _1. 

<*nJ l(Ofn) 2 


62. The Bessel function J- n (x). If we change n to — n in series (5), 
Art. 57, we obtain 


00 

2>»V 


r -n+2k 


k = 0 


2" n+2fc /c!r(-n + k + 1) 


If n is not a positive integer, this series is convergent for all real values 
of x except zero and defines a function which we call j). 

When n approaches a positive integer N, T(—n + k+ 1) becomes 
infinite if k = 0, I, 2, ■ • (N — 1), so that for these values of k, the 
terms of the above series approach zero; the non-vanishing part of the 
series begins with k = N and takes the form 

x -N+2k 

2 - N + 2k k\(-N + k)\ 


= (-])"/*(*), 

which we define as the value of where A is a positive integer. 

We then have for the complete definition of the Bessel function of neg¬ 
ative order: 


= (-D* 


r N+ 2 


r W+ 4 


+ ' 


2 N N\ 2 N + 2 (N + 1)1 2 N +\N + 2)!2! 



• x -n+2k 

J ~ n ^ ^ _1) 2 — " +2,r /c!r( —n. + k + 1 ) 

(0 1,2,3, (1) 

= (-l^JjvOr) (N = 1, 2, 3, ■ • •)• O') 

When n = 0, (1) gives the same value for J 0 (j) as (1) of Art. 57. 

The function J_i a (.r), like Ji 2 (x), can be expressed in finite form. 
We have, letting n — ^ in (1) (cf. the derivation of the formula for 
Jy£x) in Art. 57), 


This relation may be established by a more extensive analysis. 
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( 2 ) 


The function J_ n (x), when substituted for y in the Bessel equa¬ 
tion (1), Art. 57, will satisfy it, since «/_ n (x) differs from the solution 
J n (x ) only in the sign of n, and n appears only squared in the Bessel 
equation. Thus, when n is not an integer or zero, we have two inde¬ 
pendent particular solutions yi = J n (x) and y 2 = J_ n (x) of Bessel's 
equation of order n, and the general solution is 


y = AJ n (x) + &/_„(*), (3) 

where A and B are arbitrary constants. For example, the general solu¬ 
tion of Bessel’s equation of order 

IS 

y = AJ h (x) + BJ_m(x) 

(7 [2 

= A \— sin x + B \— cos x, 
or 

sin x cos x 


When n *= 0, (3) reduces to y =■ (A + B)J 0 (x) = CJ 0 (x ), where C 
is an arbitrary constant. When n is a positive integer N, (3) reduces to 
y * [A + B( — 1) n ]Jn(x) = KJ#(x), where K is an arbitrary constant. 
Thus equation (3) yields only a particular solution of Bessel’s equation 
when n is an integer or zero. To obtain the general solution in this case 
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Tables giving numerical values of ber x, bei x, ber' z, and bei' x may be 
found in McLachlan’s “Bessel Functions for Engineers.” pages 177,178. 
Since most of the physical applications of Bessel functions depend also 
on partial differential equations, we defer the discussion of such prob¬ 
lems until the next chapter, 
giving here only one applica¬ 
tion to a problem in mechanics. 

64. Wire clamped at lower 
end. Given a wire of length 
L (in.) and weight w (lb./in.) 
clamped at its lower end at a 
small angle tan -1 p 0 to the 
vertical (Fig. 46). We wish to 
find the deflection due to bend¬ 
ing and the inclination to the 
vertical at the upper end. 

We first find the differential 
equation of the curve of the 
wire. Take the z-axis vertical 
and the y -axis horizontal 
through the lower end of the 
wire, and let P(x, y ) be any 
point on the wire at which we consider the shear, Q, due to the weight 
of the portion PA of the wire above P. Equating the expression for 
shear found in Art. 7(f), Chapter I, to the resolved part of the weight 
of PA normal to the wire, we have 

Q = EIy ,n = —w(L — x) sin 9, 

where E (lb./in. 2 ) is the modulus of elasticity and I (in. 4 ) is the moment 
of inertia of the area of a cross-section about a horizontal line per¬ 
pendicular to the axis of the wire. Replacing sin 9 by tan 9 = y ' for 
small bending, as in the derivation of the formula for Q, the differential 
equation of the curve of the wire is * 

2 r + (L - *)y' = 0. ( 1 ) 

El 

Letting y r = p, L — x = r, w/EI - c 2 , then y = d 2 p/dx 2 = d 2 p/dr 2 , 
and equation (1) takes the form 

d 2 p 

^ + *p-0. 

* A second method of deriving this equation is given in Problem 19, Art. 67. 



(2) 
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To solve this equation and get p as a series in r we use the method of 
Frobenius, Chapter IV, Art. 42. Note that, at the free end of the wire 
where r * 0, p, the slope, is not to be zero or infinite. We therefore 
omit the factor preceding the series (1) of Art. 42, Chapter IV, and write 

p - oq + a t r + a 2 r 2 + a#* H-. (3) 

Furthermore, since the curvature of the wire is zero at the upper end, 
A, we must have y" = dp/dx = 0 when x = L, and hence dp/dr = 0 
when r = 0, that is, 

di + 2o2r + Scl^t 2 H-- 0 

when r = 0, whence a\ = 0. Our trial series for p thus takes the form 

p = flo + fhT 2 + a# 2 H— •. (4) 

Substituting this value of p in (2) and arranging the result in tabular 
form—at the top of the table, the various powers of r which occur, at 
the left, the terms of the equation with their corresponding coefficients 
in the body of the table—we have 



Constant 

■ 

D 

r* 

r< 

r* 

r* 

r 7 


cVp 

Sp 

2o* 

C*Oo 

3* 2a* 

4*304 

c*oi 

5-4of 

<?CLi 

6&x 

C 2 Oi 

7-607 

C*05 

8-7ae 

c 2 ^ 

9*8ag 

... 


Since the complete coefficient of each power of r must vanish, the 
m of each column must equal aero. Hence 


0, 


04 » 07 » O 10 


0, 




og xr-, with oq arbitrary, 

3*2 


<?a s c 4 oo 

6^6 = 6 * 5 * 3-2 9 

(? Oo C°Oo 

9^8 “ " 9 * 8 * 6 * 5 * 3 * 2 ' 
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*3* = (-!)*" 


um - 1)(3 k - 3) (3k - 4)* • -G-5-3-2 


^ } 3“*!(*-*)(*-*)■ 

Substituting in (4) we have for a particular solution of (2): 


(& + i) 


p=a ° r U S ( - i}I Wf 


This reminds us of the Bessel function ./_i^(az), for if we change x to az 
in (1), Art. G2, with n = |, we have 


J- H (az) 


<T£ 


f—i) fc — 


2 afc /e! r (_/c + §) 


The summation in (5) will reduce to that in (6) if we let c/3 = a/2 and 

( a/2)~^ 

r 3 = z 2 ; and if we also take oq = - ---•■-•A, where A is another arbi- 

r(2/3) 

trary constant, equation (5) reduces to 

V = Az^J-^az), ( 7 ) 

another form of the particular solution of (2), where z = r** and a = fc. 

To satisfy the condition p = p 0 when x = 0, i.e., when z = L w , we 
have, from (7), 

A __Po_ 

Substituting the value of -A in (7), 

_dy p<yXj- H (az) 

P ~ dx~ () 

But x = L — z H , dx = dz\ hence 

2poJ- H (az) 

dV “ 3LV_ H (aL«) ^ 


Letting y l be the displacement of the upper end of the wire from the 
vertical, and integrating from y = 0 to y — yi, while z varies from 
Z = IP to 2 = 0, 
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VL “ 3Z? J- H (aL H ) 


2po 




( 02 ) : 


2 * 


2 2 *fc!r(fc + §) 


02 


3L* 


2po 

3 




(aL*) 2t 

2 2 *fc!r(ifc +1) 


Jo Vrfl) 2 2 -|r(|) ~ T ~2 4 2!^-§r(f) 


a 2 z M 


• + , 


a 4 z' M 


-■) 


dz 


1 

r(|) 


a 2 L 3 


+ 


a 4 L 6 


2 2 -|r(f) 2 4 2 !f-fr(f) 


2po ~ + i^T Trfrr 04 ^ 7 ~' 

3 1 — %a 2 L 3 + -§ifoa A L 6 -- 


1 ~ a 2 L 3 + 2 2 P 4 g q4 ^ 6 ~ • • 

1 — %a 2 L 3 + -jja 4 L 6 — • ■ • * 


Vl = VoUl + ^a 2 L 3 + g^Vo o 4 L 6 H-) in. (10) 

This formula gives the displacement of the upper end of the wire from 
the vertical. Since p^L is the displacement of the upper end of the wire 
when straight, the deflection due to bending is represented by the series 
(10), omitting the first term. 

To obtain the inclination of the wire to the vertical, at the upper 
end, we let r = 0 in equation (8) and denote by pL the corresponding 
value of p . Noting that the first term of the series for r*V_^(ar) is 
2*Va H r(§), we get 

__ 2>i P0 ,, n 

VL - a*V*nl)J^(aL*) (U) 

Then tan -1 pl will be the required angle of inclination. 

If L is large enough so that «7_^(aZ/^) = 0, formula (8) breaks down. 
This indicates that the differential equation (1), which was set up under 
the assumption of small bending, is no longer valid. The smallest 
positive root of J_^(x) = 0 is 1.87; we must therefore stipulate that 
aLfi < 1.87, that is, L < (1.87/a)**. The approximations given by (10) 
and (11) become less accurate as L approaches the above critical value. 
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PROBLEMS 

1. Compute, correct to four decimal places, the values of /o(2),/i(l) f J^(ir/4), 

i)- 

2. Derive the formulas 

~ Il" +1 /» +1 W) - x'+ l J n (x), 
ax 

X- n JnU)) = -X~ n J n+l (x). 

3. Eliminate J n + i(x) between the* relations of Problem 2, and obtain Bessel’s 
equation (1), Art. 57, with y replaced by J n (x). 

4. Using relation (2), Art. 58, and the Bessel differential equation satisfied by 
Ji( j), show that 

xJ\(x) - (j 2 - 1)Ji(j) = i-j'oix) -f iJq(x). 

Hence deduce relation (1), Art. 58. 

5. Show that 

J n (x) =•/»!_ ](x) J n (x) = — J n {x) */n+l(x), 

ax X X 

and hence that 

JnW = + ./„+,«). 

2a 

6. Show that 

^-IxMxVtx)} = -J\(x)], 

ax 

and hence evaluate, correct to four decimal places, 

dx. 

J 0 

7. Show that a/o(i) - JiW ~ JoU), 4j'o"(.x) + 3Jo(x) + J->(x) - 0. 

8. Show that 

9. Show that 

V^( Si F- cosi )- 

10. Obtain a finite expression for and use it to compute J^(ir/2). 

11. Show that y == xJ\(x) is a solution of the differential equation xy” — y f 

- xVofz) = 0. 

12. Show that y « x^Jy 2 {x) is a solution of the equation x 2 y" + ( x 2 — 2 )y « 0. 

13. Show that y * xJ n (x) is a solution of the equation x 2 y " — xy ' + (1 -f- x 2 

- rr)y = 0. 

14. Show that y — x n J n (x ) is a solution of the equation xy” + (1 — 2 n)y' + xy 
■■ 0. When n =* J, show that the general solution of this equation is y = o sin x 
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+ c% 000 x. What values must c\ and e% be given to produce the proper expression 
for the Bessel function of order $? 
li Show that 

jxJlix) dx - \xyi(x) + J%x)) + c, 

and hence evaluate , 

f xJlix) dx. 

J 0 

16. Show that y ■» x^J n {x) is a solution of the equation x 2 y" 4- ( x 2 — to* + i )y 
— 0, and evaluate y' for x = 1 and n « 1. 

17. (o) Using the method of Frobenius, find a Maclaurin Beries solution of the 
equation x 2 y" — xy' + ( x 2 + 1 )y = 0, and identify this series as the expansion of 
xJo(x). (b ) By direct substitution, show that y = xJo(x) satisfies the equation of 
part (a). 

18. Show that 

r x(ber 2 x + bei 2 x ) dx — a(ber a bei' a — bei a ber' a). 

10. Using the fact that y = ber x + i bei x is a solution of the equation xy" + y' 
— ixy — 0, derive the relations 

d d 

— (x ber' z) = — x bei x, — (z bei' z) = z ber z. 
dx dx 


20. Using relations (5) and (6) of Art. 63, obtain a fourth-order linear differential 
equation satisfied by ber z. 

21. Using relations (1) and (2) of Art. 58, together with integration by partB, 
obtain the reduction formula 


J*xVo(z) dx =» xVi(z) + (n — l)z" l /o(z) — (n — l) 2 J*x n Vo(z) dx. 


22. Using the result of Problem 21, show that 

„2 


f zVo(nz) dx = -—Ji(a) -f — J 0 (a), 

Jo a a z 

f z(l - x 2 )J 0 (ax) dx = \ji(a) - 
Jo a 3 a 2 

23. If oi, a 2 , ■ ■ ■, a„, • • ■ are the successive positive roots of Jo{x) = 0, show that 


- 2 E 


- 4 


24. Show that 


i l(<*n) 


J 0 (a n x). 


ukx).2j 0 (k)± ia :^^ y 


where the a’s are the positive roots of Jo(x) — 0 and Jc is a constant different from 
all the a’s. 
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25. Show that 


In x 


2 V o(or n .r) 


where the as are the positive roots of Jq(j) - 0. 

26. A steel wire 5 ft. long and -J in. in diameter, for which the density is 480 
lb./ft. 3 and E = 3 X 10 7 lb./in. 3 , is clamped at the lower end at an angle of 1 ° to 
the vertical. Find the deflection due to bending and the inclination to the vertical 
at the upper end. Verify the fact that the length of the wire is less than the critical 
value. 

27. By using the first four terms of the series for./_^(.r), find an approximate 

value of the smallest positive root of J = 0. 

28. Solve equation (1) of Art. 64 by the following alternative method. Making 
successively the substitutions y’ = p, L — x = r 8 , p = r'*z, 4u>/9E7 — a 2 , trans¬ 
form (1) into 



Show that the general solution of this equation is 

z = AJ^iar) -f BJ„ ^(nr), 

and determine the constants A and B so that the conditions of the problem are 
satisfied. The particular solution may be expressed in the form 

dy_ por l \r_ H (ar ) 

P = di = L'‘J_ H (aL lf )' 

from which the value of yL, equation (10), may be found by integration. 

66. Legendre functions. Another second-order linear differential 
equation of considerable importance in applied mathematics is Le¬ 
gendre's equation, 

_ d 2 y dy 

(1 - x 2 ) — - 2x — + n(n + 1 )y = 0. (1) 

dx dx 


Here n is a constant, and the functions satisfying (1) are accordingly 
called Legendre’s functions of order n. When n is zero or a positive 
integer, equation (1) has polynomial solutions of special interest, as 
we shall see. 

The general method of Frobenius may be applied to Legendre’s 
equation, just as it was to Bessel's. Setting 

y = a 0 x c + d\X cJrl + a 2 x c t 2 4-, (2) 

we get, by equating the total coefficient of each power of x to zero, the 
relations 


OqC(c - 1 ) = 0 , 
di(c 4- 1 )C = 0, 


(3) 

(4) 
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oa(c + 2)(c + 1) — ao(c + l)c + n(n + 1 )oq *0, • • •, 

o r (c + r)(c + r - 1) - a r _ 2 (c + r - l)(c + r - 2) 

+ tt(n 4“ l)<Xr— 2 “ 0> (5) 

The indicial equation (3) yields two possible values of c: c =* 0 and 
c = 1, 


When c = 0, relation (4) is satisfied, so that a% as well as Oo is arbi¬ 
trary. The general relation (5) therefore gives, with r « 2, 3, ■ • in 
turn, 

n(n + 1 ) 


a 2 


a 3 


2 ! “ 0 ’ 

(n - l)(n + 2 ) 
3! 


Ol» 


a 4 


05 


(n — 2)n(n + l)(n + 3) 

Ti fl# ’ 

(n — 3 )(n — l)(n + 2 )(n + 4^ 
5! 




and so on, as the student may readily verify. Hence we have, for 
c ** 0, two independent solutions of Legendre’s equation: 


T n(n + 1 ) 2 

(n - 2 )n(n + 1 )(n + 3) 

H-— • 

4! 

[ (n - l)(n + 2 ) 

t/2 = «i yx -—- x i 

(n - 3)(n - 1 )(n + 2)(n + 4) 


Evidently y\ is an even function, and y 2 an odd function, of x. 

When c = 1 , (4) requires that ai = 0, whence 03 = 05 = 07 = • ■ • 
= 0, by (5). We also find, from (5), 

(n — l)(n + 2 ) 

“ 2 - 3, -°°’ 

(n — 3)(n — l)(n + 2)(n 4- 4) 
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and thus the value c = 1 furnishes precisely solution (7) over again. 
Therefore y = y i + 2 / 2 , where y x and y 2 are given by (6) and (7), re¬ 
spectively, is the general solution of Legendre’s equation. Applica¬ 
tion of Theorem I, Art. 38, shows that series (6) and (7) are absolutely 
convergent for | x | < 1. 

If n is zero or an even positive integer, the coefficients of all powers 
of x beyond x n in (6) reduce to zero, so that y\ becomes a polynomial 
of degree n. Likewise, if n is an odd positive integer, (7) becomes a 
polynomial of degree n. Thus, whenever n is zero or a positive integer, 
the general solution of Legendre’s equation contains a polynomial so¬ 
lution, P„(.r), and an infinite series solution, Q n (x). The Legendre poly¬ 
nomials P„(x) are defined as follows: 


1 - 3*5• ■ • (w - l)f 

Pn(x) = (-1)"' 2 ——- I' 

2-4-6-n L 


n(n + 1) 



(n even), (8) 
(«- 1)(n + 2) I 

3! J 

(nodd). (9) 


Here the coefficients a 0 and a x of (6) and (7), respectively, have been 
chosen so that we have P n (l) = 1 for every positive integral value 
of n. 

It may be shown that Q n (,,r), called the Legendre functions of the 
second kind, become infinite as .r approaches ±1; accordingly, the use¬ 
fulness of these functions is restricted, and they do not arise in applied 
mathematics as often as the rational integral functions P„(x). The 
remainder of our discussion will therefore be confined to Legendre 
polynomials. 

Although the even and odd functions (8) and (9) seem to be unlike 
in form, it is possible to get a single expression for P„(x). When n is 
even, (8) yields, compactly, 


Pn to = (-1) B/2 —= 




(« - 2M- 2)(» - 2k) ■ ■ • n(n + 1)(» + 3) ••■(» + »- 1) ,, 

-— - x 

(2 k)\ 
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Expanding this summation in descending powers of x, from k = n/2 
to k — 0, we get 

l-3 -(n- l)f2-4-■•*»(«+ l)(n + 3)---(2»- 1) 

Pn(x) =-—- -;-*" 

2-4---n L n\ 

_ 4- • -n(w + !)■■■ (2n - 3) b _ 2 

(n — 2) \ 

6-■ n(n + ])• • -(2n - 5) n _ 4 "I 

(ti - 4)! X J 

(2n - l)(2n - 3) •••31 [ n(n - 1) 


in — 3) • • • 3 ■ 1 f n(n - 1) 

--- x n --- -x n ~ 2 

n\ L 2(2 n - 1) 


i n(n — ])(n —2)(n — 3) 
+ 2-4(2n - l)(2n - 3) 

Likewise, when n is odd, (9) gives 


2 ( 2 n - 1 ) 

:"- 4 - j • 


p n ( X ) - (-i) ( "- i) ' 2 — ( -i)*x 
2-4- - -(n — 1) fni 

(n — 2k + 1 )- • -(w — l)(n + 2 )•• • (n + 2k) 
~ (2k + r) , “ 
so that expansion in the reverse order yields 


Pn(x) = 


1-3---71 f2-4•••(«- l)(n + 2)(n + 4)---(2n- 1 ) 


2-4-•-(n - 1) 


p ±: 


4■ • • (n — l)(n + 2) • • • (2n - 3) 
(» — 2)1 1 
6 ■ ■ - (n — l)(n+ 2) ■ ■ ■ (2 m — 5) 
(n — 4)! 


-j 


(2n — l)(2n — 3)-•-3-1 T »(n - 1) n _ 2 

7i! L 2(2n - 1) 

»(w ~ l)(w - 2)(w ~ 3) _I 

2-4(2n — l)(2n — 3) * "'J' 

which has precisely the same form as for n even. Hence, sandwiching 
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in factorials and powers of 2 in much the same way as was done in 
Art. 57, we find that 




( — l)*(2n - 2A')! 
2 n I : !(ft - k)\{n - 2k )!' 


( 10 ) 


where A” = n/2 when n is even and N = (n — l)/2 when n is odd. 
The first few Legendre polynomials are 

P 0 (x) - 1, P x (x) = x, P 2 (x) = \ (3x 2 - 1), 

P 3 (*) = |(5x 3 - 3x), P 4 (x) = £(35x 4 - 30x 2 + 3), 

Ps(z) = ^(G3x 5 — 70x 3 + 15a;). 


These illustrate the fact that 7b, (1) = 1, as was stated above. 

Using (10), we may now establish an important and useful relation 
known as Rodrigues's formula . From the binomial theorem, for any 
positive integer n, we have 


(x 2 - l) n = 


( —1 ) k n\ 


To introduce the factor (2n — 2k) \ and to get the (n — 2/e)th power 
of x, as they appear in the hi h term of (10), we differentiate (x 2 — l) n 
n times. Then, using the operator D = d/dx, we get 


( —l) fc n! 


D n (x 2 - l) n = J2 — - 

V 4-4k\(n- 


(2n - 2Jb)! 


H k\(n - k)\ (n - 2Jfc)! 


r ii—2k 


Comparison with (10) shows immediately that we have 


P n (x) = — D n (x 2 - l) n ; 
2 "n! 


(ID 


this is Rodrigues’s formula. 

As an application of Legendre polynomials, consider the problem of 
determining the potential at a point P due to two electric charges, 
numerically equal but opposite in sign. Suppose the charges, q and 
— q f to be a distance 2a apart, with O as midpoint as shown in Fig. 47; 
let OP = 6, and let angle AOP = 0. Then the potential at P is, by 
definition, 

w - - - - = 9 (r _1 - s _l ), (12) 

r s 
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r = v a? + b 2 — 2 ab cos 0, 

8- V cl 2 -|- b 2 2 db cos 0. 
lib > a, we may write 

. 1/ 2a cos 9 a 2 \“^ 1 _ u 

’ iV- + ?) -j<>-*» + »>■* 

where x = cos 9, y = a/b. Since x and ?/ are both numerically less 
than 1, 2 xy — y 2 also is, and therefore (Peirce, 750) 

> 1 • 3 • • • (2r — 1) 

[1 - (2x y - y 2 )] H = 1 + yj ---(2 xy - y 2 )' 

—p \2-4-■-2r 

(2r)! 

But we also have, by the binomial theorem, for each positive integer r, 


whence 


9 (— l) J r! . . 

(2 xy - y 2 Y = V ± -- r~V~Y +t , 

f=3 'j'(r -j)'- 

(— l)' , (2r) !z r—J 

(1 - 2xy + y 2 )~ H = 1 + > > —rr- y T+ ’ 

— yZi jZlf 2 +, j!r!(r — j)! 


Now let r + j have a fixed value n; as j runs through the values 0, 1 , 
• • •, k f ■ ■ n, then r will have the corresponding values n, n — 1 , ■ ■ ■, 
n — k, • ■ •, 0, so that the total coefficient of = y n will be 

(—l)*(2n - 2k) !x"~ 2 * _ 

2*fc!(n - k) !(» - 2Jfc)! “ " W ’ 
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by (10). We therefore have the relation 


(1 - 2 xy + y 2 )-* = 1 +2 Pn(x)y” = ]T P n (x)y n , (13) 

*i“ 1 n —0 

valid for | x | < 1 , | y | < 1 . Changing x into —x, we also have 

ec 

(1 + 2xy + y 2 )~* = Jp b (-i)s”, 

n — 0 

and therefore ( 12 ) becomes 



yi Pn (cos 6) - P„(- COS 6) 

n — 0 - 



(14) 


since x = cos 0, y = a/b. But, if n is even, P n (x) is an even function, 
so that P n ( — cos 0 ) = P n (cos 0 ), and consequently all even powers in 
(14) vanish. On the other hand, when n is odd, P n (x) is an odd func¬ 
tion, whence P n (— cos S) = — P„(cos 0 ) and the odd powers in (14) 
are duplicated. Hence, for b > a, 


2 q (a 

W = — > P 2 r l+ i(cos 6 ) [ - 




(15) 


When b is very large compared tc a, a single term of (15) may be taken 
as an approximation to the exact value of u. Therefore the potential 
is nearly equal to 


2 q (a 

~~ P i (c°s 0 ) 
b \b 


2 qa 

— _ CQS Q 


The quantity 2 qa is called the dipole moment; denoting this by we 
have, as the dipole potential, 

y cos 0 
u (i = - • 

6 “ 


If b < a, the expression for the potential at P becomes 



2 n + 1 


(cos 0) 


er, 


(16) 


this follows at once from (15), for we have merely to interchange the 
letters a and b throughout, as we may since the expressions for the 
distances r and s are symmetric in a and b. 

The foregoing application is one instance of the way in which a func¬ 
tion may be expanded in a series of Legendre polynomials’P n (x), valid 
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for | x | < I. More general types of expansions, analogous to those 
obtained with Bessel functions, are also obtainable as follows. From 
Rodrigues’s formula (11), we have, for k any positive integer or zero, 

x k P n (x) = — x k D n (x 2 - l) n . 

2 n n! 

Integrating by parts between the end points x = — 1 and x = 1, we 
get, when n = 1 , 2 , ■ • ■, 




= f x*[D"(x 2 - 1 )"] dx 


x*D n " l (x z - 1 


v r 1 

) n -k\ i fc " 1 [D n " 1 (i 2 - l) n ]dx. 

- -i ^-i 


Since the (n — l)th derivative of ( x 2 — l) n has x 2 — l as a factor, the 
first term of the last member vanishes for x = 1 and x = — 1 . Con¬ 
tinuing the process of integration by parts, we thus find that 


J x k P n {x) dx = 0 , 


for k < n. Since P k {x ) is a polynomial of degree k, it follows that 

f P k (x)Pn(x) dx = 0 , (18) 

for k < n. Moreover, since k and n are interchangeable in (18), this 
relation holds for k > n as well. But, when k = n, n successive inte¬ 
grations by parts yield 

2”nlJ x n P n (x)dx = (-l) n nlj (* 2 - l) n dx = n'.J (1 - x 2 )" dx 

Setting x = sin 0 , dx — cos 6 d9, this leads to 

2 n I x n P n (x)dx= cos 2n+l 6dd 

1 J-W2 

r *(2 

= 21 cos 2n_M Odd 
do 

2n(2n - 2)- -4-2 
" 1 (2n+ l)(2n- 1)- - *31 
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by Wallis's formula (Art. 55). Dividing by 2 n and completing fac¬ 
torials, this becomes 


f x”P n (x 


(x) dx - 


2 n +] ( n !) 2 


J-x (2 »+l)! 

Hence, from (10) and (18), we have 

r' __ , (2n)! 2"+>(n!) 2 


J_W)Fd* = ^ 


2 "(n!) a (2n + 1)! 2n + 1 

These results suggest the following procedure. Let f(x) be a func¬ 
tion defined from x = —1 to x = 1, and assume,that an expansion of 
the form 


fix) 


is obtainable. To compute the coefficients B n , multiply both members 
of (21) by P n (x ) and integrate over the interval of definition of f(x ); 
relations (18) and (20) then yield 


f f(x)P n (x) dx = B n f [P n (x) ] 2 dx = ~ B n , 

i J-i 2 n + 1 

or 

2 n + 1 r 1 

Bn = —— f{T)P n (x) dx. (22) 

2 d _] 

Example. Find the Legendre-polynomial series representing the function 
f(x) = -1, -1 < x < 0 ,f(x) = 1, 0 < x < 1. 

Formula (22), together with (10), gives 

Bo = \f\~ 1)(1) dx + lf\l) (1) dx = -J + 1=0, 

Bi = i l)(x) dx + § £ (l)(x) dx = J + f = §, 

B, = 1 j\-lH(3x 2 - 1) dx + if\l)|(3x 2 - 1) dx = 0, 

B 3 = J 3(> r '* 5 - 3x) dx + - 3x) dx = -{, 

B 4 = —§J° i(35x* - 30x 2 + 3) dx + f£*i(35x 4 - 30x 2 + 3) dx = 0, 

|(63x s - 70x 3 + 15x) dx 

+V-J* s(03x* — 70x 3 + 15x) dx = H, 
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and so on. Therefore 

fix) = *PiW - iPzif) + HP.fr) 

The function of this example is odd, and consequently its expansion contains 
only odd Legendre polynomials. Similarly, the series for an even function 
involves only P 0 (x), PjOc), P\{x ), 


PROBLEMS 

1. If n — 0 or n — — 1 , solve Legendre’s equation to get y *» ao + a\ tanh -1 x 
as general solution. Show that each of these special values of n also yields that 
solution from series ( 6 ) and (7). 

2. Verify the statement of Art. 65 that series ( 6 ) and (7) converge absolutely for 

1*1 < i- 

S. Using relation (13), show that, when n is a positive integer, P n ( 1) = 1, 
P»(-l) - (-D", Pu- 1(0) = 0 Pm( 0) - (-l)"(2n)!/2 s "(n!) 2 . 

4. Show that P' 2n ( 0) - 0, Pi„+i(0) = (-l)"(2n + 1) !/2 2 "(n !) 2 . 

5. Show that x 2 = | P 2 (x) + JP 0 (x), x 3 = |P 3 (x) + lP,(x), x 4 = A^(x) 
+ fyP'iix) + \P o(x). Also express x 6 as a linear function of P 6 (x), P?,(x), and Pi(i). 

6 . By differentiation of relation (13), with respect to y, show that 


(I - V) 2 Pn(. T)y n 

n - 0 


(1 - 2xy -f ?/) ^2 nP n (x)y n l . 

n - 1 


Equating coefficients of y n , derive the recurrence relation 

(n + l)Pn+i(x) - (2 n + 1 )xP n (x) + nP„_i(i) = 0 

connecting the Legendre polynomials of degrees n — 1, n, and n + 1. 

7. Differentiate relation (13) partially, with respect to x and y in turn, equate 
the expressions for (1 — 2 xy + y-)~M thus obtained, and hence show that nP„(x) 
- XPM - Pn-lix). 

8. Using the results of Problems 6 and 7, show that (2 n + l)P„(x) = P«+ i(x) 

-Pi-iW- 

9. Show that j xP n (x)P n -i(x) dx — 2»/(4n* — 1). 

10. Using the result of Problem 8, show that P«(x) = (2n — l)P n _i(x) + 
(2n - 5 )P n -»(x) + (2 n - 9)P n _ 6 (x) + ■ ■ ■. 

11 . Using the results of Problems 0 and 10, show that xP n (x) = riP n (x) + 
(2n - 3)P„_ 2 (x) + (2n - 7)P n ._ 4 (x) + • ■ ■. 

12. Using the fact that P n (x) satisfies Legendres equation, together with the re¬ 
sult of Problem 8, show that (2n + 1)(1 — x'“)P^(x) = n(n 4- l)[P n _i(x) — P n +i(x)]. 

13. Show that J (1 - dx - 2n(n + l)/(2n + 1). 

14. Using the results of Problems 7 and 8, show that 


(m + n + l)f x m P n (x) dx = m f x m l P n -i(x) dx = (m — n + 2) f x m P n _ 2 (x) dx. 
J o ** L' 

15. If /(/) * 0, — 1 < x g 0, and f(x) — x, 0 <x < 1, show that f(x) ■» 4 P 0 W 

+ iPM + AW - &P t (. r) + • • •. 
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16. If /(0) is defined for 0 < 9 < t, show that 

CO T 

f(0) — 5 V* (2n + l)P n (cos 0 ) ■ f f(0)P n (c os 0 ) sin 9 do. 

n = o 

17. Let f(6) = ], 0 < 0 < tr/2 , /(0) = 0 F *-/2 < 9 < w. Using the results of 
Problems 3, 8 , and 16, show that 

™ 1 , 1 V' (-DM2/1 - 2)!(4w - 1) „ 

{ * 2 + 2 S 2 2i|-1 /i!(n — 1)! " 2 "“ l(<?W 

* 2 + -j- cos 0 — eos^ 9 — 3 cos 9) 

18. Changing the independent variable from r to 0 by means of the substitution 
x ** cos 6, show that Legendre’s equation can be written as 

d?u dy 

—~ + cot 6 ~~ + n(n + 1 )v = 0 . 
do- aO 

19. Substitute y = (1 — x 2 ) ml2 z in the associated Legendre equation 

(1 - z 2 )D 2 y - 2xDy + n{n + 1 ) - y = 0 , 


and show that the resulting equation for z has the solution z = D w 'r(.r), where r(.r) 
is any solution of Legendre's equation and 1) = d/dx. The functions defined ms 

K{x) = (1 - r=) B ' /2 ir M /» M (j) 

are called associated Legendre functions of the first kind. If x = cost?, show that 
jPJ] ® 1, Pi *= cos 6, P} = sin 0, l ^ » J(3cos 2 0 — 1), 1*2 — 3 sin 0 cos 9, P% 
— 3 sin 2 9. 



CHAPTER VII 


Partial Derivatives and Partial 
Differential Equations 


66. Partial derivatives. When dealing with functional relations, the 
concept of rate of change is of first importance. Thus, if we have a 
function y of a single variable x, say y = f(x), we speak of the rate of 
change of y with respect to x. Analytically, this rate of change is 
expressed by what we call the derivative of y with respect to x, and is 
denoted by 


dy . .. /(* + Ax) - /(x) A y 

— = f(x) — lim-= lim —, 

dx Ax -► o Ax ax — o Ax 


0 ) 


where Ay is the change, or increment, of y corresponding to the incre¬ 
ment Ax of the variable x. By the definition of limit, (1) implies that 
the difference between the difference quotient Ay/Ax and the limit 
f\x) will become and remain as small as we please if we keep Ax suffi¬ 
ciently small. Consequently we may write 

Ay 

-/'(*) = (2) 


where e is a quantity approaching zero as Ax approaches zero. 

Now suppose we have a function z of two variables x and y, 
z — d( x >y)' Here we may speak of two distinct rates of change, one 
with respect to x, holding y constant, and the other with respect to y f 
x being held constant. Thus we have two first partial derivatives, 
defined as 


dz g(x + Ax, y) - g(x, y ) 

— = lim - 

dx Ax —♦ o Ax 


(3) 


and 


dz .. g(x, y + Ay) - g(x, y ) 
— = lim - 


dy Ay -► o Ay 


(4) 


Note that, in (3), y is any value of the second argument in the function 
g(x, y) } remaining constant throughout this limit-taking process; sim- 


* We assume, throughout this discussion, that the various limits exist 
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ilarly, in (4), x is any value of the first argument, constant while Ay 
approaches zero. Just as the relation (2) follows from definition (1), so 
we have corresponding to (3) and (4), 


g(x + Ax, y) - g(x, y) _ dg(x, y) 
Ax dx 

g(x, y + Ay) - g(x t y) _ bg(x f y) 
Ay by 


(5) 

( 6 ) 


where €i —► 0 as Ax —► 0, and e 2 —> 0 as Ay —> 0. 

Since the derivatives bg/bx and by/by are, in general, themselves 
functions of x and y , they may likewise be differentiated partially, 
leading to the second partial derivatives 

d*g d 2 g d*g d*g 
bx 2 ’ bx by’ by bx ’ by 2 

Here b 2 g/bx by denotes the derivative of bg/by with respect to x, while 
b 2 g/by bx is the derivative of bg/bx with respect to y. When these two 
derivatives are continuous functions of x and y, they are equal, 

d 2 g _ d 2 g _ 
bx by by bx ’ 


that is, the order of differentiation is immaterial. Similarly, further 
partial differentiation leads to derivatives of third and higher orders, the 
values of these derivatives depending only upon the total number of 
differentiations with respect to each variable and not upon the order in 
w T hich these differentiations are performed, whenever suitable conditions 
of continuity prevail. 

For example, let z — sin (x 2 + 3 y) } for which partial derivatives of 
all orders exist and are continuous; then we have 


bz 
bx 
bh 
bx 2 
b 2 z 
bx by 
b 2 z 


2x cos (x 2 + 32/), — = 3 cos (x 2 + 3 y), 

—4x 2 sin {x 2 + 3y) + 2 cos (x 2 + 3 y), 
b 2 z 

—6x sin (ar + 3y) --, 

by bx 

-9 sin {x 2 + 3 y), 
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d*z 

—r = — Sx 3 cos (x 2 + 3 y) — 12x sin (x 2 + 3y), 
bx* 

b*z b 3 z 

r a ■ = -12x 2 cos (x 2 + 3y) - 6 sin (x 2 + 3y) = —■ -■ , 

bx 2 by by bx 2 

b 3 z b 3 z 

dx by 2 by 2 bx 

b 3 z 


—- = -27 cos (x 2 -f 3y), 
dy* 


and so on. 

If x and y both take on increments Ax and Ay, respectively, z assumes 
an increment Az, so that z + Az = g(x + Ax, y + Ay), whence 


Az = g(x H- Ax, y + Ay) - y(x ; y). (7) 

In order to make use of relations (5) and (6), in each of which one 
argument changes value while the other remains constant, we sub¬ 
tract and add the expression g(x, y + Ay) in the right-hand member 
of (7), giving us 


Az = g{x + Ax, y + Ay) - y(x, y + Ay) + g(x, y + Ay) - y(x, y). (8) 

But by (5), with y replaced by y + Ay, we have 


bg(x, y + Ay) 

g(x + Ax, y + Ay) - g(x, y + Ay) = - Ax + ti Ax. (9) 

bx 

-- . .. dg(x, y + Ay) dg(x, y) 

Moreover, since lim- =-, we have 


Qx bx 

dg(x, y + Ay) dg(x, y) 


f 


bx bx 

where c' —»0 as Ay —► 0. Hence we get from (9), 

Sg(x, y) 


g(x + Ax, y + Ay) - g(x, y + Ay) = 


dx 


Ax + (*i + «') Ax, (10) 


where «i and *' approach zero with Ax and Ay. Similarly, we find 
from (6), 

dg(x, y) 

g{x, y + Ay) - g(x, y) = —- Ay + t 2 Ay. 

dy 


(ID 
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Replacing the two differences in (8) by their values as given in (10) 
and (11), we have 


4 dgfav) A 

A 2 -Ax 

dx 


dg(x, y ) 


Ay + («i + e') Ax + «2 Ay. (12) 


Now suppose that x and y are both functions of a single independent 
variable t. Then, in the preceding discussion, x will have taken on the 
increment Ax, and y the increment Ay, as a consequence of having 
given t an increment At. Dividing (12) by At, there is found 

Az dg(x, y) Ax dg(x, y) Ay Ax Ay 

- *- 1 - h («1 + « )- f * «2 - 

At dx At dy At At At 

If At is made to approach zero so that Ax and Ay also approach zero, 
then since x and y are functions of t , we shall have Ax/At and Ay/At 
approaching dx/dt and dy/dt , respectively, while since z = g(x, y) 
= G(t), say, A z/At will have dz/dt as limit. It follows that in the limit 

dz _ dg(x , y) dx ( dg(x, y) dy /lox 

— -p • (luj 

dt dx dt dy dt 

In like fashion, if x and y are functions of two independent variables, 
say r and s, then by dividing (12) by Ar and by As in turn, and taking 
limits as these two increments approach zero in the respective relations, 
wi get 

dz _ dg(x , y) dx ^ dg(x, y) dy 

dr dx dr dy dr 1 

(14) 

dz ^ dg(x , y) dx dg(x , y) dy 

ds dx ds dy ds 

As generalizations of equations (13) and (14), we have the following 
result. 

Theorem. If z is a function of m variables x\, x 2 , • ■ • , x m , z = f(x\, X2 f 
■ ■ •, x m ), with each x a function of a single variable t, then 

dz df dx i ^ df dx 2 ^ df dx m 

dt dxi dt dx 2 dt dx m dt 

If z = f(xi, x 2 , • • •, x m ), and each x is a function of p independent vari¬ 
ables t\, t 2i • • ■, tp t then 

dz df dx i ^ df dx 2 ^ ^ df dx m 

dt\ dx | 3/] dx 2 dt} dXjji dt± 
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dz df dxi df dx 2 df dx m 

dtp dx i dtp dx 2 dt p dx m dtp 

Example. Let z = (2x 2 -1- 3 xy) 2 , x = t 2 — t, y = 2t + 1. Then 

P = 3(2x* + ary) 4 (Ar + 3y), P = 3(2x 2 + 3i2/) 2 -3x, 
a x oy 

%-*■ 

and by equation (13), 


--- = 3(2.r 2 + Zxy)\±x + 3?/) • (2 1 - 1) + 9x(2z 2 + dxy) 2 -2 
at 

= 3(2x 2 + 3xy) 2 (Stx + 6 ty + 2x - 3 y). 

The derivative of z with respect to t here involves the three variables f, x, y. If 
desired, dz/clt may be expressed in terms of t alone by replacing x and y by their 
expressions in terms of t. The result of doing this, 

P = 3( 2 (2( 3 + 2t- - t - 3) 2 (8^ + « 2 -2 1- 3), 
at 

may be checked by making the replacements for x and y in terms of t in z 
directly and differentiating this with respect to t in the usual way. 


For a function of a single variable, y = f(x), the derivative dy/dx 
may be regarded as a quotient by introducing the concept of a differ¬ 
ential. It will be recalled that we define the differential of the function 
y — f(x ) as dy = f'(x) Ax, and define the differential of the independent 
variable x as dx = Ax, so that dy = f'(x ) dx. Now in equation (13), 
where each of x, y, and 2 is a function of the independent variable t, 
we should naturally like to carry over the definitions of differentials 
so as to have dx/dt, dy/dt, and dz/dt as quotients of differentials, which 
would enable us to write 

dq dg 

dz = ~dx + ~~ dy. (17) 

dxdy 

It is usual, in fact, to define the total differential of 2 = g(x, y) by (17) 
when x and y are independent variables; it may then be shown that (17) 
holds also when x and y depend in turn on one or more other variables.* 


Sec W. F. Osgood, "Advanced Calculus,” p. 117. 
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If x and y are connected by an implicit relation g(x, y) * 0, we get 
from (17), setting z * g(x , y) = 0, 


or 


dg &g 

dz = — dx H- dy 

dx dy 


0 , 


dg 

dy dx 

dx dg 

dy 

For example, if <? sin y + xy 2 = 0, we have 
dy _ e* sin y + y 2 
dx e* cos y + 2xy 


( 18 ) 


We shall make use of formula (18) in Chapter X. 

07. Differentiation under the integral sign. We are frequently con¬ 
cerned with an integral in which the function to be integrated contains 
not only the variable of integration but also one or more other quantities 
which we consider as parameters. Thus, in the complete elliptic inte¬ 
gral of the first kind, 

d4> 

VT — k 2 sin 2 <f> ’ 

the integrand involves in addition to the variable of integration the 
modulus k . As we have seen, the value of K then depends upon the 
value of k f that is, the integral is a function of the parameter k. 

We consider, then, a function of a parameter a defined by the equar 
tion ^ 

r(a) =JT f(x,cOdx, (1) 

where / is some known function of the variable of integration x and of 
the parameter a, and where a and b are constants, independent of x and 
of o. Since F is a function of a, there will exist in general a derivative 
of F with respect to a, 



Now in the right-hand member of (2) it is implied that the integration 
of f{x, a) is first to be performed, and the resulting function of a then 
differentiated. The question that naturally arises is whether the order 
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in which these two operations are performed can be interchanged; chat 
is, may we first differentiate f(x, a) partially with respect to a and then 
integrate the function so obtained with respect to x? This question is 
of more than academic interest, for it may sometimes happen that the 
function/(x, a) is difficult or even impossible to integrate in terms of a 
finite number of known functions, whereas df/da may be more readily 
integrated. 

It turns out that if the partial derivative df/da exists and is con¬ 
tinuous, which is usually the case in the problems with which we are 
concerned, the question is answered in the affirmative,* so that wc 
do have 


dF r b df(x, a) 

— — | - dx. 

da J a da 


(3) 


As an example of the use of formula (3), let us find an expression 
for the function 

' e a * - e* 


where a ^ I. Then we have 


and 


«> -t 

ave 

dF _ r° 

~da ~J-< 

-f-f -i. 

L a a 


» x 

e ax dx 
o 


da 

dF = — 

a 

Integration therefore gives us 


F(a) = In a + c, 


where c is some constant. Now F(l) 
+ c, c = 0, and 


=J 0-dx = 0 , 


so that 0 = In 1 


F(a ) = In a. 


Here the integral of /(x, a) = ( e ax — e z )/x could not be readily found, 
but df/da = e ax could be easily integrated, from which the determina¬ 
tion of F(a) followed. Note that df/da is continuous for x ^ 0 and 
a ^ 1, so that the conditions stated above are met. 

A generalization of the problem occurs when one or both of the 

* See GouTBatrHedrick, “Mathematical Analysis,” Vol. I. 
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limits of integration, a and b, also depend upon a. Consider then the 
function 

J r b(a) 

I /(*, a) dx, U) 

a(a) 

where the notation a(ct), b(a) indicates that a and b are functions of the 
parameter. To emphasize the fact that a enters into the function F(a) 
through three distinct channels, namely, through/(x, a), a(a), and b(a), 
let us denote the integral (4) by <f>(a, a, b): 

F(a) = <t>(a, a, b), (5) 


where the first, argument of </> is due to the presence of a in f(x, a). 
Applying formula (15) of Art. 66, we then have 


dF 

da 


d<f) 

da 


d<f> da 6$ db 

1 H-1- 

da da db da 


( 6 ) 


Since d<t>/da is found holding a and b constant, we get from (3), 

= r bM df(x, a) ^ 
da Ja(a) da 


Now let g(x, a) denote an indefinite integral of f(x, a), assuming the 
latter function integrated with respect to x, so that 


Then 


dgQr, a) 
dx 


= fix, a). 


<t>(a, a, b) = f f(x, a)dx=\g(x, a) 1 

Jaia't L J 

We therefore get 


^a(ot) 

= gib, a) - gia, a). 


Mo) 

a(a) 


and 


d0 _ dg(a, a) 

da da 

d<f> — dg(b, a) 
db db 


/(&, «)• 


Consequently, substitution in (6) gives us 


dF r b(a) */(*»«) 


dF r ow 

da j a (a) 


da 


db 


da 


dx-fia, a) —+ fib, a) — , 
da da 


(7) 


which is the desired formula. Evidently (7) reduces to (3) when a and 6 
are independent of a, as it should, since here da/da ®= db/da — 0. 



266 


PARTIAL DIFFERENTIAL EQUATIONS 


[Chap. VII 


In order to make the derivation of (7) valid, we impose the same 
restrictions on f(x, a) as before (in order to obtain the first term of the 
formula), and also assume that the functions a(a) and 6(a) possess 
derivatives with respect to a. 

To illustrate the manner in which (7) is used, let 


where a^O. Then 


n 




x / 2a sin ax 

ir/0a X 


dx, 


dF 

da J 

/*r/2 a 

1 cos ax dx 

’v/Qa 

sin (ir/6) 

7r/6a 

{-a. 

\ sin (r/2) 

1 + ir/2a 

(~6. 

= 

ri >/2 - 

- sin ax 

La _U/6a 

7r V 6a 2 / 

»+*( 

-if) 



1 1 1 

a 2 a 2a 


1 

- = 0 . 


a 


This result indicates that F must here have a value independent of a. 
That this is so may be seen by making the substitution y = ax t whence 
we get 



w/2 sin y 
- dy, 


/6 y 


which obviously does not depend upon a. With the stipulation a 0, 
our example satisfies the conditions under which formula (7) is valid. 


1. Evaluate F( 1) if 


PROBLEMS 
r 1 *■ - i 


J * 1 x a — 1 

—- dx, a > — 1. 

Q 111 X 


2. Evaluate F(£) if 


F(a) «/ 
Jo 


,w In (1 + a cos x) 


dx, 0 £ a < 1. 


3. Evaluate F(l) if 


, f® er az sin x 

F{a ) - I - dx, a > I 

Jo x 


4 . Evaluate F{ 2) if 
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5. Evaluate F(\) if 

F(ot) - I In (1 -f a sin x) dx, 0 5 a < 1. 

J-#/j 


6. Given f" e dx « , where a > 0 (cf. Problem 15, Art. 56), show 

Jo 2a 

that, for n any positive integer, 

Jo 2 2V" +1 

r dx 

— -z, a > 0, and hence show that 

X* + a* 

x 1-3-5(?n - 1) 


8. Evaluate 


by first showing that 


r dx 
. (x 2 + a 2 ) n+1 “ 2 2-4-6 2n-a 2n+1 

dx 

o (4 — cos z) 2 

J mV dx x 

- 7==» a > 1, 

0 a — COS X V a 2 - 1 


and then differentiating this relation and substituting a « 4 in the result. (Cf. 
Problem 10, Art. 40.) 

9. The Bessel function of zero or integral order n may be defined as 


1 r r 

J n (x) « - I cos (rtf - z sin t) dt. 

T Jo 


Using this relation, show that 


^ J »(*) ™ £[J"n—1(*) — J n+l(l)J. 


10. (a) If 


r /p 
- 

i> 


sin px 


dx, v * 0, 


find the Becond derivative of F(p) and hence show that F(p) is a linear function of p: 
F{p) m Ap + B. (b ) Using the substitution y - px to get another expression for 
F(p), show that B — 0 and find A as a definite integral. 

11. By differentiating F(a) — f e ~ r cos ax dx with respect to a, find the value of 
Jo 


r 


e~** cos x dx. 
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12. The mean-square error y, arising in the theory of probability (cf. equations 
(12), Art. 88, and (8'), Art. 8D), is defined by the relation 


— f 


dx. 


By differentiation of the relation 


j e * ljs * dx - V v/h, 

derive a formula for y in terms of h. 

18. If k is a constant, show that 

V - F(Z) - { f7(0 sin k(x - t) dt 
k Jo 

is a solution of the differential equation d 2 y/dx 2 + k 2 y = /(x). 

14. Given the function 

f x n dx — n n+1 /(n + 1), 

Jo 

make use of differentiation under the integral sign to determine the area bounded 
by the curve y — x In x and the x-axis. 

16. Show that the function of x defined as 

2 r' op* dt 
* Jo V\ - t* 

satisfies Bessel’s equation of order zero. 

16. By differentiating under the integral sign and then using an infinite series, 
find the area of the minimum strip 1 unit wide extending from the curve y = 

to the positive x-axis. 

17. A particle moves from rest at a distance a (ft.) towards a center of attraction, 
the force varying inversely as the distance, (a) If x (ft.) is the distance from the 
center and T (sec.) is the time required for the particle to move from x = a/n to 
x * a/n 2 , find the value of n for which T is a maximum, (b) By use of series, com¬ 
pute the maximum value of T, if the particle starts from rest at a distance 10 ft. 
from the center with an acceleration numerically equal to 10 ft./sec. 2 

18. If K and E are the complete elliptic integrals of the first and second kind, 
respectively, each with modulus k , show that k dE/dk — E — A'. 

19. Derive the differential equation (1), Art. 64, as follows. Take moments about 
P (Fig. 46), denoting by (xi, yi) any point between P and A , and thus get 

Ely"-J w(yi — y)dxi. 

Now differentiate with respect to x, 

68. Linear partial differential equations. In the preceding chapters, 
all our problems which 1 ** o differential equations involved a single 
independent variable, and tne equations were accordingly ordinary dif¬ 
ferential equations. When investigating functional dependencies into 
which two or more independent variables enter, say time and one or 
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more point coordinates (distances), we are naturally led to deal with 
partial derivatives and partial differential equations. 

As may be expected, a wide variety of physical problems can be 
formulated mathematically as partial differential equations. Appli¬ 
cations arise, for example, in connection with vibrations in strings and 
membranes, which yield equations respectively involving two and 
three independent variables; heat or fluid flow in one, two, or three 
dimensions, for which the equations contain two, three, or four inde¬ 
pendent variables, respectively; electrical transmission, entailing two 
independent variables; electrostatic and electromagnetic field prob¬ 
lems, where the number of independent variables may be two, three, 
or four; problems involving the drying of porous solids through dif¬ 
fusion and evaporation, entailing the use of as many as four inde¬ 
pendent variables; gravitational, electrostatic, or electromagnetic 
potential, with two, three, or four independent variables entering into 
each type of equation; and elasticity, for which four independent 
variables are needed, in general. In this and the following chapters, 
each of the aforementioned applications will be considered. More 
comprehensive treatments of these topics, and of additional applica¬ 
tions as well, may be found in the books and periodicals referred to 
in the subsequent discussion. 

We shall not attempt, in this book, any systematic classification of 
the various types of partial differential equations together with their 
formal solutions, similar to that given for ordinary equations in Chap¬ 
ter I. Even were we to limit ourselves to those types of partial equa¬ 
tions which arise in physics and engineering, the subject would be too 
vast and involved for a book such as the present one. * Our aim, there¬ 
fore, will be to set up merely a few typical and fundamental partial 
differential equations from their physical origins, and obtain solutions, 
satisfying the physical requirements, by means of a special process 
which we shall explain. 

Just as linear ordinary equations form an important class, frequently 
arising in engineering applications, so are linear partial equations often 
obtained in the formulation of many physical problems into which two 
or more independent variables enter. By a linear partial differential 
equation we mean an equation linear, i.e., of the first degree, in the 
dependent variable and its various partial derivatives. Thus, the 

* The reader wishing to pursue this phase of the subject further will find excellent 
and extensive material in Riemann-Weber, “Particlle Differentialgleichungen und 
deren Anwendung auf physikalische Fragen"; Courant-Hilbert, “Methoden der 
mathematischen Physik”; H. Bateman, “Partial Differential Equations of Mathe¬ 
matical Physics”; Frank and von Mises, “Differential und Integralgleichungen der 
Mechanik und PhyBik,” 2 vols. 
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typical linear equation of second order involving the two independent 
variables x and t and the single dependent variable z is of the form 


d 2 z d 2 z d 2 z dz dz 

A\ — + A 2 + A 3 — + B\ — + B 2 — + Cz 
dz 2 dxdt dt 2 dx dt 


F, ( 1 ) 


where the coefficients A 1} • • •, F are functions of x and t only. If each 
term contains either the dependent variable or one of its derivatives, 
we shall say that the equation is homogeneous;* for example, if F — 0 
in (1), that equation will be homogeneous. 

Certain properties possessed by the solutions of linear ordinary 
equations, which made such equations particularly tractable (see 
Chapter I, Art. 8), carry over into the realm of linear partial equations. 
Because of its frequent use throughout the remainder of this chapter, 
we state one of these properties in the form of a theorem, the proof of 
which is easily made. 


Theorem. If z\, z 2 , • ■ ■, z n are n solutions of a linear homogeneous 
partial differential equation, then c A Zi + c 2 z 2 + * —b c n z nj where the c’s 
are any constants , is also a solution of the given homogeneous equation. 


As a simple illustration, consider the linear homogeneous equation 
d 2 z dz dz 

— =- 2 — + - = 0 . ( 2 ) 
dx 2 dx dt 


By a method to be explained in Art. 69, it is possible to obtain as solu¬ 
tions of this equation the functions 

zi = e _(l+3 °, z 2 = e x+2 *sinx. 

Now let z = ci<T (x+30 + c 2 e z+2f sin x, where c\ and c 2 are arbitrary 
constants. Substituting in the left-hand member of (2), we get 

—- — 2-1-- Cie” (z+3 ° — c 2 e x+2t sin x + 2 c 2 e? +2t cos x 

dx 2 dx dt 

+ c-ae** 2 * sin x + 2cie~ (x+3 ° — 2 c 2 e x+2 * cos x 
— 2c 2 e* +2/ sin x — 3cie" ( * +3 ° + 2 c 2 e x+2t sin x , 

which is identically zero in x , t, c\ , and C 2 . 

69. Particular solutions. In a problem involving an ordinary dif¬ 
ferential equation of order n, accompanied by n boundary or initial 
conditions, we may be able to find the general solution of the equation, 

* Some writers call the equation in which the dependent variable itself is absent 
and all the derivatives are of the same order a homogeneous equation. We do not 
use this connotation in this book. 
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and then determine proper values of the n arbitrary constants appear¬ 
ing in the general solution so as to yield a particular solution satisfying 
the given conditions. 

However, when a problem gives rise to a linear homogeneous partial 
differential equation, together with sufficient conditions to fix the 
desired solution uniquely, it is not usually practicable to find the most 
general solution, and even when such a solution is obtainable, it is fre¬ 
quently extremely awkward to particularize to a solution meeting the 
necessary conditions. 

On the other hand, it fortunately happens that a number of physical 
problems leading to linear homogeneous partial equations may be solved 
by a simple process which yields particular solutions of the equation 
directly, and then combines these solutions in such a manner as to 
satisfy the auxiliary conditions. 

The first part of this process, by which we get particular solutions, 
may best be explained by means of an example. Consider the equation 


d 2 z dz dz 
— - 2 — + — = 0 , 
dx 4 dx dt 


( 1 ) 


which served as an illustration in Art. 68. We begin by seeking a solu¬ 
tion in the form of a product of a function of x alone and a function of t 


alone, 


z = X(x)-T{t). 


( 2 ) 


Whether (1) possesses any solution of type (2), or whether every solu¬ 
tion of (1) involves the variables x and t in such a way that it cannot be 
factored into the product of two functions each of which involves only 
one of the variables, we cannot tell initially; thus our method is a 
tentative one in which- we assume the existence of a solution of the 
form (2) and then endeavor to fulfil our assumption. 

Using primes to denote differentiation, so that 

dX dT 

- = x’(x) = x', - = tv) = r, 

ax dt 

and so on, we get by substituting (2) in (1), 

X"T - 2X'T + XT' = 0. 

Now it is possible to separate the variables in (3) and write 

X" - 2 X' _ r 
X T 

Again, we had no assurance at the beginning that it would be possible to 
separate the variables as we have done. If separation were not possible, 


(3) 

(4) 
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our method would not apply, but when it has been found to be perform- 
able, we may be certain that there will exist solutions of the given dif¬ 
ferential equation of the postulated form (2). 

Now let i vary while x remains fixed. Then the left member of (4) 
is constant, and therefore the right member must be a constant also. 
Consequently the common value of the two members of (4) must be a 
constant. 

Hence wc have y „ _ 2X , r 

X ~T =k ‘ 

where A; is a constant, whence we get the two ordinary differential 
equations 

X" - 2X' - kX = 0, (5) 

r + kT = 0 . ( 0 ) 

Thus the problem of solving the partial equation (1) has been replaced 
by the problem of solving the two ordinary equations (5) and (0;. The 
constant k may have any value, but its value must be the same for 
both (5) and (6) in order that (4) hold. 

Equations (5) and (6) both being linear with constant coefficients, 
their solutions are readily found. The auxiliary equation for (5) is 


which has the roots 


tv? — 2m — k = 0 , 


m = 1 dz 


Taking k = 3, for example, we get as two distinct solutions of (5), 
X = e 3x , X = c~ x . 

Similarly, corresponding to k = —2, particular solutions are 
X = e x sin x, X = c x cos x. 

Equation (6) has the particular solution 


which, for the above choices of k, gives us 

T = e~ 3t , T = e 2t . 

Substituting in equation (2), we therefore get as particular solutions 
of e 3(x-() c -<*+3‘> (* = 3), 

e* +2 * sin x e xJr2t cos x (k = —2). 

We have chosen the second and third of these as Z\ and z 2 in Art. 08 
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70. The vibrating string. As our first physical application, we con¬ 
sider a string of length L (ft.) tightly stretched between two fixed points, 
one of which we take at the origin 0 and the other A on the positive 
x-axis as shown in Fig. 48. Let the string be set vibrating in a plane, 
and let F (lb.) be the tension in the string, assumed constant, and so 
large compared with the weight of the string that the gravitational 
force may be neglected. Let w (lb./ft.) denote the weight of the 
unstretched string per unit of length, and let y (ft.) be the displace¬ 
ment at any point P(x , y) of the string from the equilibrium position. 



We wish to investigate the transverse vibrations of the string under 
the assumption that they are very small compared to the length L. 
In accordance with this supposition, we may consider the length of the 
string when it is in an extreme position farthest from the x-axis as 
sensibty equal to L, and suppose that each point P traverses a straight 
line perpendicular to the x-axis. 

The displacement y is a function of two variables, the distance x 
along the string and the time t. Thus we may expect our problem to 
lead to a partial differential equation. 

Since the weight of a small segment PQ t originally of length Ax, is 
w Ax, and the acceleration is d 2 y/dt 2 y we have for the force (lb.) acting 
on this segment 

w d 2 y 
— Ax —- , 
g di 2 

where g — 32.17 ft./sec.^ This force must be the resultant of the 
^-components of the tensions at the two ends; if a and 0 represent the 
angles made by the tangential forces F with the horizontal, we have as 
a second expression for the resultant force 

F(sin (3 —sin a). 
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Now the slopes of the tangents at P and Q are, respectively, 


10 that 


*y) . 

— — tan a, 

dxi x 


*V\ 

dx Jx+Ax 


tan 0 , 


sin a = 


tan a 

Vl + tan 2 a 



sin 0 = 


tan 0 

Vl + tan 2 0 


dy 

dx 



But for small vibrations, such as we are considering, dy/dx will be small 
and its square may be neglected in comparison with unity; consequently 
we have approximately 

. dyl 

sin a = — I , sm 0 = — 

dx Jx Jx-j-Ax 


Substituting these values and equating the two expressions for the 
vertical force, we get 


w d 2 y /dyl dy] \ 

g dt 2 \diJ I+ 4x dx\J’ 

and 

dyl _ dyl 
w d 2 y ^dxJx+Ax dx\ z 
g dt 2 ~ Ax 

Allowing Ax to approach zero, we therefore get in the limit 

&V 2 &V 

- be Cl - . 

dP dx 21 


( 1 ) 


where o 2 = Fg/w\ evidently a has the dimensions of velocity, feet per 
second. This is the partial differential equation of the vibrating string, 
the solutions of which represent the displacement y at any distance x 
from one end and at any time t, for the various possible modes of 
vibration. 
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We have not as yet used the facts that the string is of length L and 
that its ends are situated as stated. Denoting a solution of (1) by 
y(x, 0, we may write the given boundary conditions as 


2/(0? 0 = 0, y(L, t) = 0, (2) 


these relations to hold identically in t. If, in addition, we specify the 
manner in which the vibration is brought about, we have a definite 
physical problem. Suppose that the string is displaced in a sinusoidal 
arch of height y y) and then released from rest. Then we have also the 
initial conditions 


y(x, 0) = ?/o sin —, 


<)y~ 

dt. < = o 


= 0 , 


03 ) 


where these are to hold for every x between 0 and L. Consequently the 
complete formulation of our problem is comprised of the differential 
equation (1), the boundary values (2), and the initial conditions (3). 

Let us seek a solution of this problem by the method of Art. 69. If 
we assume 

vi*, o = xw-m, 


wc get by substitution in (1), 


or 


XT" 


a 2 X"T, 


X" T' f 
X ~ a 2 T 


Here we have placed the constant a 2 in the right-hand member, 
although of course it might equally well appear at the left. By pre¬ 
cisely the same reasoning as was employed in the example of Art. 69, 
we may write 


Y" yv/ 



or 

X" - kX = 0, T" - a s kT = 0, 


where k is a constant. Now we get three types of solutions of these 
ordinary differential equations, and hence of (1), according as A: is posi¬ 
tive, negative, or zero. Thus we have 

y = (dev^ 1 + c 2 e - V**)(c 3 c°V*< f c 4 e~“v / *<) 


(* > 0 ), 
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y = (rs sin V-b + c G cos —k x)(c 7 sin a^Z—k t 

+ C* cos a V 7 - k l) (k < 0), 

y = (fi,.r 4- c w )(c u t + c l2 ) (k = 0), 

whore the c’s arc any arbitrary constants. We must choose the proper 
one of these types, in agreement, with the physical requirements. Since 
we are dealing with a periodic motion, every position of the string being 
reproduced over and over as time goes on, it is evident that we need a 
solution in which the functions of t are periodic. Consequently k must 
be negative, and 

y = (c- t sin V 7 — A: x + c G cos V 7 — A- x) (r 7 sin «V —A t r r s cos aV 7 — k t). 
The lirst of boundary conditions (2) gives us from this equation, 

0 = r G {c 7 sin aV — A; £ + c s cos aV —A- /), 

for every /, which is most easily met by taking c G = 0. The second 
boundary condition then requires that 

0 = c r> sin a/ — k L(c 7 sin a\ / — k f + c s cos aV 7 - k /). 

We cannot hero take c.r, = (), or our soiulion would be the trivial one 
y — 0, which would be correct only if the string remains at vest in its 
equilibrium position, contrary to supposition. Likewise, we cannot 
have c- — <\ — 0 for the same reason. Hut in addiliou to tlie c’s, 
the constant k is at our disposal, provided merely that it be negative. 
Ilcnce if we have 

"V —A: L — ti 7r, 

where n is an integer, sin V —A- L — 0 and the above equation is satis- 
tied. Therefore we get as a solution satisfying (I j and (2), 

hits / nflirt r<flirt\ 

y = c r , sin y - ( c 7 sin - ~ -f c s cos - J , (1) 

with n any integer. 

We next impose the initial conditions (3). 'Faking the second of 
these lirst, as it is the simpler, we see that we must have 


0 = t>, sin 


it TTX CjHflir 


L 
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Since C 5 cannot be zero, we set C 7 = 0 . Then a solution that satisfies 
( 1 ), ( 2 ), and the second of equations ( 3 ) is 

mrx nairt 

y = CftCg sin cos —— ( 5 ) 

jL Lj 

Finally, the first of equations (3) imposes the condition * 


ttx mrx 

2/o sin — = c 5 c s sin — , 

Li Li 

which will be satisfied by taking c$cg = y 0 , n = 1 . Therefore the 
desired solution is 

7 rx airi 

y{x, t ) = 7/n sin — eos — • ( 0 ) 

Li Lj 

If the initial displacement of the string, y{x, 0 ), were other than an 
arch of a sine curve, the solution of the problem would entail a more 
extensive analysis. To illustrate, let the first of the initial conditions 
(3) be replaced by 

y(x, 0) = k(Lx — x 2 ), 0 | j ^ L, (7) 


other conditions remaining the same; that is, we suppose the string 
displaced into a parabolic are passing through the fixed end points 
x = 0 and x = L, where k (ft.” l ) is a small positive constant, and 
released from rest. 

Now, if we attempt to meet condition (7) with the solution (oj, 
we apparently have to choose numbers r-/\ s and n such that 

n 7r.r 

1:{Lx — .r“) — r-e s sin --y - 


identically for 0 ^ x ^ L. Hut this is impossible since a sine curve 
cannot bo made to coincide with a parabolic are over the entire a-range. 
Faced with this difficulty, we might first think of using the property 
of a linear homogeneous partial differential equation expressed in the 
theorem of Art. OS; thus let n* try the effect of taking, instead of (a), 
the sum of a linear combination of terms of that form with n = 1. 2 , 
■ • ■, m in turn: 


ciirt 


2m r/ 


y = b\ sin - cos-b b> sin - cos-[- ■ 

L L ~ r, L 


niitX ir, dirt 

-t h, n sin — - cos. {%) 
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By our theorem, the sum (8) will satisfy the differential equation (1) 
for any choice of the b 1 s and for any positive integer m. Moreover, 
since each term of (8) reduces to zero for x = 0 and for x = L, the 
sum will satisfy both boundary conditions (2); and since dy/dt, as 
given by (8), vanishes for t = 0, the second of the initial conditions 
(3) will be met. , 

Unfortunately the sum (8) is still inadequate as regards the satis¬ 
faction of (7). However, the form (8), together with the knowledge we 
have acquired about the wide applicability of Fourier series, suggests 
that we generalize to an infinite series, and write 

tx airt mrx nairt 

y — hi sin — cos- \- mmm +b n sin-cos-1-. (9) 


Formally, the series (9) will satisfy all the conditions satisfied by the 
finite sum (8); can (7) now be met by a suitable choice of the V s, 
and will the resulting series converge to the required function y(x, /)? 

We readily see that the first part of this question will be satisfactorily 
answered. For, (7) now* imposes the condition 


k(Lx - x 2 ) 


irx 2 t tx mrx 

bi sin - \- b 2 sin-1-f - b n sin-1-, 

Li Ij Ij 


for 0 S z ^ L. Consequently we have to find the half-range sine 
series representing k(Lx — x 2 ) over the given interval. Using the 
method of combination of series (Art. 49), we get (Peirce, 809 and 811, 
with c = L) 



Thus, 6i = 8 kL 2 /ir 3 , b 2 = 0, b 3 = 8/cL 2 /3V, h = 0 ,b 5 = 8/cL 2 /5 3 ir 3 , 
etc. Hence the desired relation takes the form 


8 kL 2 ( . 7 rx airt 1 3irx 

y(x , t) = ——- [ sin — cos-1—- sin-cos 

T 3 \ L L 3 s L 


3airt \ 


( 10 ) 


To establish the uniform convergence of (10), we first note that 
sin (nvx/L) | ^ 1 and | cos {nairt/L) | ^ 1 for every x and t and for 
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every n. Hence the terms of the series within the parentheses are in 
absolute value not greater than the corresponding terms of the series 


i , 1 , 1 , , 1 

1 + 3 5+ 5 i+ "' + (2n- l) 3 




But this series converges since l/(2n — l) 3 ^ 1/n 3 , the nth term of 
the p-series (Art. 37) with p = 3. Thus (10) is a valid solution of our 
problem. 


PROBLEMS 


1. A tightly stretched string with fixed end points x = 0 and x — L is initially 
in :i position given by y{x, 0) = y/o sin 3 (irx/L). If it is released from rest from this 
position, find the displacement y(x t t) at any distance x from one end and at any 
time t. 


2. (a) A tightly stretched string with fixed end points x = 0 and x = L is ini¬ 
tially in its equilibrium position. It is set vibrating by giving to each of its points a 
velocity 




v {) sin 3 


irz 

L 


Find the displacement y(x, l). (b) If the string is 3 ft. long, weighs O.Ofi lb., and is 
subjected to a constant tension of 5 lb., and if v 0 = 1 ft./sec., find the displacement 
of the midpoint of the string when t =0.01 sec. 

3. («) A tightly stretched string with fixed end points x = 0 and x — L is ini¬ 
tially at rest in its equilibrium position. If it is set vibrating by giving to each of 
its points a velocity 

= 3 (Lx - x 2 ), 

(ft Jf«0 


find 7/(x, 0- (h) If the string is 2 ft. long, weighs 0.1 lb., and is subjected to a con¬ 
stant tension of b II)., find the displacement of the midpoint when t = 0.01 see. 

4. A tightly stretched string with fixed end points x = 0 and x = L is initially 
in a position given by y/(x, 0) = (L~x — x 3 )/l00. If it is released from rest from 
this |K>sition, find y/(x, 0. 

5. A tightly stretched string with fixed end points is 4 ft. long, weighs 2 oz., and 
is subjected to a constant tension of 10 lb. It is set vibrating by giving to each of 
its points an initial velocity v ft./sec., where v = .r, 0 < x ^ 2, and v = 4 — x, 
2 < x < 4. Find the displacement of tin* midpoint of the string 0.1 see. later. 

6. A tightly stretched string with fixed end points x = 0 and x = 3 is initially 
at rest in its equilibrium position. It is set vibrating by giving to each of its points 
an initial velocity v, when* v = ins for 0 < x £ 1, r = in for 1 < x ^ 2, and v 
= m (3 — .r) for 2 < x < 3. Find y/(.r, 0. 

7. A vibrating string is subjected to a damping force which is proportional to 
the velocity at each point and at each instant. Show that the differential equation 
has the form 

(t~H .> <>~U 0 . *// 

— ; = a~ „ — 2b , 
ill- Ox 2 0t 

where a — y/Fg/w (ft./sec.) and b (see. -1 ) are constants. 
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8. If the string of Problem 7 has its ends fixed at x = 0 and i * L (ft.), and if 
it starts from rest with an initial displacement y(x, 0) = f(x) for 0 < x < L, show 
that the displaeement function i/(«r, l) is given by 

?/(j, t) = c~ bl T"'' A n ( cos K n t + — sin A'* A sin , 

n^\ ' " 

where A„ =* VVv^a 2 — IrL'/L and 

An = - I /(j) Rill -~ dx. 

L Jo L 

9. A horizontal bar of length L (ft.) is initially undeformed and at rest. The 
end j — 0 is fixed, and the other (x = L) is suddenly subjected to a constant hori¬ 
zontal stressiS (lb. ft. 2 ).. Show that the longitudinal displacement //(x, l) satisfies the 
conditions 


OlJ dj) d/yl _ S 
01* = " fix*’ SJx-L E ’ 


t/(0, t) * 0, y{x, 0) = 0, 


0t _l/«o 


0 , 


where a = y/Kg/p (ft./sec.), A (Ib./ft. 2 ) is Young’s modulus, p(lb./ft. 3 ) is density t 
and g — 32.17 ft./sec. 2 

10. Substitute </(j, 0 = ?/|(x) -f y«(x, t) in the differential equation of Problem !), 
where yi{x f I) is 1o be a function satisfying the same differential equation but hav¬ 
ing two zero boundary values: diff/dx = 0 for x ■* L and 7 / 2 ( 0 , /) = 0. Hence show 
that yds) = Sx/E, and determine m (x, 0- 

11. An elastic rod is clamped along its length L (ft.) and fixed at its upper end 
(j « 0). If the damp is suddenly removed, allowing gravity to act, the rod under¬ 
goes longitudinal vibrations. Show that the longitudinal displacement ?/(x, t) 
satisfies the conditions 


dt* 


, *-y 

or —„ 
Ox- 


+ 0, 


Owl 

Ox 


0 , 


1/(0,0 - 0, 


y(x, O) - 0 


^ 1 

dUi-o" 


0 , 


where a * V Eg/p (ft./sec.). 

12. Substitute y{x, f) = yi(x) iMz, 0 in the differential equation of Problem 
11, where y^ix, t) is to be a function satisfying the homogeneous equation iPy/dt 2 
* a~(d 2 y./dx 2 ) and the same boundary conditions as y(x, t) itself. Hence show that 
Vi(x) = gx{2L — x)/2a 2 , and determine yi{x, t). 


71. One-dimensional heat flow. We turn now to a discussion of 
flow of heat in a conducting body, from which we can gain knowledge 
of temperature distribution under various conditions. We base our 



analysis on the empirical laws 
stated in Art. 7 (cl). 

Consider (Fig. 49) a homo¬ 
geneous bar of constant cross- 
sectional area A (cm. 2 ), and sup¬ 
pose that the sides are insulated 
so that the streamlines of heat 
flow are all parallel, and perpen- 


Fig. 49 
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dicular to the area A. Take the positive :r-axis along the direction of 
flow, the origin 0 being at one end of the bar. By law I, the quantity 
of heat in a slab of thickness Ar is cpA A.r in f 273 ) calorie'*, where’ i> 
is the density (gr./cni.'*), u is the temperature (°C.) of the slab, and 
the constant, of proportionality c is called the specific heat (cal. gr. 
deg.). Tl'icn 

dn 

cpA Ax — = f\\ — /i >, 
dt 

where R x and 7? 2 are the rates (cal. 'sec.) of inflow and outflow, respec¬ 
tively. Now by law III, 

On dn 

Ah - —AM , h'o = -AM - - 

d.rJj. 

the negative sign appearing as a consequence of law II. where I\ is 
called the thermal conductivity (cal. cm. deg. sec.). Hence wo have 



l)u 

/du 

;>n \ 

cpA < 

\x — AM 

( 

) 


l)( 

\ll.r J <; 

• j A/ ‘ tC j- / 


Let a 2 - K cp , the diffusivity (cm. 2 >e<\). Dividing by rpA A x and 
then passing to the limit as A.r approaches zero, we gel the partial 
differential equal ion 

On d~u 

- - =: <r (I ) 

lft 0x~ 

Suppose now that we have a bar. 10 cm. long, with its sides impen i- 
ous to heal so that the heat flow is ono-dimensiunal as assumed above. 
Let ihe ends .1 and B of the bar be kept at blP C‘. and 1 (Kl :j (respec¬ 
tively, until steady-state conditions prevail, that is. until the tempera¬ 
ture at any particular point no longer varies with time. 'The tem¬ 
perature at .1 is then suddenly raised to IMP and at the same instant 
that at B is lowered to <>()"; these end temperatures art’ thereafter 
maintained. We wish to lind an expression for the temperalurc at a 
distance x from end A and at any time t subsequent to the changes in 
end temperatures. 

We first mathematically formulate our boundary and initial condi¬ 
tions. For the boundary conditions we evidently have 

v/i 0, /) —' 90 , a {10 , t) = 00, f > 0. (2) 

To obtain an equation expressing the initial condition, we proceed as 
follows. Previous to the temperature changes at the ends, when t = 0 , 
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the heat flow was independent of time. But if the temperature u 
depends only upon x and not upon t, ( 1 ) reduces to 



(3) 


the general solution of which is 

a = ax + b, (4) 

where a and b are arbitrary constants. Since u = 50 for x = 0, and 
u = 100 for x = 10, we get from (4), 50 = b and 100 = 10a + 6, 
whence a = 5 and b = 50. Thus the initial condition is expressed by 

m(. r, 0) = 5x + 50, 0 < x < 10. (5) 

We therefore have to find a temperature function u(x, t) satisfying the 
differential equation (1), the boundary conditions (2), and the initial 
condition (5). 

Now if we immediately follow the procedure adopted in Art. 70, 
vc encounter a difficulty that did not arise there. The two boundary 
\ allies in each vibrating string problem were both zero, and we were 
able to find a function that not only satisfied the differential equation 
but also fulfilled the boundary conditions. Here, however, we have 
non-zero boundary values, and therefore we modify the procedure. 

We break up the required function, a(x, /), into two parts, 

zvi.r, t) = M#(.r) + M-r, /), (0) 

when* M*(.r) is a solution of (1), involving only x and satisfying the 
boundary conditions (2); u t U\t) is then a function defined by (0). 
Thus, njx) is a st an ty-state solution, of the form (4), and /q(.r, l) may 
consequently lie regarded as a transient solution which numerically 
decreases with increase of t so as to become negligible after a sufficient 
lapse of time. 

Using the form (4) for «*(.r), we get, since m 4 (0) = 90 and *q(10) 

= 00 , 

n»(x) = 90 - 3.r. (7) 

t onsequently we have, from (0), (2), and (7), 

w,(0 f 0 = «((>, t) - a,(0) = 90 - 90 = 0, 
w/(l(), t) = u{ 10, /) - m n (10) = 00 - 00 = 0; (8) 

and from (6), (5), and (7), 

zqfff, 0) = u(x, 0) — u s (x) = 5.r + 50 — 90 -f 3.z: = 8.r — 10. (9) 
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Equations (8) and (9) express the boundary and initial conditions rela¬ 
tive to the transient solution. Since the boundary values given by 
(8) are both zero, we now apply the method used in Art. 69 to deter¬ 
mine u t (x , t). 

We assume u t (x , t) to be of the form 

UiCM) = X(x)-T(t ), (10) 

substitute in (1), and separate the variables. This yields 
XT' = a 2 X"J\ 

T X" 


where k Is a constant. We then find three types of solutions: 

u t = f' k \c x c^* + c 2 a"v fa ), k> 0; (12) 

u. t = sin \ / -k x + c A cos y/ — k x), k < 0; (13) 

Ut = c r ,:r + c G , k = 0. (14) 


Since u t is to decrease numerically with increase of t, form (13) must 
be chosen. From the first of conditions (8) we get the relation 
0 = C 4 ( n ' kt , which can be met only by taking c 4 == 0. The second of 
conditions (8) then yields 0 — cy “~ kt sin 10 V 7 —k, and, since c% cannot 
be zero (or u t would be identically zero), we take 10 V 7 —k = nw, where 
n is an integer. Hence (13) reduces to 


2 2 -i i 71TTX 

Ut = c 3 c' n "“ / 100 sill-. 

10 


(15) 


It is apparent that no sum of a finite number of terms of the form 
(15) will satisfy initial condition (9). Reasoning as in Art. 70, we are 
thus led to the infinite series 


u t 


=!>-- 


*Vioo 


nirx 
sin- 

10 


(16) 


This series will formally satisfy (1) and (8). Relation (9) now leads to 
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We easily get the needed Fourier half-range sine scries for 8x — 40 by 
combining Peirce S00 and SOS. Setting c = 10 in these series, we find 


8x - 40 


20 / rx 1 2 irx 1 3ir.r 

8 — ( sin —-sin-1— sin- 


vr \ 


10 


10 


3 


10 


1 / 7r.r 

— 40*“ ( sin — 

TT V 10 


1 3t r.r 

+ - .sin-b ■ 

3 10 


) 


80 / 7 r.r 1 27r.r 1 3ir.r 

-( sin-1— sin-h - sin- 

it V 5 2 5 3 5 



(18) 


Therefore hi = 0. b 2 = —80/t, = 0, 5 4 = — 80/27T, etc. Substitu¬ 

tion in (10) yields 


"i = 


SO 

7T 


£ 

i, - i 


1 

n 


nirx 


( 10 ) 


Finally, combining (7) and (10) into (0), we have the required solution, 


SO 1 ■■ n ■; //7T.(’ 

w(.r, /) = 00 — 3.r-/ - e " * <r sin . (20) 

7r n 5 


To establish the uniform convergence of the series (10), we first, 
note that, since | sin (?r.r 5) | ^ 1 for every x and for every positive 
integer n, the absolute' value's of the terms of the series do nor exceed 
the corresponding terms of the serie*s 



Hence, if this series cemverge»s for t > 0, so will (10). Applying 
Cauchy’s ratio test to the test series, we' get 

! "".t 1 1 = ! » a.-.; 

; .'ii i I" “A i i 

and the limit, as // becomes infinite', is zero for any positive value of t. 
Thus (20) is a valid solution of our problem. 


PROBLEMS 

1- (n) \ mil of Wngth L has its ends .\ and ft ke\»t at (V' C. and UHP vcs\h*v- 
\w .*i;, uw- >' ■ u-.\dy-sV;wv muWOnus \nvva\\. \\ tW Vi'm\wa\\uv»A ft \> V\u*n ivdwvd 
suAvWvAn . i A ^ -.aM sn. wlul«* \\va\ nf .1 is maimamni, liud tlit- inupciviluiv 
Ml.l-) »V .\,-\ .mrr / il.im ,\ unit : ,l ii n „. (fc) |f (>f ;. s „( .,/> it. 

■° Cl11 ' """ s l” ''.l"'Ki MVily Ul.lj, llirnn.il r.iinluclivil v K = 1.04 cal./I II. <1* « 
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sec., and specific heat c » 0.050 cal./gr. deg., find the temperature at the midpoint, 
1 min. after the change. 

2. The ends A and B of a rod 40 cm. long have their U*ni|»eratures kept at 0° C. 
and 80° C., respectively, until steady-state conditions prevail. The temperature of 
end B is then suddenly reduced to 10° and kept so, while that of end A is kept at 
0° C. (a) Find the temperature n(x, l) as a function of x (cm.), the distance from end 
.1, and t (sec.), the time elapsed after the sudden change of temperature at end B. 
(b) If the rod of part (a) is of copper, with specific gravity 8.80, thermal conductiv¬ 
ity K = 0.84 cal./cm. deg. sec., and specific heat r = 0.0112 cal. gr. deg., find the 
temperature at a point 10 cm. from A, 5 min. after tin' change. 

3. (a) Solve problem 1(«) if the change consists of raising the temperature of 
A to 50° C. and that of B to 150° ('. (b) If the rod of part (a) is of glass, 20 cm. 
long, with p = 2.-10 gr./cm. 3 , K = 0.0015 cal.'em. deg. see., and r — 0.180 cal./gr. 
deg., find the temperature at the midpoint, 2 hr. after the change. 

4. (a) Solve Problem 1(a) if the change* consists of raising the temperature of 
A to 25° (\ and reducing that of B to 75° (\ (b) If the rod of part (a) is of cast 
iron, 20 cm. long, with p = 7.20 gr./cm. 3 , I\ = 0.17 cal. cm. deg. sec., and c = 
0.1 Id cal./gr. deg., find the temperature at a point 5 cm. from A, \ min. after the 
change. 

6. The temperature, distribution in a certain rod. 10 cm. long, is initially given 
by u(s, 0) ==■ |‘,i (10 j- — .r 2 ) 2 . If Ihe ends are both kept at 0° (\ thereafter, find the 
tcmpcralure function u(.r , /). 

6. 'Two cast-iron rods, AH and CD (p = 7.20 gr. 'cm.' 1 , I\ = 0.17 cal./cm. deg. 
see., r = 0.1 Id cal. gr. d(*g.), each 10 cm. long and with insulated sides, an* respec¬ 
tively at uniform temporalures of 0 (’ and 50 ( . At time / = 0 tliev are set in 
line, end B of one bar against end (' of the oilier, and ihe temperature of 1) is re¬ 
duced to 10 J C. If the temperatures at .1 rim I /> arc respectively maintained at 
0 <’. and 10 r ('. theroafter. find the temperature of the* midpoint of AB, 4 min. 
after the change. 

7. Each of three copper bars (p - 8.89 gr. 'em. 3 , A = 0.81 cal./cm. deg. sec., 
r = 0.002 cal. gr. deg.) is 10 cm. long and has insulated surfaces. Two are at 
0 (\ throughout their lengths, and the third is at 100° (\ throughout. At time 
t = 0 they are put in line, the hoi bar between the two cold ones, and tin* outer 
ends (,r = 0 and x ~ dO) an* kept at 0° (\ Find the tem))erature of the midpoint 
of 1 lie set, 1 min. after they are alined. 

8. Two steel rods, AH and C'D (p = 7.70 gr./cm. 3 , J\ = 0.080 cal./cnt. deg. 
see., c — 0.1 IS eal. /gr. deg.), each 25 cm. long and with insulated sides, have the 
following steady-state conditions. Ends .1 and B have the temperatures 0° C. 
and 50° respectivelv, while* <*nds C and 1) have the respective temjM'ratures 
100 ' (’. and 150° C. At time / = 0 they are set in line, end B against end C, and 
the l^mperaiure of I) is reduced to 100° (\ If the temperatures of A and D are, 
respectively, maintained at 0° C. and 100° 0. thereafter, find the temperature of 
the midpoint of CD , \ hr. aft('r the change. 

9. The temperature at one end of a bar, 50 cm. long and with insulated surfaces, 
is kept at 0 t and that at the other end is kepi at 100° C. until steady-state con- 
<lilions prevail. Tin- I wo ends a rr thru suddenly insulated. so tint the temperature 
gradient is zero at .•art, rral thereafter. («) Shmv that the sum of the temperatures 
at anv two points equidistant from tl.r rrn.rr is always 100“ C. (b) If Ihe bar is of 
cop ,xt (p . 8.89 gr./cm. 3 , 1\ = 0.8-i cal., cm. deg. sec, c = 0.092 cal./gr. deg.), 
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find the tirnc- required for the temperature. at a point 10 cm. from the cooler end to 
reach !HF < of its final steady-state value. 

10. A bar with insulated sides is initially at temperature 0° C. throughout. The 
end x = 0 is kept at. 0 Q C\ f and heat is suddenly applied at the end x = L (cm.) at 
a constant rale, so that 0u/Ox = A for x = L, where A is a constant. Find the 
temperature function u(j, /)■ 

11 . 'Heat is flowing in an insulated wire in which heat is being generated at a 
constant, rate. Show that the temperature function u(x,1) satisfies a differential 
equation of the form 0u/dt — a 2 (if 2 u/dx 2 ) 4- c, where a 2 is diffusivitv and r is a 
positive constant. Hence show that this equation has the solution u(x, t ) = t'(.r, /) 
■+■ <'t, when* 7'(.r, t ) is a solution of equation (1), Art. 71. 

12. If the ends x = 0 and x = L (cm.) of the wire of Problem 11 arc kept at 0° C., 
and if u{x, 0) = f(x), show that 


u(x,t) = 


rx(L - x) 


2 a 2 


- + - 2 £' 




ittj r ■ rj(i - L) 1 . mri 

77 l L~ 2a -,-+/«>"-- 


(ix. 


13. A thin wire is conducting heat along its length and is also radiating heat from 
its surface. Assume that the diameter is so small that, at any distance x from one 
end of tin* wire and at any time l, the temperature u(x, f) does not vary over the 
cross-sect ion. Assume also that the temperature of the surroundings is 0 1 (’. and 
that the radiation obeys Newton’s law, so that the time rate of change of tempera¬ 
ture, due to radiation, is proportional to the temperature. Show that h{x, t) satisfies 
a differential equation of the form du/01 = a 2 (d 2 u/dx 2 ) — liu, where or is diffusivitv 
and H is a positive constant. 

14. Show that the equation of Problem 13 has a solution of the form u(x,t) 
— p- St v (x, /), when* v(x, I) satisfies equation (1), Art. 71. 

16. Suppose that the wire of Problem 13 is initially at temperature 0° C. through¬ 
out its length L (cm.), and that the temperature at the end x = L is suddenly raised 
to an while that at x = 0 is maintained at 0°(\ Using the method of Art. 71, in 
which we set n(x , t) = u*(x) + tit(x,t) f show that n„(x) = Mo(sinh %'lix.a)/ 
(sinh \//f L/a), anti determine the function u ( (x, t). 

16. Show that the differential equation for radial heat flow in a homogeneous 
solid sphere is 

da 0 /(l 2 u 2 0u\ 
dt \ dr 2 r dr) * 


where r (cm.) is the radial distance from the center to any interior point. 

17. Show that the equation of Problem 1(» is satisfied by u(r, t ) = «(/■, t)/r, where 
c(r, /) is a solution of the equation dv/Ot = a\d 2 v/ dr 2 ). 

18. The sphere of Problem 17, of radius n (cm.), has the initial temperature 
distribution u(r, 0) = c(a — r), 0 < r < a, where c is a constant.. If u(a,t) = 0, 
t > 0, find >/(r, 0- 

19. The sphere of Problem 17 is initially at temperature 0° C. throughout, and 
the temperature of the surface is suddenly made and kept at a constant value A. 
Find the temperature function u(r, t ). 

72. Two-dimensional heat flow. As an extension of the heat-flow 
problem treated in the preceding article, we now suppose the heat 
streamlines to be curves instead of straight lines, these curves lying in 
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parallel planes, so that the flow is here two-dimensional. Let there be 
given a sheet of conducting material of uniform thickness r (cm.), 
density p (gr./cm. 3 ), thermal conductivity K (cal./cm. sec., deg.), and 
specific heat c (cal./gr. deg.). Let the ;n/-plane be taken in one face 
of the sheet, and consider a rectangular region A BCD, the coordinates 
of the corners being those given in Fig. 50. By the second and third 



Fin. 50 


laws of heat flow, the amount of heat entering the side AB in 1 sec. 
is approximately equal to * 



and the amount leaving CD per second is, nearly, 


dal 

— Kt Ax — 

d/y. u+ A], 


Hence the rate of gain of heat due to these two boundaries is approxi¬ 
mately 


A t Ax 


/da 

V (>// 


!/ + A.v 



Similarly, the approximate rate of gain of heat due to the boundaries 
AD and ISC is 


Kt A ;/ 



* Here —I is 
'lu L 


flic average value of along Ah. 

<’>U 


peratun* gradients an* average values. 


Similarly the other three tem- 
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Consequently the approximate total rate of gain of heat in the region 
A BCD is tiie sum of those two terms, or 



Moreover, this rale of gain of heat is given approximately by 

du 

cpr Xr Ay — , 


by law L Equating the above two expressions, dividing by r A.r A?/, 
and then passing to the limit as A .r and A// both approach zero, we get 


/d~u d 2 u\ tin 


(I) 


where again or = Kcp is the diffusivitv. If, in particular, the stream¬ 
lines are all parallel to the r-axis, the rate of change dit/dy of tempera¬ 
ture in the //-direction will be zero, whence d 2 u/dy 2 = 0 and (1) reduces 
to the partial differential equation of one-dimensional heat flow found 
in Art. 71. 

When the streamlines are non-planar curves, so that the flow is 
three-dimensional, precisely similar reasoning leads to the equation 


/d 2 tt d 2 u (1~u\ du 

( — + —-+■—)*—■ 
Vd.r” dy“ dz~ / dt 


We shall, however, confine our attention to two-dimensional heat flow. 

If the boundaries of our sheet are kept at definite temperatures, the 
faces being insulated to insure two-dimensional heat flow, there will 
come a time when the temperature at any particular point remains 
sensibly constant throughout later time intervals; that is, steady-state 
conditions will have been attained. Since u will then depend only 
upon x and ?/, du'dt will be zero at every point, and equation (l) will 
be replaced by 


<Yu (Yu 

= 0 . 

dx~ d;r 


( 2 ) 


This partial differential equation, which here enters into the investi¬ 
gation of temperature distribution for two-dimensional heat flow, arises 
also in many other problems of mathematical physics, and is therefore 
of considerable importance in engineering mathematics. It is called 
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Laplace’s equation, and wo shrill moot it again in later chapters in 
connection with other types of problems. 

In the study of steady-state temperature distribution in a rectangular 
sheet, say, it is natural and usually most convenient to deal with rec¬ 
tangular coordinates, as we have done above. Sometimes, however, 
polar coordinates (r, 0) are more useful than rectangular, so that we 
should like to have Laplace’s equation with the independent variables 
r and 0 instead of the variables x and //. Since the relations between 
the two coordinate systems, when the polar axis is taken along the 
positive ,r-axis with the pole coinciding with the origin, are 

x = r cos 0 , y — r sin 0 , 

we have by an application of formulas (lb) of Art. bb, 
du du du 

— = — cos 0 H-sin 0 , (?,) 

dr dx dy 


du dn . du 

— =- r sin 0 H - r cos 0. (4) 

dO dx dy 

d 2 u d~ n d 2 u d 2 u 

..... — cos- 0 + 2 -sin 0 cos 0 + ----- sin 2 0 , (5) 

dr dx- dx dy dy 2 

d 2 U du d 2 H 0 (J d 2 u o 

--- =-- r cos 0 H- r sin" 0 — 2 — . r sin 0 cos 0 

dd- dx dx 2 dx du 


du d~U n 

— /• sin 0 + 0 r cos" 0. ((}) 

dy dy * 

Multiplying (b) bv 1 r 2 and adding to (5), we get, using the identity 
siir O + cos' 6 — 1, 


d~u 1 d 2 u d 2 u d"v ducosd dusmO 


dr 


,2 r dd 2 dr 2 ,ln' 2 


0.r 


dy" dx r dy r 


(7) 


Multiplying (II) by 1/r and adding to (7), there is found 
d 2 it 1 du 1 dr a dru dru 

—+ .. ~f + 7, * 

dr r dr r dd- dx- dy " 


Hence Laplace’s equation (2) becomes, in polar coordinates, 
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As an illustration of the use of equation (9), consider a semicircular 
plate of radius a (cm.), and let the hounding diameter be kept at 0° C. 
and the circumference at any fixed temperature w 0 ^ 0 until steady- 
state conditions prevail. In order to find the temperature distribution 
in the plate, we have therefore to find a solution w(r, 0) of (9) valid 
for values of 0 between 0 and tt * and for values of r (cm.) between 0 
and a , subject to the boundary conditions 

i((r, 0) = 0, (10) 

n(r, t r) = 0, (11) 

n(a, 0) = u [h ( 12 ) 

where (10) and (11) are to hold for any r and (12) for any Q in the given 

ranges. 

We assume that (9) has a solution of the form 
w(r,0) - R(r)-T(d), 

which gives us, upon substitution in (9), 

rR"T 4- rWT + RT" = 0, 
or 

r 2 R" rR f T" 

~r + it ¥ 


Setting each of these two expressions equal to a constant A', we get the 
ordinary differential equations 


0 d' 2 R (JR 

r -j- r - AT? = 0, (13) 

dr dr 


d 2 T 

~y + kT = 
dO 2 

Let us examine equation (11) for T(d) first. 

T = c x sin y/k 0 4 c 2 cos y/k 6 


T = c 3 e¥~ u + c A e-^- k> 
T = c,6 + c# 


0. 


We readily find 

(k > 0 ), 

(k < 0), 

(k = 0). 


(in 


Since it, and therefore T, must he a periodic rather than an increasing 
or decreasing function of 6, it is evident that k should be chosen as 
positive. 


Or, equally well, for 0 between 2?r and 3ir, etc. 
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Turning now to equation (13), we see that it is an Euler differential 
equation (Chapter I, Art. 12); consequently we set r = e*, so that (13) 
is transformed into 



0. 


As k is to be positive, a suitable solution of this equation will be 
R = c 7 e^ kt + c 8 e~ v/ * f = c 7 r^ + c 8 r _v/ *. 


Before applying our boundary conditions, we note that since u, and 
hence R, is to remain finite as r approaches zero, we must have eg — 0. 
Then we have 

u = c 7 r^ k (ci sin y/k d + c 2 cos y/k 0). 

Now from (10), 

0 = c 7 r^ k -c 2t 


and since c 7 cannot be zero without making u identically zero, we must 
take C 2 = 0. From (11), 

0 = c 7 r^ k ‘Ci sin y/k 

and since neither c x nor c 7 is to vanish, we take 

y/k = n, 


an integer. Finally, since (12) cannot be satisfied by a single term o 
the form br 11 sin nd , nor by the sum of a finite number of such ternu 
we take 

u = b n r n sin n6. 

71“ 1 

Then (12) gives us 


whence 


wo 


<0 

-z 

n-1 


b n a n sin nB } 

\ 


0 < e < r, 


2 r w 

b n a n = - I i*o sin nd dJd 
V J 0 


r 2u ° nY 

-cos nd , 

L nr J 0 


and 


2uq 


nira 


(1 — cos nir), 


u(r, 9) 

This is the desired solution. 


4“o _ 

* 2n 




sin (2 n — 1)9. 


(15 
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To prove the validity of (15) for 0 <r < a and 0 < 0 < r, we pro¬ 
ceed as in the example of Art. 71. Each term of (15) is in absolute 
value less than or at most equal to the corresponding term of the series 

4w 0 1 / r \ 2n_1 

t fri 2n - 1 W * 


and the Cauchy ratio test for this series gives us 


lim 

n —* * 


u n +1 
Un 


lim 

n —* x 


2n — 1 / r\ 2 
2 n + 1 W 



which is less than unity for 0 < r < a. Hence (15) is uniformly con¬ 
vergent. Likewise, all the series derived from (15) by partial differ¬ 
entiation also converge uniformly, and therefore (15) is a legitimate 
solution of the problem. 


PROBLEMS 


1. If the radius of the plate in the example of Art. 72 is a — 10 cm., find the 
temperature for r = 3 cm. and 0 * 45°. 

2. The bounding diameter of a semicircular plate, of radius 10 cm., is kept at 

0° C., and the temperature along the semicircular boundary is given by u(10, 0) 
■ 500, 0 < 9 *72, m( 10, 0) * 50(r — 0), *72 < 0 < *\ Find the steady-state 

temperature function u(r, 9). 

& A plate with insulated surfaces has the shape of a quadrant of a circle of 
radius 10 cm. The bounding radii, 0 — 0 and 0 = *72, are kept at 0° C., and the 
temperature along the circular quadrant is kept at 1 OO(jt 0 — 20 s ) degrees C., 
0 < 0 < *72. Find the steady-state temperature for r — 5, 0 “ *74. 

4. A rectangular plate with insulated surfaces is 8 cm. wide and so long com¬ 
pared to its width that it may be considered infinite in length without introducing 
iui appreciable error. If the temperature along one short edge, y ■= 0, is given by 
u( jt, 0) — 100 sin (*\r/8), 0 < x < 8, while the two long edges, x — 0 and x — 8, 
as well as the other short edge, are kept at 0° C., find the steady-state temperature 
function u(x, y). 

5. (a) A rectangular plate with insulated surfaces is 10 cm. wide and so long 
compared to its width that it may be considered infinite in length without introduc¬ 
ing an appreciable error. If one short edge, y ** 0, is kept at 10° C., while the 
two long edges, x — 0 and x =» 10, as well as the other short edge, are kept at 0° C., 
find the steady-state temperature at any point (x, y) of the plate. ( b ) Draw a 
curve showing the variation of temperature with distance y along the midsection 
x *■ 5, and determine graphically the distances y at which the temperatures are 
1° C. and 5° C. Check by showing that u(5, y ) — (40/ir) tan -1 e“ Fy,10 l and evalu¬ 
ating the required distances y from this formula. 

6. Obtain a finite expression for the function u(x, y) of Problem 5 by the follow¬ 
ing procedure. Let z » re* in the relation 


In 


1 + 9 
1 - * 


2 






Art. 72 ] TWO-DIMENSIONAL HEAT FLOW 293 


separate real and imaginary parts, and hence get 


rain 9 + — sin 30 + • 
3 



Now identify r with e”'*'' 10 and 9 with «/10 in the result of Problem 5, and thus 
obtain 


u(x, y) 


-t»n- i r in( ' T/IO) l- 
T Lsinh (ir;f//10) J 


7. Solve Problem 4 if the function u(x, 0) given there is replaced by u(jc t 0) 

— 8x — x 2 . 

8. If, in Problem 5(a), the temperature along the edge y » 0 is given by u( jr, 0) 

- lOOx — x 8 for 0 < x < 10, other boundary conditions remaining the same, find 
u(x, y). 

9. If, in Problem 5(a), the temperature along the edge y = 0 is given by it(x, 0) 
* 20x, 0 < x ^ 5, w(x, G) * 20(10 — x), 5 < x < 10, other conditions remaining 
the same, find u(x, y). 

10. A square plate is bounded by the lines x = 0, y * 0, x * a, y = a. Its sur¬ 
faces are insulated, and the temperature along the upper horizontal edge is 100° C. 
while the other three edges are kept at 0° C. Find the steady-state temperatures at 
the points (a/2, a/2) and (a/4, a/4). 

11. If, in Problem 10, the temperature along the edge y » a is given by u(x, a) 
*» x, 0 < x g a/2, u(x, a) — a — x, a/2 < x < a, other conditions remaining the 
same, find u(x, y). 

12. A rectangular plate is bounded by the lines x ■■ 0, y * 0, x — 20, y — 10, 
Its surfaces are insulated, and the temperature along the upper horizontal edge is 
given by u(x, 10) = 20x — x 2 , while the other three edges are kept at 0° C. Find 
the steady-state temperature function u(x, y). 

13. A rectangular plate has its edges along the lines x * 0, y — 0, x — 20, 
y * 10. The temperature along the right-hand vertical edge is given by u(20, y) 
^ y 2 , 0 < y ^ 5, u( 20, y ) = (10 — y) z , 5 < y < 10, while the other three edges 
are kept at 0° C. If the surfaces of the plate are insulated, find the steady-state 
temperature function u(x, y). 

14. Consider a rectangular plate, a by b cm. Ix>t the temperature distributions 

along the four edges be given by u(0, y) - /i(y), u(a, y) — hiy), u{x, 0) — /j(x), 
u{x t b) — Show that, if ii], uo, 113 , and in are four solutions of Laplace’s 

equation, respectively satisfying the boundary conditions 


*1(0, y) - /l(y), 

ui(a, y) * 0, 

«i(x, 0) * 0, 

mix, b) - 0 ; 

* 2 ( 0 , y) - 0, 

Ui(a, y) - 

M 2 (x, 0) - 0, 

112 ( 1 , b) - 0; 

na(0, y) - 0, 

Ui(a, y) - 0, 

u 3 (x, 0) «= /j(x), 

us(x, b) - 0; 

£ 

3 

1 

© 

£ 

jr 

ss 

1 

p 

Ui(x, 0) ■> 0, 

u 4 (x, b) «/i(x); 


then the steady-state temperature function u(x, y) can be taken as 

u(x, y) - ui(x, y) + U 2 (x, y) + iia(x, y) + m(x f y). 

Thus, for any given boundary conditions, u(x, y) can be determined by solving at 
most four problems each of which involves three zero boundary values. 
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73. Fluid flow. Hydrodynamics, which deals with the motion of 
fluids, forms another topic into which partial differential equations 
enter. We shall discuss here only fluid flow in which the fluids are 
supposed perfect, so that they are homogeneous and continuous in 
structure and such that viscosity may be neglected. Thus we may 
consider small elements of a fluid body as having the same physical 
properties as the entire mass, and may also take all thrusts exerted by 
the fluid on an immersed surface as being normal to the surface, whether 
the surface in question is at rest or in motion in the fluid. Although 
these assumptions are not all realized in practice, they permit a math¬ 
ematical analysis to be made more readily, and the results thus ob¬ 
tained provide valuable information about fluid flow in general. 

Consider three-dimensional fluid flow relative to a set of rectangular 
axes. Let u, v , w (ft./sec.) be the components of the velocity parallel, 
respectively, to the x-, y-, and z-axes at a point P(x, y , z) at time t 
(sec.), so that u, v , w are functions of the four variables x, y } z, t. In a 
time interval At the fluid particle originally at P will have moved to 
another point Q(x + Ax, y + Ay, z + Az), and if we consider this one 
moving particle rather than the successive particles passing through P 
we shall have the coordinates (x, y, z ) of that particle as functions of t. 
Consequently the components of the acceleration of our particle are, 
by equation (15), Art. GO, 

du du dx du dy du dz du 
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dt dx dt dy dt dz dt dt 
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Now let P(x, y, z ) be one vertex of a small rectangular parallelepiped 
of dimensions Ax, Ay, A z, as shown in Fig. 51, and let p(x, y, z , t) 
(lb./ft. 3 ) be the density at P at any time t. Suppose the fluid to be in 
motion owing to the action of a force F(x, y , z , t) per unit mass, whose 
components in the x-, y -, z-directions are Pi, P 2 , P 3 (ft./sec. 2 ), respec¬ 
tively, and let p(x, y , z, t) (lb./ft. 2 ) be the pressure at P at time t . 
Equating the algebraic sum of the forces acting in the x-direction to 
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the product of mass and the x-component of acceleration, we get the 
approximate relation 

- Ax Ay Az — = Fi~ Ax Ay Az + (pi — pi } Ay Az , 

g dt g \ -lx J*+A*' 

where g = 32.17 ft./sec. 2 Dividing by p Ax Ay Az/g, passing to the 
limit as Ax , Ay, and Az all approach zero, and making use of the first of 
equations (1), we get the equation 


du du Su du g dp 

u -b v -b w -1-= r i- 

dx dy dz dt p dx 

Similarly, for the y- and 2 -directions, we find 

dv dv dv dv g dp 

u -b v -b w — H-= F 2 -, 

dx dy dz dt p dy 

dw dw dwdw g dp 

u -b v - \- w— + — =* F 3 -— 

dx dy dz dt p dz 


( 2 ) 

(3) 

(4) 


Equations (2)-(4) are the partial differential equations of motion of 
the fluid, for three-dimensional flow. If the flow is two-dimensional, 
say in planes parallel to the xy-plane, the equations of motion become 


du 

u —- + v 
dx 

dv 


du du 
dy+ dt 
dv dv 


u 




F QdP 

ri -—, 

p dx 




g<>p 

pdy 


(5) 

( 6 ) 
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In addition to the equations of motion, there exists another relation 
among our variables, the so-called equation of continuity. The rate at 


7 is p*u I Ay 
riS '* W J*+A* 


which fluid enters the face PABC i 

it leaves the opposite face DEQG i 

which the amount of fluid in the element is changing owing to these two 
faces is 


Ay A z, and the rate at which 
Ay A z t so that the rate at 


(pul — pw ) Ay Az = —Ax Ay Az 
' J* Jx+A*' 


pul -pul 

-Jx+Ax Jx 


~ ” A t r. 

Likewise, the rates of change due to the other two pairs of faces are 


—Ax Ay A z 


pv\ - pv\ 

•Jp-fA]/ -*1/ 


Ay 


and —Ax Ay Az 


pw\ - pU7j 
-Iz-t-As J t 


Az 


But the weight of the element is p Ax Ay Az, and its time rate of change 
is ( dp/dt ) Ax Ay Az. Equating this to the sum of the preceding three 
expressions, dividing by Ax Ay Az, and passing to the limit, we get 


dp + d(pu) d(pv) ^ d(pw) 
dt dx dy dz 


0. 


(7) 


If the fluid in question is incompressible, so that p is constant, the 
equation of continuity is 


du dv dw 

-1-1-= 0. 

dx dy dz 

For two-dimensional flow, we have instead of (7), 


dp 

dt 


d(pu) _ a(pv) 


dx 


+ 


dy 


0, 


and if in addition p is constant, 


du dv 

— H-= 0. 

dx dy 


The quantity whose components are 

1 /dw dv\ 1 /du dw\ 

2 Vdy dz) * 2 w dx) 9 


1 /dv du\ 

2 \dx dy) 9 


( 8 ) 


( 9 ) 


( 10 ) 


(ID 


is called the rotation of the fluid; a small sphere of the fluid has an 
instantaneous angular velocity with these expressions as components. 
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If all three of the expressions (11) are identically aero, the motion is 
said to be irrotational. Now the necessary and sufficient condition that 
u dx + v dy + w dz be the exact differential of some function of x, y, z 
is that the quantities (11) vanish identically.* Hence, if fluid motion 
is irrotational, there will exist a function, which we denote by 
—0(x, y, z), such that 


—d0 = udx + v dy + w dz. (12) 

The function 0(x, y t z) so determined is called the velocity potential . 
Since d4> = (d0/ dx) dx + (d0/dy) dy + (d0/dz) dz, we have 


u 


<30 d0 d<p 

— V -- w -- 

dx dy dz 


(13) 


When the fluid is incompressible and the motion irrotational, the equa¬ 
tion of continuity (8) becomes, in virtue of the relations (13), 


d 2 0 d 2 0 d 2 0 


0 . 


(14) 


Thus the velocity potential satisfies Laplace’s equation in three dimen¬ 
sions. 

The streamlines of fluid motion at any instant are defined as curves 
such that the tangent at any point of each gives the direction in which 
the fluid at that point is moving at that time. Consequently the values 
of the velocity components u, v , w at that point are proportional to the 
direction cosines of the tangent to the streamline. Now at any point 
of each surface of the family 0(x, y , z) = const, the partial derivatives 
d0/dx, d0/dy, and d<j>/dz are proportional to the direction cosines of 
the normal to the surface. It therefore follows from the relations (13) 
that the streamlines cut each of the velocity equipotential surfaces 
0 = const, at right angles. 

Suppose now that the motion of an incompressible homogeneous 
fluid is irrotational, and that no external forces are acting. Since the 
motion is irrotational, we have 


dw 

dv 


dw 

dw 

dv 

dw 

~dy " 

dz 


dz ” 

Tx’ 

dx " 

9y’ 



d0 


d0 


d<t> 

U “ 
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— 

V *■ 

— — 

w — 

— -i—' 



dx 


V 


dz 


* This is proved in Chapter VIII, Art. 86. 


( 15 ) 
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Making use of these relations, and setting F x 
equations of motion (2)-(4) become 


[Chap. VII 
F 2 * F 3 = 0 , the 


Bu Bv Bw B B<j> g Bp 

u -b v — + w -=-, 

Bx dx dx dx Bt p dx 


Bu Bv Bw 

u - v -b w — 

dy By By 

Bu Bv Bw 

u -b v -b w — 

Bz Bz Bz 


B B<t> 
By Bt 
B B<p 
Bz Bt 


gdp 
pdy’ 
gdp 
p Bz 


If q denotes the resultant velocity, so that g 2 = u 2 + v 2 + w 2 , these 
equations may be written as 


B / g 2 \ B B<t> — g Bp 

Bx \2 / Bx Bt p Bx’ 

B / g 2 \ B B<t> g Bp 

By \2 / By dt p By 9 

B / (f\ B B<t> g Bp 

Bz\2/ Bz Bt p Bz 


Multiplying respectively by dx , dy , dz and adding, we get for any fixed 
value of t, 



Integrating, we therefore find 
2 Bt 


--+m 

P 


(16) 


the arbitrary element of integration being in general a function of t. 
If the motion is steady, so that p, q, and <t> are independent of the time, 
f(t) may be replaced by a constant, whence 


p = c 



(17) 


As an application of the foregoing theory, consider two-dimensional 
steady irrotational motion of an incompressible fluid near two bounding 
walls at right angles to each other. We take the positive x- and i/-axes 
in the walls and suppose the lines of flow at a great distance from the 
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origin to be sensibly parallel to the z-axis. Then the streamlines are 
rectangular hyperbolas,* 

xy = const. (18) 

Since the velocity equipotenti&ls are the orthogonal trajectories of the 
streamlines, we find (Chapter I, Art. 7(a)) for the former curves, 

x 2 — y 2 = const., (19) 


a second family of equilateral hyperbolas. 

Now because the velocity potential 0 is constant along each of the 
curves (19), 0 must be some function of the combination x 2 — y 2 , say 
0 — /(z 3 — y 2 ). The form of this /-function may be determined from 
the fact that 0 satisfies Laplace’s equation in two dimensions, 

d 2 0 d 2 <p 

a? + 5? “ 0> (a » 

to which (14) reduces when flow is two-dimensional. Denoting by f 
the derivative of / with respect to its single argument x 2 — y 2 , we get 


d0 

- - 2 xf, 
dx 

d<t> 

— = -2 yf', 


~ = 4a: 2 /" + V, 

d 2 0 „ 

—a = V/" - V- 


Substitution in (20) yields 4(z 2 + y 2 )f " = 0, whence 

/" = 0, f * Ci, / = citz 2 - y 2 ) + ca, 

where Ci and c 2 are constants of integration. Therefore the potential 

must be of the form 0v _ v 

0 = c 1 (z 2 -y 2 )+c 2 ; (21) 


the values of ci and c 2 will depend upon the system of units employed 
and the choice of reference position from which potential is measured. 

If we arbitrarily take zero potential on the line y = z, so that c 2 0, 
the velocity components will be, by (13), 

d<f> d<t> 

u =-= —2ciz, v = -= 2 ciy. (22) 

dx dy 

Consequently the pressure at any point P(z, y) is, from (17), 

V = Po - — (** + V 2 ), (23) 

Q 

where po is the pressure at the corner (0, 0). 


* Cf. Chapter X, Art. 08. 
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74. Flow of electricity in a cable. In Chapter II, Art. 26, we dis¬ 
cussed a cable carrying an electric current under steady-state condi¬ 
tions. We wish now to investigate that problem from a somewhat 
more general viewpoint, in which we consider not only the resistance 
and leakance of the line, but also its inductance and capacitance.* 
We shall then take into account, in addition to the variation of poten¬ 
tial and current with distance along the line, the change in these 
quantities with time. It is evident that such an analysis will lead to 
partial differential equations, from which transient effects as well as 

o _ x _ p q 


Source Load 



Fig. 52 


steady-state conditions may be studied. We measure the distance 
x = OP (miles) along the cable from the source of e.m.f. taken as origin 
(Fig. 52), and let 

e = e(x, t) = potential (volts) at P at time t (sec.), 
i = i(x, t) = current (amp.) at P at time t (sec.), 
r = resistance of cable (ohms/mile), 
g = leakance to ground (mhos/mile), 

L = inductance (henries/mile), 

C = capacitance to ground (farads/milc). 


Then the drop in potential along a segment Ax = PQ will be, approxi¬ 
mately, . 

at 

Ae = —rAx-i — LAx —, 
dt 


so that, dividing by Ax and allowing it to approach zero, we get in the 
limit 


de 

di 

— = 

—ri — L — 

dx 

dt 


( 1 ) 


Likewise, the drop in current along Ax is, approximately, 


from which we get 


de 

A i = — g Ax • e — C Ax — , 

at 

di de 

— = —ge — C — 
dx dt 


* We suppose these four quantities constant per unit length. 


(2) 
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Equations (1) and (2) constitute a system of simultaneous partial dif¬ 
ferential equations in the independent variables x and t and the depen¬ 
dent variables i and e. We may eliminate i and e in turn, obtaining a 
single partial equation with one dependent variable, as follows. Dif¬ 
ferentiate (1) partially with respect to z, obtaining 


d 2 e di d 2 i 

—- - -r- L -, 

ex 2 dx dx at 

and differentiate (2) with respect to t, whence 

d 2 i de S 2 e 

-* - g - c — 

at ax at a# 

Substituting from (2) and (4) in (3), we get 


or 


d 2 e 

a? 


de ae a 2 e 

mJrTC J, + u, Jt + LC 7f’ 


a 2 e a 2 e de 

~ LC *+* C r ^ + TT *+* r 0 c - 

ax 2 at 2 at 


(3) 

(4) 


(5) 


This is a linear homogeneous equation of second order for the potential 
e. Likewise, we get by elimination of e from (1) and (2), 

d 2 i d 2 i di 

tf = LC a? + (rC + Lo) Jt + rgi ’ (6) 

which is similar to (5); i merely replaces e. Evidently (5) and (6) 
reduce to the equations for e and i found in Art. 26, Chapter II, if 
L = C = 0. The present equations (5) and (6) are called the telephone 
equations , being used in telephonic theory. 

Frequently, as in telegraph transmission, the leakance and induct¬ 
ance produce little effect as compared to the effects of resistance and 
capacitance. Setting g = L = 0 in (1), (2), (5), and (6), we get 


de 

dx 

di 

dx 

<Pe 

dx 2 

d 2 i 

dx 2 


= -n, 

(7) 

de 


= —C —, 

(8) 

at 

de 



(9) 

at 

di 


= rC-, 

(10) 

at 
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which are known as the telegraph equations . We note that equations (9) 
and (10) are of the same form as the equation for one-dimensional heat 
flow (Art. 71). Thus our methods of handling a problem in the flow of 
heat should be applicable to the study of current flow. 

As an example involving the telephone equations, consider a trans¬ 
mission line, 100 mi. long, for which r — 2 ohms/mi., L = 0.02 henry /mi., 
C = 5-10” 7 farad/mi., and g = 5 • 10” 6 mho/mi. Initially the potential 
at each point is independent of time, with the ends x = 0 and x = 100 
at potentials 100c = 272 volts and 100 volts, respectively.* If both 
ends of the line are suddenly grounded, reducing each end potential 
to zero, we wish to find the resulting potential function e(x, t). 

Substituting the given values of r, L, C , and g in equation (5), we 

have 0 _ 

d 2 e , ~de d 2 e 

—- = 10- 4 e + 2-10“ 6 —+ 10“ 8 — • (11) 

dx 2 dt dt 2 

Assuming a solution of the form e(x, t) = X(x)-T(t), we get, by the 
usual procedure, 

B X" 10,0007 + 200r + T" 

10 Y = - T - (12) 

a constant. This leads to three types of solutions, 
e - ( Cl « I0 " 4V * x + c 2 e“ 10 " 4 v'**) e “ioo * (ca€ Vkt + C 4 € -V* 0; 

k>0\ (13) 

e — (Cfi sin lO^V— k x + Ce cos lO^V —k x)t~ l00t (c 7 sin V —k t 

+ C 8 cos t), k < 0; (14) 

e = (c^x + cio)« 100 ‘(cn* + ci 2 ), k = 0. (15) 

Now the boundary conditions are 

e(0, t) = 0, e(100, t) = 0, (16) 

for t > 0. It is easy to see that these relations can be satisfied only 
by a solution of type (14). From the first boundary condition we get 
Ce * 0; from the second, sin 10 _2 V / —/: = 0, whence a /—k = 100 nr, 
n being an integer. We therefore have 

nirx 

e = eg sin ^^* c 100t (c 7 sin 100 nirt + c 8 cos lOOmr/), (17) 

* The data have been chosen so as to make the computations relatively ample. 
Also, the symbol < is now used to denote the Napierian base, 2.718* • *, to avoid 
confusion with potential e. 
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which satisfies the differential equation (5) and boundary conditions 
(16). 

We next consider the initial conditions, of which there are two. First, 
since the potential at any point of the line before the change is inde¬ 
pendent of time, and because of the inertial effect of inductance, the 
initial time rate of change of the potential will be zero: 


del 

d =o, 


dt\ 


0 < x < 100. 


(18) 


From (17) we get 

dc mrx 

— = cs sin- € 

dt 100 


- 100 * 


(100nxc 7 cos 100 mrt — lOOnircg sin lOOnxf 

— 100c 7 sin lOOnx^ — 100cg cos lOOnirQ, (19) 

and (18) therefore yields 100mrc 7 — 100c 8 = 0, or c 8 = mcc 7 . Conse¬ 
quently (17) becomes 

TlTTX 

e = c 5 c 7 sin ^^^“^^sin lOOmrt + wt cos lOOnxO- (20) 

To deal with the remaining initial condition, we need a solution of 
(11) that is independent of t. When e depends only upon x, e = e a (x ), 
(11) reduces to 

= 10_4c *' (21) 
dx 2 

which has the solution 


e.(x) = ae x/10 ° + fcc"*' 100 . 


( 22 ) 


Since e*(0) = 100c and e fl (100) = 100, we get, from (22), 100c = a + 6, 
100 = ac + 6c' 1 , whence a = 0, b = 100c = 272. Consequently our 
other initial condition is 


e(x, 0) = 272 € “* /100 , 0 < x < 100. 


(23) 


It is apparent that (23) can be fulfilled only by taking an infinite 
series of terms of type (20): 


e = ^ "'i b n sin-- c 100 *(sin lOOnirt + rnr cos lOOnxO- (24) 

100 


n — 1 


Applying (23), we find 
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AoDardingly, we must have 

2 ^ 10 ° 
100 


n*b n 


r 0 ” J, AA nVX 

272 e -* /10 ° sin —dx, 

* 


100 


which yields 


bn 


544(1 — e 1 cos nir) 


1 + nV 

Inserting these values in (24), we therefore get 

-i 


e = 544 




(26) 


_ . sin-- € 100 *(sm lOOnirJ 

+ nV 100 


This is the desired potential function. 


+ nir cos lOOnirf). (27) 


PROBLEMS 


1. Consider two-dimensional steady flow of an incompressible fluid, in which 
no external forces act, but in which the rotation u = $(dv/dx — du/dy) ^ 0. 
Making use of the relations du/dt -» dv/dt = 0, Fi * =» 0, together with the 
continuity equation (10) of Art. 73, eliminate the pressure p between equations (5) 
and (6), and thus show that 


do) dbi 

U -b v — 

dx dy 


0. 


Since, in the expression du/dt ~ u du/dx -b v du/dy 4- du/dt, we have du/dt — 0 
for steady motion along a streamline, it follows that the rotation in this type of 
motion is constant. 

2. The components of velocity in a certain steady flow of an incompressible 
fluid acted upon by no external forces are equal to those of a particle moving with 
constant angular velocity k in a counterclockwise direction along the circle x 2 -b y 2 
— r*. Show that the rotation of the fluid is equal to the angular velocity of the 
particle. 

3. If, in the example of Art. 73, the walls make an angle of 60° with each other, 
it may be shown that the streamlines are given by 3x?y — y 3 = const. * Show that 
a permissible potential function is 4 > — x 8 — 3xy 2 , and find the corresponding press¬ 
ure p at any point (x, y) if p(0, 0) = po. 

4. The streamlines of steady, irrotational two-dimensional flow of an incom¬ 
pressible fluid about a rotating cylinder are concentric circles x 2 + y 2 — const. 
Show that a permissible potential function is 4 > — — taD -1 (y/x), and find the corre¬ 
sponding pressure p if p ** po at an infinite distance from the cylinder. 

6. A transmission line 1000 mi. long is initially under steady-state conditions, 
with potential 1200 volts at the source (x — 0) and 1100 volts at the load (x — 1000). 
The terminal end of the line is suddenly grounded, reducing its potential to fcero, 

* See Problem 7, Art. 101. 
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but the potential at the source is kept at 1200 volts. Find the potential function 
e(x, t ). Assume negligible inductance and le&kance. 

0. For the line of Problem 5, find the current function i(x, 0- When x — 1000 
and t is small, show that the current at tht end of the line may become seriously 
large. 

7. If, in Problems 5 and 6, r = 20 ohms/mi. and C « 10 -7 farad /mi., find 
the current at each end of the line 0.1 sec. after the change. 

8 . A submarine cable 3000 miles long has negligible inductance and leakanoe, 
a resistance of 4 ohms/mi., and a capacitance of 5-10~ 7 farad/mi. Initially both 
ends of the line are grounded, so that the line is uncharged. At time t *■ 0, a 
constant e.m.f. E is applied to one end, while the other end is left grounded. 
Find the percentage of the maximum (steady-state) current value attained at the 
grounded end at the end of 1, 3, and 5 sec. 

9. Find the current function i(x, t) corresponding to the potential function (27) 
of Art. 74. Hint: Find di/dx from equation (2) and integrate partially with respect 
to x. Determine the arbitrary function of t thereby introduced by means of equa¬ 
tions (1) and (23) combined with the initial condition di/dt «■ 0 for t = 0. 

10. Apply the method of Art. 69 to equation (5) of Art. 74, and show that there 
will exist, in general, five distinct types of particular solutions, according as 


( 1 ) k < - 


(rC - Lg) 2 
4 LC ' 


(rC - Lg) 2 

w - <°; 


4 LC 


(5) k > 0. 


(2) k 


(rC - Lg) 2 
4 LC 1 


(4) k - 0; 


75. An eddy-current problem.* Consider a long copper rod of radius 
a (cm.) wound with a coil of wire containing N turns per cm., and 
excited by a current whose magnitude at time t is I cos 2 ift (abamp.) 
where / is the frequency (cycles per second). We suppose that the 
length of the solenoid is very large compared to its radius, so that end 
effects may be neglected and therefore the magnetic field inside the 
solenoid with an air core may be considered uniform over a cross- 
section. We wish to find the resultant magnetic field strength arising 
from the exciting current in the solenoid and the induced eddy cur¬ 
rents set up in the copper core, and to determine the power loss due 
to the eddy currents. 

Consider (Fig. 53) a section of the copper rod 1 cm. long. In a 
central cross-section, a ring of radius x and thickness Ax will have an 
area 2icx Ax approximately, so that if H(x, t) is the resultant magnetic 
field strength (dynes per unit pole, or lines per sq. cm.) at any point 
and at time t, the magnetic flux inside the ring will be, approximately, 


• The definitions and physical laws referred to in this article may be found in any 
comprehensive electrical engineering textbook; see, for example, A. S. Langadorf, 
"Principles of D. C. Machines." 
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A& * 2 rxH Ax, and the total flux threading a circle of radius r < a 
will be 


<t>(r, t) = I xH[x, t) dx. 

Jo 


Hence the e.m.f. induced in a shell of radius r and thickness Ar will be 


d<t> r r dH{x , 0 

E= - -2tt x — —dx, (1) 

dt J 0 dt 

where we have differentiated under the integral sign, using formula (3) 
of Art. 67. 



Now if p is the resistivity (abohms/cm. 3 ) of copper, the resistance of 
the shell of radius r and thickness Ar will be 2-irpr/Ar. Also, if i is the 
eddy-current density (abamp./cm. 2 ), the eddy current circulating 
around the shell will be i Ar. Consequently, by Ohm’s law, the product 
of current and resistance must be equal to the potential drop around the 
shell, which in turn is equal to the induced e.m.f., E , given by equation 
(1). Hence we have 


and 


i Ar 


2irpr r T dH{x, t) 

-- —2tv I x - dx, 

Ar J 0 dt 


i — 


- L f* 

pr J o 


dt 

dH(x, t) 
dt 


dx. 


( 2 ) 


Next consider the shell of radius r and thickness Ar, but now of 
length equal to the length L of the entire rod, as a solenoid of one turn. 
It may be shown that the field intensity at the midsection of a solenoid 
whose length L is very large compared to its radius is given by 
where n is the number of turns and I\ the current (abamp.) in the 
solenoid. Since we have here n = 1, Ii = iL Ar, it follows that the 
approximate change in field intensity H(r , t) due to the eddy current 
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flowing in the shell is A H = —4m Ar. Dividing by Ar and passing 
to the limit as Ar approaches zero, we get 


dH(r , 0 

and from (2) there follows 


= —4 m.', 


r 


dtf(r, *) 
dr 


At r T dH{x , 0 
— I x-cfc. 

p %/q 


(3) 


Differentiating partially with respect to r, remembering that the integral 
on the right is a function of its upper limit, we have 


d 2 II dH __ Awr dH 
dr 2 dr p dt 


(4) 


This is the partial differential equation for the magnetic field intensity 
H(r, t) as a function of distance r from the axis of the rod and of time t. 

In conjunction with equation (4), we have to take into consideration 
a boundary condition. At the surface of the rod, i.e., for r = a, the field 
strength must be equal to the uniform value of // over the cross-section 
when an air core replaces the copper rod, whence 

//(a, t) = AtNI cos 2nft. (5) 

Following the usual procedure, suppose that there exists a solution 
of (4) of the form 

//(r, t) = R(r)-T(t). 

Substituting in (4), we get 

rR"T + R'T 

and 

R" R' 

R + rR 


Att 

- — RT , 

p 

_ Ar r 

~ ~P~T 


Now it, as in our previous problems, we set each member of the last 
equation equal to a constant, and examine the solutions of the resulting 
ordinary differential equations for positive, negative, and zero values of 
the constant, we encounter a situation which has not arisen before. 
For, if the constant were positive, T would be an increasing exponential 
function of t , and therefore H would build up indefinitely with increase 
of time; for a negative constant, we should get for T a decreasing 
exponential function, so that H would damp off indefinitely; and if the 
constant were zero, T, and therefore H 1 would be independent of time 
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Evidently none of these choices will meet the requirements, since it is 
apparent on physical grounds that, when the exciting current is a 
periodic function of time, the resultant field must also be periodic, as 
is indicated by the boundary value (5). 

Further consideration of the difficulty, however, shows us that we 
can get for T a periodic fund ion of the time if we choose as our constant 
a pure imaginary number, jk\ where k is real and j is used to denote 
y/ — 1 to avoid confusion with the symbol i for current. Thus, we get 
the equation 

4tt V 
P 1 

from which 

..... / kpl , kpt\ 

T — Cit 3kpl/4 * = c\ ( cos-b 3 sin —), 

\ 47T •17T/ 


where c x is an arbitrary constant. Since the boundary condition (5) 
requires that the period of T be that of the current flowing in the sole¬ 
noid, wc have kp/Air — 2irf } and therefore 



p 


T = Cl t 2vJfl = ci(cos 2ti// + j sin 2 t rfl). 


( 6 ) 

(7) 


The equation for the determination of the function R(r) is then 
d 2 R HR 

r + - jkrR = 0 , ( 8 ) 

dr vi' 


with k given by ((>)■ Equation (s, differs iroin the differential equation 
considered in Chapter VI, Art. C», only in the coefficient of the last 
term; this suggests the use of the substitution r = vz. where s is a new 
independent variable and c is a constant to be determined. Then we 
have 

dR 1 HR HrR _ 1 d 2 R 

dr c dz ’ dr 2 c 2 dz 2 


and (8) becomes 


d 2 R HR 
dz 2 dz 


- jkxrzR = 0. 


This will be the equation discussed in Chapter VI, Art. 03, if c is so 
chosen that kc 2 = 1, or 1/c = y/ k. Hence a solution of (8) will be 

It = JoU H *) = JoU H ^k r). 
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Combining this with (7), we therefore have as a solution of equation (4), 

H - dJaipVk r)e 2 ”". (9) 

Now it was shown in Chapter VI, Art. 63, that Jq(j^z) is a complex 
function, with real component ber z and imaginary component bei z, 

JoC/V) = ber z + j bei z. 

Thus the factor Jo(j**y/lc r) in (9), as well as the exponential function 
€ 2r * ft , will be complex quantities, so that for real values of r and t, H as 
given by (9) will, in general, be a complex number. With the constant 
cj a complex number (which may, of course, be real as a particular 
case), we then get by separation of real and imaginary components in 
(9), an expression of the form 

H= Ihir, t) +jH 2 (r , t), 

where H\ and H 2 are real functions of r and t. Substituting in (4), we 
have the relation 

d 2 #! dH 1 \ttt dH\ / d 2 H 2 dll 2 4tt rdH 2 \ 

r —— +- +j[r— y +-) = 0, 

dr 2 dr p dt \ dr 2 dr p dt / 

which is satisfied identically in r and t since H is a solution of (4). But 
if a complex number is equal to zero, its real and imaginary parts must 
each be zero, whence 

d 2 H 1 dH x 4t rr dH x 

T dr 2 dr p dt 9 

d 2 H 2 dlh _ 4irr dH 2 

dr 2 dr p dt 

That is, the real and imaginary components of H individually satisfy 
equation (4). We may therefore take as the physically possible solution 
of our problem the real part //] of II as given by (9). 

However, it is inconvenient at this stage of our work to break up H 
into its two components H x and H 2 and apply the boundary condition 
(5) to the function Hi(r,t) so obtained. Instead, we shall for the 
present continue to deal with the complex function (9), and shall 
replace (5) by the new boundary condition 


H(a, t) = 4irNIt 2ir3 ‘ ft . 


( 10 ) 
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This mode of procedure is certainly permissible, for we then have 
H(a, t) = H x {a, t) +jH 2 (a t t) 

= 4irAT/(cos 2irft + j sin 2rft), 

whence 

H\(a , t) = 4xiV7 cos 2v ft. 

Thus the chosen real part of H will take on the proper boundary value. 
Consequently, applying (10) to (9), we get 

4t = CiJ 0 (j*Vk 


Joij^Vlc a) ’ 

and 

H = T75T77 T J ^ HV ~ k 0 «*'"*• (ID 

We may now find the desired expression for IIi(r, t), as follows. Let the 
complex function Jo(j*z) be expressed in polar form,* 

JoijWkr) = 

where Mq(z) is the modulus, and 0 o (z) the amplitude. In terms of 
ber z and bei z , we evidently have 

[M q (z )] 2 = (ber z) 2 + (bei z) 2 , 

bei z 

tan 0 O ( 2 ) =- 

ber z 

Then we get from (11), 


Mo(Vk a)^ Vka 


M 0 (Vk 


_ 4iriVJMo(V / fe r) ^j[2,/l+6 0 (Vkr) -»o(-\/*a)l 

M 0 (Vka ) 

and therefore 

(r, 0 = AtNIMo( / X ^ r) cos [2ir/< + 0 o (v1fc r) - 6 0 (Vk o)J, (12) 
M 0 (V k a ) 


The nomenclature used here is discussed in Chapter X, Art. 94. 
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where the constant k is given by equation ( 6 ). This equation gives 
us the magnetic field intensity at any distance r from the axis of the 
copper rod and at any time t * 

We next derive an expression for the power lost as heat due to the 
eddy currents. From equations (3) and ( 11 ), we get 


l_dH 

47 r dr 


NU 2ltjft 
J 0 (jWk a) 


foO^Vk r) -j H Vk, 


where the prime denotes differentiation with respect to the argument 
j y *\/ r kr. But (Chapter VI, Art. 58), 


and consequently 

i 

It should be remembered that, since we are using the complex func¬ 
tion H, the above expression for i will likewise be a complex quantity, 
i\ + ji 2 , the real component of which represents the actual eddy-current 
density. To get i\ ) let 

= M !(*)«*« 

and set j** = ( — l)* 4 = e 3jV/4 . Then 

• = NIM l(Vk r ) j'[2ir^+»i(v / /fcr)-ffi(\/ita)+3ir/4] 

1 MvW'ka) 

and 

2 wft + BiiVk r ) - 0, {y/ka) + j] • (13) 

Equation (13) represents the instantaneous eddy-current density at 
distance r from the axis of the rod. Since the heating effect of a current 
varies as the square of the current, we require for the power computa¬ 
tion the effective (r.m.s.) value of the current. Now it was found 
(Chapter V, Art. 50) that the mean square value of an alternating 
current with maximum value Ii f is l\/ 2. Hence 

= kN 2 I 2 {M,{Vk r )] 2 
11 2[M 0 (y/k a)] 2 ’ 


\/k NIM](\/k r) 

i, =- 7 =-cos 

1 M,A\/k a 


— Jo(x) = -J i(r), 
ax 


A(rWir) ^,, 

JoU^ka) 


m For tables of values of Mo(z) and 6 0 (z), see McLachlan, “Bessel Functions for 
Engineers/’ p, 182. 
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and the power loss in a shell of radius r, thickness Ar, and 1 cm. long 
will be, approximately, 

fcjV 2 / 2 [Mi(\/fcr)] 2 2*pr 
1 2[M 0 (y/k a)] 2 T ' Ar 

vpkN 2 I 2 r „ , ^ . 

‘ iS5vRP’ ( ,(v%r)] 

Summing for all such shells from r = 0 to r = a, we get for the total 
heat loss per centimeter length of rod, 

rrpkN 2 ! 2 r,,, 


[Mo(Vfc a)] 2 J 0 


:r[Mi(\/fc r)] 2 dr 

I zlM^ztfdz 
0 


IT pN 2 I 2 fv^a 

ergs per second, where z — y/k r. 

To carry out the integration, we express M Y (z) in terms of the deriva¬ 
tives of ber z and bei z. We have 

u dJ 0 ti H z) u d 

Ji(j ‘z) -x7—— = j' 4 — (ber 2 + j bei 2 ) 

dz dz 

— € jW4 (ber ; z + j bei' z). 

Since the modulus of the product of two complex numbers is equal to 
the product of their moduli, and since the modulus of e J,r/4 is unity, 
we get 

[M^z)] 2 = (ber' 2 ) 2 + (bei' z) 2 , 

so that 

irpN 2 I 2 fVfca 

P. - I r t <*\2l Am 


[MotVk a )] 2 


[z(ber' z) 2 -f z(bei' z) 2 ] dz. 


It is now possible to integrate by parts, using the relations of Chapter 
VI, Art. 63. For the first term, let 


u = z ber' z, dv = ber' z dz, 


whence 


du = —z bei z dz, v = ber z. 
In the second term, let 

u = z bei' z, dp = bei' z dz, 


from which 


du = z ber z dz, r = bei z. 
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Therefore 


f [z(ber' z ) 2 4 - 2 (bei' z ) 2 ] dz 

Jo 

= |~ z ber z ber' z + j* z 


| z ber z bei z dz 
-T z bei z bei' z — J*z 
= Vic a(ber Vk a ber' Vk a + bei Vk a bei' Vk a), 


[ z ber z bei z dz 

Jo 


and 

7rp\/k aN 2 I 2 r~ r~ r~ r- 

Pi = 7~r z 7 — — (ber Vk a ber' Vk a + bei Vk a bei' Vk a). (14) 


1 [MoiVka)] 2 


We thus have an expression for the power loss (ergs/sec.) in 1-cm. 
length of rod.* The foregoing theory has considerable practical 
application in connection with induction furnaces, f 

76. Diffusion problems.! Consider a slab of porous material con¬ 
taining a liquid, being dried by evaporation. Let the thickness of the 
slab be a (ft.), and suppose the edges coated so as to prevent evapora¬ 
tion from taking place except at the two opposite faces each of area 
£ (ft. 2 ). We shall investigate the “diffusional” stage of drying in which 
the liquid evaporates from the surfaces as fast as it gets there by diffu¬ 
sion from the interior. The liquid concentration at a surface is constant 
throughout this stage; we call this concentration the equilibrium liquid 
concentration. It will be assumed that the initial liquid concentration 
is uniform throughout the interior, but that at the surface it falls to the 
equilibrium value immediately at the beginning of the diffusional stage. 

The empirical law of diffusion upon which our analysis will be based 
is similar in form to the third law of heat flow (Art. 71), and may be 
stated as follows: The rate of diffusion is proportional to the cross- 
sectional area and to the concentration gradient. Let c(x, t) (lb./ft. 3 ) 
be the concentration, and take the z-axis in the direction of flow, with 
origin at the midsection, so that flow takes place from the central 

* Tables of values of ber z, bei z, ber' z, bei' z also appear in McLachlan, pp. 
177-178. 

t See Marchbanks, “The Steel-Melting Induction Furnace," Journal E.E ., Vol. 
73. p. 509,1933; Dwight and Bagai. “Calculations for Coreless Induction Furnaces,” 
Electrical Engineering , March, 1935. 

J In connection with this problem, Bee A. B. Newman, “The Drying of Porous 
Solids: Diffusion Calculations," Trans. A. I. Chem. E ., Vol. 27, p. 310, 1931. 
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plane x ■* 0 to the faces x =* ±a/2 (Fig. 54). Let Q Ob.) be the 
amount of liquid in the slab between x = 0 and x = x at time t (hr.). 
Then by the above law, we have 


BQ Be 

— = KS — , 
Bt Bx 


( 1 ) 


where K is the diffusivity constant of proportionality (ft. 2 /hr.). By 

the definitions of c and Q, we also 



have 


so that 


Q 


= I cSdx, 
Jo 


Bx 


( 2 ) 


We may eliminate Q by differenti- 
ating (1) with respect to x and 
(2) with respect to t, and sub¬ 
tracting. Doing this, and divid¬ 


ing the resulting equation by S, we get 


Be B 2 c 

— = K —-• 
Bt Bx 2 


(3) 


Now let co be the uniform liquid concentration at time t = 0, for 
—a/2 < x < a/2, and let Ci be the equilibrium liquid concentration at 
x = ±a/2, for all t > 0. For simplicity, let C{x } f) denote the concen¬ 
tration in excess of the equilibrium value, 

C = c - ci, (4) 

which we may call the free liquid concentration. Then the initial free 
liquid concentration will be 

Co = c 0 — ci. (5) 


Since BC/Bl = Bc/Bt and B 2 C/Bz 2 = B 2 c/Bx 2 , we may write our differ¬ 
ential equation in the form 


sc „ a 2 c 

dt ' dx 2 

(6) 

We wish to solve (6) subject to the conditions 


/ a \ 


c(±-,<) = 0 , 

(7) 

\ 2 / 

C(x, 0) = C 0 . 

(8) 
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Assuming C(x, i ) * X(x)T(t), we get from (6) 
XT' = KX"T t 


T X" 



Since C, and therefore T, must decrease with increase in k must be 
negative; for convenience, let this negative constant be denoted by 
—X 2 . Then we have as a particular solution of (6), 

C = e~ K ^ l (A cos + B sin \x), 

where A and B are arbitrary constants. Generalizing to an infinite 
series of terms of this type, we may write the formal solution of (6) as 


C = * V (A n cos \ n x + B n sin \ n x), 

n=» 1 

where the X’s, A\s, and B’s are at our disposal. 

Because of symmetry in the plane x = 0, C(x, t) = C(—x, t), and 
therefore we must have B n = 0 for every n. From (7), we get 


0 = 


S -K\* n t 


A n 


cos 


Ka 
2 ' 


This condition will be most easily met by taking all A’s with even 
subscripts equal to zero, and all X’s with odd subscripts equal, to odd 
multiples of ir/a : 


Azn — 0 , 


^2n—1 


(2 n — 1 )tt 


a 


For, cos (X 2n -ia/2) = cos [(2n — 1 )t/ 2] = 0, so that each term of the 
series will vanish, while we have still at our disposal, for use in meeting 
condition (8), the A’s with odd subscripts. Our solution thus becomes 


Now from (8), 
C 0 = 


c = cos — ■ — ■ 

a 

(2 n - 1 )tx 


-S' 1 - 


1 COS - 


But it was found (Chapter V, Art. 48) that it was possible to expand 
unity in a series of precisely this type, valid for —a/2 < x < a/2, with 
A 2n -i = ( —l) n "' 1 4/ir(2n — 1). Hence we have 

4C 0 / rx 1 3 ttx 1 5vx 

Co = -(cos-cos-b - cos- 

it \ a 3 a 5 a 
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and the solution of (6) which satisfies conditions (7) and (8) is given by 


C(x 


ir fri 2n - 1 


e (2n - 1)Vx ^cos 


(2 n — 1 )tt 2 : 


(9) 


This series, as well as its derivatives, is uniformly convergent for 
—a/2 ^ x ^ a/2 and for t ^ t\ > 0. 

It is desirable to have, in addition to (9), an expression for the 
average concentration c at any time t. Thus, if at time t evaporation 
from the surfaces were stopped, the liquid in the slab would settle down 
by diffusion to this average concentration. Let 

C = c - a (10) 

be the average free liquid concentration at time t; evidently C = C 0 
when t — 0. Then the total free liquid content at time t in the slab is 


whence 


r /2 

CSdx , 

i/2 



Since the series (9) is uniformly convergent, it may be integrated term 
by term, and therefore 


c = 2 p /2 4C 0 y^ (-l)"- 1 

aJ 0 * 2n — 1 


c - (2b —i 


'8Co (-1)' 

. v 2 “f (2n~— 


(- 1 )" 


— (2n- 


DVK,..,:, (2n - 

a Jo 


l) 2 


sm 


8Co 1 

^ ihi (2n - l) 2 


^-(2r»-!)»«■ 2 /tf/o 3 


( 11 ) 


ft is of interest to note that (11) holds for t = 0 as well as for t > 0; 
for, using the series 

ir 2 1 111 

I _ £f(2n - l) 2 " 1 + 3 2 + 5* + 7 2 ' 1 ""’ 

we get from (11), C = Co when t « 0, as we should. 



DIFFUSION PROBLEMS 


317 


Art. 76] 

Consider next a porous cylinder with its ends coated, so that the 
liquid diffuses radially from the axis toward the curved surface, i.e., the 
liquid flow is now two-dimensional. Let the cylinder be of length 
L (ft.) and radius a (ft.); then for flow through a cylindrical surface of 
radius r < a, we get from equation (1) 


Moreover, 


whence 


dQ dc 

— = K2irrL — 
dt dr 


Q = 2t L f re dr, 


dQ 

— = 2-irLrc. 
dr 


Eliminating Q as before, we find 
dc 


or 


dt 

dc 

dt 


/ d z c. dc\ 

= K 

V dr 2 dr) 

(d 2 c 1 dc\ 

= K W + rV} 


( 12 ) 


It may be remarked that, by reasoning similar to that employed in 
Art. 72, we get as the general differential equation for two-dimensional 
liquid flow, 

dc / d 2 c d 2 c\ /d 2 C 1 dc 1 d 2 e\ 

It = K W + V/ “ K W + r Jr + ?d<p)' 

For the cylinder we are now considering, c will depend only upon r and t, 
and not upon 6. Hence the last equation reduces in this case to equa¬ 
tion (12), which we have derived ab initio. 

Since equation (12) applies also to the problem of temperature dis¬ 
tribution if we interpret c as temperature and K as thermal diffusivity, 
the following analysis may be used in the study of the heating or cooling 
of a cylindrical surface. 

Again using C, as given by (4), to denote the free liquid concentration, 
we may replace (12) by the equation 
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Under the same assumptions as before, we have in connection with (13) 
the conditions 


for t > 0, and 


C{a, t) = 0, 
C(r, 0) = Co 


for 0 < r < a. 

Assuming C(r, f) = R(r) ■ T(t), (13) leads to 


(14) 

(15) 


RT' = K (r”T + ^ R'T) , 


T _ R" R' 
KT~-R + tR 


From T' = —K\ 2 T, we get 

T = Ae~ KX \ (16) 

where A is arbitrary. Now the equation for R(r) may be written 
d 2 R dR 


^ + ^ + x! ' R - 0 ' 


(17) 


which closely resembles Bessel’s equation of order zero (Art. 57). 
Letting r = bs, where b is a constant to be determined, we have 


and (17) becomes 


dR _ 1 dR d 2 R _ 1 d 2 R 
dr b da ’ dr 2 b 2 ds 2 9 


d 2 R dR 

s H—-—h \ 2 b 2 sR 
ds ds 


0 . 


Hence, if we choose b = 1/A, we have Bessel’s equation, so that a par¬ 
ticular solution of (17) is 

R = J Q (s) = (18) 

Combining (16) and (18), and forming a series of such products, we get 
as a solution of (13), 

C = A 1 ./ 0 (A 1 7-) e -^‘ + A 2 J 0 (\ 2 r)e~ K * +■■■, (19) 

where the A’s and A’s are at our disposal. 

From (14), we get 

0 = A 1 J 0 (Xia)fi- KX ‘ , ‘ + + • • •. 
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Now the Bessel function Jo(x) has infinitely many positive zeros 
(Chapter VI, Art. 59): R { = 2.405, R 2 = 5.520, R 3 = 8.654, 
Hence condition (14) may be met by choosing X n = Rn/a, so that 

C = AJo e~ KR ' ,/a ' + A 2 J 0 (r 2 ^ e- K ^ t,a% + ■■■■ 

From (15), we have 

Co = AiJq + A2J0 ^2 + • • *. 


Thus we have to expand the constant C 0 in a series of Bessel functions. 
It was shown in Chapter VI, Art. 61, that the expansion of unity in 
such a series is 


1 


2 


RiJi(Ri) 


Jo(Rix) + 


2 

R 2 J 1 (^ 2 ) 


Jo(R 2 x) + • • *, 


valid for 0 < x < 1. Letting x = r/a, we therefore have 


Co 


2C 0 

R 1 MR 1 ) ° 



+ 


2C 0 


R^J 1 ( R 2 ) 


■(*-D 


+ ■ 


( 20 ) 


which holds for 0 < r < a. 

Therefore the solution of (13) which satisfies conditions (14) and 
(15) is 


C( r t 0 ~ 2Cp ^^ Jo (Rn ^ 1 

fziRnJ\(Rn) \ a/ 


-Klfy/a' 


( 21 ) 


It ii beyond the scope of this book to examine series (21) for conver¬ 
gence. We shall assume that (21) may be integrated term by term, 
so as to obtain an expression for the average free liquid concentration, 
which is our principal result, and examine merely the resulting series 
for C. 

We have for the total free liquid content in the cylinder at time t , 


C-ira 2 L 


= 2tlC( 

Jo 


Cr dr, 


whence, from (21), 



rJ 0 (R n 1 

V a/ - KR* n t/a * , 

■ ■ ■ e dr. 

RnJ 1 {Rn) 
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d 

Using the relation xJ 0 (x) = — [xJ 1 (x)\ (Chapter VI, Art. 58), we have, 

dx 

with x * R n r/a, 


from which 


f rJ 0 (ft. -) dr - ± [ rj x (ft. -)]“ = 

Jq \ at ft. L \ at Jo ft. 


Consequently we have 


c=*c 0 f:±e-™^'. 

rf 


( 22 ) 


Since e _jrR » t/o ^ 1 for t ^ 0 , and R n > n, the terms in the summation 
of ( 22 ) are less than the corresponding terms of the convergent series 

1 

/ -5 ■ Hence ( 22 ) converges uniformly for t ^ 0 . 

n^l n 

When t = 0 , C = Co, so that we get from ( 22 ) the interesting relation 

J_ 1 
tritt 4* 

That is, the sum cS the squares of the reciprocals of the positive zeros of 
Jo(x ) is equal to }. (Cf. Chapter V, Art. 45, Example 2 .) 


PROBLEMS 

1. A copper rod 6 cm. in diameter, 100 cm. long, and of resistivity 1720 
abohms/om. 8 , is wound over its entire length with 5000 turns of wire. The coil 
is excited by a 60-cycle alternating current whose effective value is 0.1 abamp. 
(a) Compute the magnetic field strength when t = 0.03 sec., at the axis, 1 cm. 
from the axis, and at the surface of the rod. (b) Find the heat loss in watts in the 
entire rod. 

2. Find the r.m.s. value of the field intensity over a cycle at the axis and surface 
of the rod of Problem 1 and at several intermediate distances. Hence plot a curve 
showing the variation of effective field strength with distance from the axis. 

8. For each of the points used in Problem 2, find the phase difference between 
the field strength and the exciting current, and plot a curve showing the variation 
of phase difference with distance from the axis. 

4 * A porous slab 2.5 in. thick, and with its edges coated, is allowed to dry for 
40 hr., during which diffusion controls the drying rate. Initially the concentration 
is 0.1976 Ib./ft. 8 , and at the surface the concentration is 0.0309 lb./ft. 3 If the 
diffuBivity constant is K —■ 0.000164 ft. 2 /hr., find the average concentration C at 
the end of 10, 20, 30, and 40 hr., and plot a curve showing the time variation of C. 
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5. A porous cylinder, 9 in. in diameter and coated at the ends, is allowed to 
dry for 40 hr. Using the relevant data of Problem 4, find the value of £ at the end 
of 10, 20, 30, and 40 hr. and plot a curve showing the time variation of £. 

77. The vibrating membrane. As an example of a partial differential 
equation involving three independent variables, we consider the prob¬ 
lem of the vibrating membrane. 

Suppose a membrane to be tightly stretched and firmly held by a 
rigid rectangular frame. Place the membrane in the xy- plane so that 
its edges are the lines x = 0, x = a, y = 0, and y = b, where a and b 
are measured in feet. Under the action of a disturbance of some kind, 
the displacement z (ft.) of the membrane will be a function of x, y, and 
time t (sec.): z = z(x , y, t). 

The differential equation to be satisfied by z may be derived in a 
manner analogous to that of the vibrating string (Art. 70). The result 
is found to be 



where c = a/ Tg/s (ft./sec.), T (lb./ft.) is the constant tension per 
unit length in any direction in the membrane, g (ft./sec. 2 ) is the gravity 
constant, and « (lb./ft. 2 ) is the surface density of the material of the 
membrane. In accordance with the position of the fixed edges, as 
mentioned above, we also have the following boundary conditions: 


2 ( 0 , y, l) = 0, 0 < y < b, t > 0; (2) 

z{a, y,t)= 0, 0 < y < b, t > 0; (3) 

z(x, 0, t) — 0, 0 < x < a, t > 0; (4) 

z{x, b, 0=0, 0 < x < a, t > 0. (5) 

Suppose that vibration is brought about by giving the membrane an 
initial displacement z = /(:r, y), 0 < x < a, 0 < y < b, and releasing it 
from rest. Then the initial conditions are 

z(x, y, 0 ) - f{x, y) } 0 < z < a, 0 < y < b; ( 6 ) 

dz~ I 

— =0, 0 < x < a, 0 < y < b. (7) 

dt J/^o 


Assume that there exists a solution of our problem of the form 
z — X(x ) • Y(y) ■ T(t). Substituting in ( 1 ) and separating the variables, 
we get 

rp/r y " y rff 

JT = X + ~K 


( 8 ) 
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Each of the three terms in this equation must be a constant, and 
in order that the function T{t) be a periodic function of time, each 
member of (8) must be a negative constant. Moreover, to meet the 
boundary conditions (2)-(5), z must be a periodic function of x and 
y as well. Therefore we set 



whence (8) yields 

T" = -c 2 (a 2 + p 2 )T. (10) 

Following the usual procedure, we find from (2) that X must have 
the form C\ sin ax, where c x is a constant, and from (3) that a = rmr/a, 
where m is an integer. Consequently 


X = 


. mirx 

Ci sin- 

a 


Similarly, boundary conditions (4) and (5) require that 


(ID 


Y = 


c 2 sin * 


nry 


( 12 ) 


where n is an integer. Then (10) becomes 

T" = -c 2 (~ «- 2 T - -c*KiyT, 

where 



Hence 

T = c 3 sin cK mn Tt + c 4 cos cK mn vt, 


(13) 

(14) 

(15) 


where c 3 and c 4 are constants. 

Initial condition (7) now imposes the condition c 3 = 0, and we thus 
have 


mirx . nwy 

z = c ! sin-sin-cos cK mn Trt, (16) 

a b 


where c' is arbitrary, m and n are integers, and K mn is a corresponding 
number given by (14). Relation (16) satisfies the differential equation 
(1), all boundary conditions (2)-(5), and initial condition (7); initial 
condition (6) remains to be met. 

Neither (16) alone nor any finite sum of terms of that type will, 
in general, serve to satisfy relation (6), but certain special forms of the 
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function f(x , y) may lead to a simple solution. For example, if the 
initial displacement is 

ttx try 

/(*» V) = «o sin — sin — , (17) 

a b 


where z 0 (ft.) is a constant, it is easily seen that the full solution of the 
problem is 


, 4 s . TX m Ty 

z(x, V, f) = 2 o sm — sm — cos 
a b 


cir\ / 'a 2 + b 2 
ah 


t, 


( 18 ) 


obtained from (14) and (16) with m = n — 1, c' = z 0 . 

In less special cases, however, we are led to formulate the double 
series 



This relation will formally satisfy all the conditions of the problem 
provided that f(x, y) can be represented by the double Fourier series 


/(*, y) = 22 >"» 

m— 1 n — 1 


sin 


mrx 


a 


. nVJ 

sm- 

b 


nvy\ mrx 

= 22 (2 ' Bmn sm it) sin —> (2°) 

for 0 < x < a, 0 < y < b. Now, for each fixed value of y between 
0 and b, (20) is the Fourier sine series for f(x, y) if 



71 — 1 


mry 

sin- 

b 



TTITTZ 

sin- dx = g m (y), 

a 


( 21 ) 


say. This in turn will be valid if 



Thus, (19) will be the desired result when the coefficients B mn are 
those given by 

4 r h c a mirx nir y 

B rnn = — I I /Or, y) sin-sin — dx dy . (23) 

ah Jq cl b 

It should be noted that, although each individual term in (19) is a 
periodic function of t, the function z represented by the double series 
is not, in general, periodic in t. For, the numbers K mn given by (14) 
are not integral multiples of any fixed number as m and n independ¬ 
ently assume the values 1, 2, 3, • ■ Consequently a vibrating mem- 
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braue will not necessarily emit a musical note. In special instances, 
however, a musical note will b e emitted ; thus, the function (18) is 
periodic in t } with period 2ofc/cVa 2 + b 2 . 


PROBLEMS 


1. Let the initial displacement of the rectangular vibrating membrane of Art. 77 
be given by 

z(x, y, 0) - f(x, y) - h(ax - a*)(i by - y 2 ), 

where h (ft. -3 ) is a constant. Show that the coefficients of the double series (19) 
are then 

„ \6a 2 b 2 h 

B mn « -T~in t 1 ~ cos wmt)( 1 “ cos wr). 
ir fl mrrr 

2. Suppose a membrane to be stretched over a fixed circular frame, of radius a 
(ft.), in the xy-plane and with its center at the origin. Let the membrane be given 
an initial displacement z =* f(r, 0) and released from rest, where (r, 8, z) are cylindri¬ 
cal coordinates. Show that the differential equation and the boundary and initial 
conditions are given by 

d 2 z , / d 2 z 1 dz 1 d 2 z\ 

~dt 2 " & Vdr 2 + rS + J 3 d&) ' 

z(a, fl, t) - 0, “1 “ *( r . 0 f °) “ f( T > *)• 

OlJt-Q 

3 . Obtain a solution of Problem 2 in the form of a Fourier-Bessel expansion: 

i ee 

Z y 'j m (\mnT)(A mn cos mff ~f- B mn sin m0) cos c\ mn t, 

m-0 n-1 


where J m is a Bessel function of order m, Awn are roots of the equation / m (oA) ■* 0, 

and 

Ao “ - ,aV?U.) 9) ^ * 

AmH ~ raVi, +1 (aX m J a, r/ w »(A mn r)/(r, 6) cos mdde dr , 
m -f-1 (fl A^ n ) r/: rJ»(A m »r)/(r, 0) sin mBdB dr. 


4 . Suppose that the initial displacement of the circular membrane of Problem 2 
is a function of r only, say/(r). If the membrane is released from rest, show that the 
displacement z (ft.) is given by 


2 



Jo(a n r/a) 


cant 
cos- 


a 


f 

Jo 


rJ 0 (a^r/a)f(r) 


dr. 


where a (ft.) is the radius and the 0 ’s are the positive roots of Jo (A) — 0. 

0 . If /(r) — h(a 2 — r 2 ) in Problem 4, where h (ft. -1 ) is a constant, find the 
displacement function z(r, t). Hint: Make Use of the results of Problem 22, Art. 64. 
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78. Potential due to charged sphere. The potential u at a point P, 
due to a point charge q at a distance r from P , was defined in Art. 65 
to be u = q/r. More generally, the potential at a point P(x , y f z), due 
to a distribution of charge of density p(x i, y x , Zj) throughout a volume 
V, may be defined as 


, \ , rrr p (* i » v z ») ^ ^ dz * 

”<*’»' *> ■ l JJJy + (»-„,)* + (*-.,)» ' 


( 1 ) 


where (xj, y Xf z\) is a point inside F and /c is a constant of proportion¬ 
ality depending upon the units of measurement. 

By partial differentiation under the integral sign, we get 


du rrr x — x\ 

— = -fc JJJ - - p(xi, 2/i, zi) dx x d?/i dzi, 


where r 2 = (x - x x ) 2 + (y - y x ) 2 + (z - Zi) 2 . Similar expressions 
are obtainable for du/dy and du/dz. Second differentiations with re¬ 
spect to x, y f and z , respectively, yield 


d 2 u 

Ox 2 

d 2 u 

d 2 u 

df 


-m 

-//it 

-‘Jan 


i 

i 

? 

i 


3(x - Ji) 2 j 
3(y ~ yi) 2 j 
3(« - *i) 2 j 


p dxi dy i dz\y 
p dx x dy x dz Xf 
p dx i djq dzi. 


Addition then gives 


d*U d*U d*U 

—2 + T~2 7T = 

dx 2 dy 2 dz 2 


( 2 ) 


that is, the potential function (1) satisfies Laplace’s equation. 

Now consider a spherical surface of radius a, carrying a given fixed 
distribution of charge. We wish to determine the potential u at each 
point interior or exterior to the sphere. To deal with this problem 
analytically, it is convenient to use spherical coordinates instead of 
rectangular coordinates. Let (r, 6, <f>) denote the spherical coordinates 
of a point P , whose rectangular coordinates are (x, y } z), chosen so that 
we have the transformation equations 

x = r sin 6 cos <j>, y = r sin 6 sin tf>, z = r cos 6. (3) 

Here r denotes the length of the radius vector from the origin 0 to the 
point P, 0 is the angle from the z-axis to r, and <t> is the angle from the 
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xz-plane to the plane of r and the z- ixis. Then, by a procedure analo¬ 
gous to that of Art. 72, whereby Laplace’s equation in two-dimensional 
rectangular form was transformed into polar form, relations (3) serve 
to change the three-dimensional rectangular equation (2) into 



du d 2 u 


du 


d £ u 


-f- 2 r-1-— + cot 8 -h esc 2 8 —- = 0. 

dr dd 2 dd d<f> 2 


( 4 ) 


Suppose that the potential distribution on the sphere, where r = a, 
is independent of 4>, and thus is expressible as a function of 6 alone, 
s*y/(0)- Then, by symmetry, the required potential function will like¬ 
wise be independent of </>, so that the last term of equation (4) drops 
out. We shall also require that the potential approach zero as the 
point P recedes indefinitely far from the sphere. Then the problem is 
to find a solution w(r, 9) of the reduced Laplace equation 


t d 2 u 

d? 


du dru 


du 


+ 2r — + —+ cot0 — = 0, 
dr dd 2 88 


( 5 ) 


satisfying the two boundary conditions 

«(a,») = /(»), 

lim u(r, 9) = 0. 


( 6 ) 

( 7 ) 


We again use the method of separation of variables, setting u(r, 9) 
= R(r)T(9). Then, from (5), 

r*R"T + 2 rR'T + RT" + cot 9 RT' = 0, 

whence 

r 2 R" + 2tR' _ T" + cot 9 T' _ 

R T ' 

a constant. The Euler equation thus obtained for R(r), 
r 2 ft" + 2 tR' - kR = 0, 

yields the solution 

«(r) =0,^ + -^, (8) 

where n = — J + Vfc -1- 1, so that k = n(n + 1) and — \ — Vfc + J 
— — n — 1. Therefore the equation for T(9) becomes 


T” + cot or + n(n + 1 )T - 0. 
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llv sotting x = cos0, this transforms into Legendre's equation (Art. 
65. Problem 18), 

9 d 2 T dT 

(1 - x 2 ) — - 2x — -f n(n + 1 )T = 0. 
dir dx 

Consequently the Legendre polynomials are obtainable as solutions, 
provided that n is zero or a positive integer: 

T = P n (x) = P n (cos 0). (9) 

For points inside the sphere, we choose c 2 = 0 in (8), so that u does 
not become infinite as r approaches zero at the center 0. We may then 
take, for 0 ^ r ^ a, 

W] ( r , 0) = B nr n P n (cos 0) 

n * 0 

as a solution which formally satisfies Laplace's equation (5). It re¬ 
mains to determine the coefficients B n so that boundary condition (6) 
is met; that is, we must have 


«i(a, e) = f(6) = ^ (B n a")P n { cos 9), 0 < 6 < x. 

n *0 

But this can be done (Art. 65, Problem 16), for suitable functions/(0), 
by taking 

2n + 1 r* 

B n = ——— I /(0)P n (cos0) smdde. 

2 a J o 

Consequently, for points inside the sphere (0 ^ r ^ a), the potential 
function is 


ui(r, 0) = - V (2/i + 1) P n (cos 0) X 

2 r=o w 

/' 

•'o 


/(0)P n (cos 0) sin 0 d0. (10) 


When the point P is outside the sphere, we take Cj = 0 in (8) so 
that boundary condition (7) can be met. This gives, for r ^ a, 

Cn 


u 2 (r, 9) -Tl P„(coe 0), 

. —it 7* 
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and since we are to have, by (6), 


«*(<*, e ) - f(fl) = ^2 "Tfi P "( cos 9 )> 

pi-0 a 


this requires that 


C n 


(2 n + l)a' 


n+1 


J /(0)P„(cos B) sin B dB. 
o 


Hence the required solution for r ^ a is 

k *i+i 


Ui(r, e) = X - 22 (2n + 1) (“) Pn( cos 9) X 

f /«Pn(cos 0) sin B dB. (11) 
Jo 

If, in particular, the potential is constant over the spherical surface, 
so that f{6) = tio, equations (10) and (11) yield simple expressions. 
For, since 


whereas 


J ' UqPo(co8 B) sin B d$ = Uq I sin B dB = 2uq, 

0 Jo 

J l u>qP n (cos B) sin B dB = Uo I 1 

o J-i 


P n (x) dx = 0 


when n *= 1, 2, • • • [equation (17), Art. 65], (10) gives 
Mi(r, B) - uo, 0 £ r ^ a, 

and (11) gives 

UqGL 

u 2 (r, B) = — , r ^ a. 
r 


Thus, all interior points have the same potential as the surface, and at 
exterior points, the potential varies inversely as the distance from the 
origin 0, just as if we had a point charge at O. 


PROBLEMS 

1. Find the steady-state temperature function u(r, 0) within a solid sphere of 
radius a if the temperature on the surface is u(a, 0) — 50(1 + cos 0). 

1. Find the steady-state temperature function u(r, 0) within a solid sphere of 
radius a if the upper hemispherical surface (0 < 0 < r/2) is kept at a constant tem¬ 
perature uo and the lower (r/2 < 0 < r) at zero temperature. 

8. Find the steady-state temperature function u(r, 0) within a solid hemisphere 
sf radius a if the hemispherical surface temperature is u(a, 0) — 100 sin 2 0 (0 <0 
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< r/2), and if the plane circular base is insulated, so that du/d$ - 0 when 9 — ir/2. 
Hint: Use the result of Problem 4, Art. 65. 

4. A spherical shell has inner radius a and outer radius b. If the inner Burfaee 
temperature is u{a t $) « while the outer surface is kept at zero temperature, 
show that the steady-state temperature function u(r, 9) within the shell is given by 

1 14*% 6 2n+1 — + i / 0 \«+l p* 

u(r t 9 ) - - 2 J (2n + 1 ) b i n +\ _ fl 2n+ i p n(oos 9 ) ■ f( 9 )P n (c os 0) sin $ dB. 

As a partial check, take f(9) * no, a. constant, and compare the result with that 
obtained in Problem 57, Art. 14. 

0. Find the steady-state temperature function u{r, 6) within a solid hemisphere 
of radius a if the hemispherical surface temperature is u(a, 9) *■ wo, a constant 
(0 < 9 < ir/2), and if the base temperature is zero. Hint: Define u(a, 9) to be 
—wo for tt/2 < 0 < v, thereby creating an odd function and making possible the 
necessary expansion in odd Legendre polynomials. See also Problem 3, Art. 65. 

6. Find the steady-state temperature function u(r, 9) within a solid that may be 
considered infinite in extent if the temperature along the z-axis is given by uoe~ r . 

7. A non-homogeneous bar, with ends at x * —1 and x — 1, has thermal 
conductivity proportional to 1 — x 2 , and density p and specific heat c such that the 
product cp is constant throughout. If its sides and ends are insulated, its tempera¬ 
ture u(x, t ) is then given by (cf. Art. 71) 



where k is a constant and l is time. If u(x, 0) =» /(x), show that 

u(z. 0- 5^ (2 n + l)P„(T)e-* nW+l) ‘ ■ f f(x)P n (x) dz. 

n - 0 —1 

8. Find the temperature function u(x, t ) for the bar of Problem 7 if (a) f(x) — 
i/o* 2 ; (ft) /(*) “ “ox 3 - 

9. Show that the gravitational potential, due to a thin homogeneous circular 
wire of radius a and mass wi, is 


1 / r \ 2 

13 /r 

\ 4 1 

0 ^ r < a, 

1 - jU Pi(cos9)+ 2^U 

J Pi( cos 9) - ■ ■ • J , 

r 1 /a\’ j 

1-3 / 

'a\* x 1 



P 2 (c09 9) + — ( 

- ) P 4 (cos 9) - 

^ r/ j 

| , r > a 


10. Show that the gravitational potential, due to a thin homogeneous circular 
plate of radius a and mass m, is 

u(r, 9) - £ 1 - P i(cos 9) + P 2 (cos 9) 

- h © v « (cos e) + © Pt(cos e) ~ ''' ] ■ 0 s r < * 

“ M) “ 2J T [\ G) Po(COS9) “ 2^4 (“r) Jf> = (C ° S9) 

+ 2 ^(;) 6p4(c “ fl) -•••]* r> °- 


both for 0 9 < r/2. 
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79. Introduction. Vector analysis is a tool frequently employed in 
the mathematical treatment of physical and engineering problems, and, 
as such, merits a place in a book of the present sort. Although it is 
probably true that any problem which can be solved by vector analysis 
is also susceptible to non-vectorial methods, there are a number of rea¬ 
sons why familiarity with vector notations and concepts is useful to the 
engineering student. 

In the first place, many books on engineering topics make use of 
vector symbolism; acquaintance with this subject is therefore neces¬ 
sary to the perusal of such books. Secondly, vector analysis provides 
a convenient shorthand by means of which mathematical relations 
between physical quantities may be compactly written and exhibited. 
In addition, to the student who acquires the ability to interpret 
physically the various vector expressions, such as divergence and curl, 
vector analysis becomes a mode of visualizing the underlying physical 
meaning of mathematical relations and theorems—becomes, indeed, a 
mode of thought. 

The physical quantities with which we deal are of two kinds, scalar 
quantities and vector quantities. A scalar quantity is one which is com¬ 
pletely specified when its magnitude, i.e., size or number of units accord¬ 
ing to some scale, is given; examples of scalars are mass, length, tem¬ 
perature, electric charge, and quantity of heat. A vector quantity is 
one whose specification involves, in addition to magnitude, a direction; 
thus, displacement, velocity, acceleration, force, electric current, and 
temperature gradient are all vectors, since we speak of these things 
“in such-and-such a direction.” 

A scalar may be represented algebraically by a symbol or number, 
geometrically by a line segment whose length indicates the magnitude 
of the scalar according to a given scale, but whose position in space may 
be taken arbitrarily. A vector may be represented algebraically by a 
symbol, differing in some way from the symbol indicating the magnitude 
of the vector quantity, and it may be represented geometrically by a 
directed line segment with arbitrary initial point and with an arrow¬ 
head on it, the length indicating magnitude, the inclination indicating 
direction, and the arrow-head indicating sense. In this book a scalar 
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will be denoted by a number cr a letter in italic type, as a, and a 
vector will be denoted by a letter in Clarendon or bold-faced type, as 
v,* its magnitude being denoted by the same letter in italic type. 

80. Vector algebra. Two parallel line segments of the same length 
and sense are said to be equal vectors, whatever their initial points 
may be. Two parallel line segments having 
the same length but oppositely sensed are 
said to be one the negative of the other; if 
one vector is denoted by v, the second is 
denoted by — v. A vector parallel to a 
second vector v and similarly sensed, but m 
times as long, is denoted by rav. 

Let a and b be any two vectors. If we 
place the initial point of b on the terminal 
point of a, the vector r drawn from the initial 
point of a to the terminal point of b is de¬ 
fined as the vector sum of a and b (Fig. 55): 

r = a + b. (1) 

This is the familiar parallelogram law for the 
composition of two forces (which are vec¬ 
tors). Evidently the same vector r will be obtained if we place the 
initial point of a on the terminal point of b and draw the directed line 
segment from the initial point of b to the terminal point of a, so that 

r = a + b = b + a. (2) 

Consequently vector addition is commutative, i.e., the order of the 
vectors appearing in a sum is immaterial. The extension of our 


a 

Fia. 56 

definition of vector addition to the case of three or more vectors is im¬ 
mediate. It is apparent from Fig. 56 that addition is also associative, 

r = (a + b) + c = a + (b + c). (3) 

Note that a, b, c need not lie in a single plane. 

* In writing vectors, a convenient symbolism is to denote the vector whose mag- 
nitude is A by the same letter with a bar over it, as X. 
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By the difference a — b of two vectors is meant the sum a + (—b), 
or, in other words, the vector which added to b produces a (Fig. 57): 

r = a - b, r + b = a. (4) 

The two forms (4) being equivalent, it is implied that in such a rela¬ 
tion a vector term may be transposed from one side of an equality to 
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the other by changing its sign, just as in scalar algebra. Another form 
equivalent to the relations (4) is (Fig. 58) 

r + b - a = 0, (4,) 

where the right-hand member 0 signifies a vector of length zero, i.c\, a 
null vector. 

To familiarize ourselves with the foregoing definitions, let us apply 
vector analysis to the proof of the following geometrical theorem: The 
line which joins one vertex of a parallelogram with the midpoint of an 
opposite side cuts a diagonal in a point of trisection. Let a = AB 
and b = AD be adjacent sides of the parallelogram as shown in Fig. 59. 


B E C 



Fig. 59 


If E is the midpoint of the side BC = b, we have BE = ^b, and AE 
— a H- §b. Letting F be the point of intersection of AE and the 
diagonal BD t the vector AF will be some fraction of AE, or AF 
+ (x/2)b. Since BD = b — a, the vector BF will likewise be a 
fraction of BD, or BF = yb — 2 /a. Then in the triangle ABF, we have 

x 

a + yu — ya. = za H— b, 

2 

or 
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But since a and b are differently directed, the above equation can hold 
only if 

x 

1 - 2 / - x = 0, y - - « 0. 

Hence we get x = §, y “ 3 , and 

= §(b - a) = \BD, 

so that F is a point of trisection of BD . Incidentally, we get also 
AF = §AF, so that F is a trisecting point of AE as well. 

It is often convenient to refer a vector to a system of coordinate 
axes, X } YyZ. This allows for a translation from vector notation to 
Cartesian notation, and conversely. For definiteness, we shall agree 
to use a right-handed system of axes,* as shown in Fig. 60. Let i, j, k 



denote the three unit vectors along the positive directions of the x-, y-, 
and ^-axes respectively. If r is the vector from the origin 0 to any 
point P(x t y, z ), we then have 

r = xi + yi + 2 k. (5) 

More generally, if a is any vector (with arbitrary initial point), whose 
components along the axes are 01 , a 2) a 3 , then 


a 

= dii 

+ 

a 2 j + 03 k. 

(6) 

If also 





b 

— 6 ii 

+ 

b 2 j + b 3 k, 


we have 





a + b 

— ( a i 

+ 

61 )i + (a 2 + b 2 ) j + (a 3 + bs)k. 

(7) 


• A system is said to be right-handed if a screw with right-handed thread will 
advance in the positive z-di recti on when turned through the 90° angle from the posi¬ 
tive x-axis to the positive y-axis. 
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Having discussed vector addition, we turn now to the matter of 
vector multiplication. Although the symbol ab may be given a mean¬ 
ing, this vector operator, which is called a dyad, * will not be considered 
here. Of principal importance in elementary vector analysis axe the 
two types of multiplication represented by the scalar or dot product of 
two vectors and the vector or cross 
product of two vectors. 

The scalar or dot product of a and b 
is denoted by 

ab = ab cos (a, b), (8) 

where (a, b) is the angle between the 
directions of a and b. The name dot 
product is used because of the dot sym¬ 
bolism; the designation scalar product 
is proper since by definition a b is a 
scalar quantity and not a vector. Other notations sometimes used for 
this product are Sab and (ab). Evidently (Fig. 61) a b may be re¬ 
garded as the number obtained by multiplying the magnitude a of a by 
the projection b cos (a, b) of b upon a, or as the number obtained by 
multiplying b by the projection a cos (a, b) of a upon b. Since 

a b = b-a, ' (9) 



scalar multiplication is commutative; moreover (Fig. 62), it is distribu¬ 
tive, i.e., 


a-(b + c) ** a-b + a-c. 


( 10 ) 



If a and b are perpendicular to each other, neither being a null vector, 
then cos (a, b) = 0 and a-b = 0; if a-b = 0, and neither a nor b is a 
null vector, then a is perpendicular to b. In particular 

i-j = j-k = k i = 0. (11) 

* See Gibbs-Wilson, “Vector Analysis,” and A. P. Wills, “Vector and Tensor 
Analysis.” 
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i i = j-j = k k ~ 1 . (12) 

If a = aii + a 2 j + a 3 k, b = &ii + b 2 j + 6 3 k, then b j relations (8), 
(11), and (12), we have 

a-b = ab cos (a, b) = (a t i + a 2 j + a 3 k) ■ (b x i + 5 2 j + 2 > 3 k) 


Consequently 


— a\b\ + a^b 2 + 0363 . 


cos (a, b) 


a b 


a 0 


( 13 ) 


which, since fli/a, bi/b , etc., are the direction cosines of the line seg¬ 
ments a and b, is the familiar formula of solid analytic geometry for 



the angle between two lines. 

The vector or cross product of 
a and b is a vector v (Fig. 63) 
perpendicular to the plane of a 
and b, so sensed that a, b, v form 
a rightr-handed system, and of 
magnitude v = ab sin (a, b). If 
Vi is a unit vector in the direction 
of ▼, so that v = w lf we hAve for 
the vector product of a and b, 

v = a X b = Viofc sin (a, b). (14) 


Geometrically, the magnitude of a X b is represented by the area of 
the parallelogram whose adjacent sides are a and b. Other notations 
for the cross product arc Fab and [ab]. Vector multiplication is not 
commutative, for we have 

b X a = -a X b, (15) 

as may be seen by interchanging a and b in the figure; hence it is 
important to preserve the proper order of the vectors in a vector 
product. It is easily shown geometrically, however, that vector 
multiplication is distributive, so that 

aX(b + c)=aXb+aXc. (16) 

If a is parallel to b, it follows from the definition (14) that 1 X b * 0; 
if a X b = 0, and neither a nor b is a null vector, then a and b are 
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parallel. The relations 

iXi = jXj = kXk = 0, 
i X j = -j X i - k, 

(17) 

j X k = — k X j = i, 

kXi = -i X k = j, 

are of particular usefulness. If 

a = aii + a 2 j + a 3 k, b = 6 x i + & 2 J + *> 3 K 

we get from (16) and (17), 

ft X b = (aii + o 2 j + a 3 k) X (bii + b 2 j + b 3 k) 

= (fl2&3 - fl3^2)i + (fl3^i ” Qih)i + (aib 2 ~ a 2 h)k t 

which may be easily remembered by writing it in the form of a deter¬ 
minant, 

i j k 

aXb= ci o 2 ^3 (18) 

b\ b 2 b 3 

Note that the components of a Xb are the direction numbers, i.e., 

numbers proportional to the direction cosines, of a line in space perpen¬ 
dicular to the line segments a and b. 

Y| 



Let a and b be two unit vectors in the x?/-plane, and let a and 0 be 
the angles they make with the x-axis as shown in Fig. 64. Then we 

have 

a = cos a i — sin a j, 
b = cos P i + sin 0 j, 
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a X b = sin (a + 0) k = (cos a i — sin a j) X (cos pi + sin 0 j) 
= (cos a sin 0 + sin a cos 0)K 

whence we get 

sin (a + 0) = sin a cos 0 + cos a sin 0, 
a familiar trigonometric formula. 


PROBLEMS 


1. Show by vector methods that the diagonals of a parallelogram bisect each 
other. 

2. Show by vector methods that the medians of a triangle meet in a point of 
trisection of each median. 

3. Derive the law of cosines for a triangle. Hint: Express one side as the vector 
sum of the other two, a = b + c, and consider the scalar product 

a-a - (b + c)-(b + c). 

4 . Using vector methods, derive the trigonometric formulas 

sin (a — 0) — sin a cos 0 — cos a sin 0, 
cos (a — 0) =» cos a cos 0 + sin a sin 0. 


6 . Show that 

a*(b X c) « b (c X a) — c (a X b) — 


ai as as 

fci 62 63 

Ci c% Cg 


where a - aii + ajj -h ask, etc. Interpret the scalar triple product a*(b X c) 
geometrically. 

6. Show that 

a X (b X c) — {a^biCs — asbsCi — a^bzci + azbicz)i 

+ (azbspi — G3&3C2 — aibics + ai&2Ci)j 

+ (01&3C1 ~ ai&ics — Offac* + attack 

where a ■■ ail + a*j + ask, etc. 

7. Show that 

a X (b X c) - (c X b) X a. 

8. (a) Show that the vector triple product a X (b X c) may be written aa 

a X (b X c) = (a-c)b - (a-b)c, 

whereas 

(a X b) X c - (a-c)b - (b-c)a, 

so that vector multiplication is in general not associative, (b) Show that 
a X fb X c) + b X (c X a) + c X (a X b) - 0. 
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9. Show that 


10. Show that 


(a X b) • (c X d) 


a*c b-c 
a d b-d 


(a X b) X (c X d) = [(a X b)-d]c - [(a X b)*c]d, 
and therefore that 

(a X b) X (a X c) * [(a X b)-c]a. 


81. Vector calculus. If, as a scalar variable s varies continuously 
over some range of values, a vector v likewise varies continuously in 



accordance with a fixed law, the vector v is said to be a continuous 
function of the scalar s, 

V = v(s). (1) 

For example (Fig. 65), the equation of a line passing through the ter¬ 
minal point of a vector a and parallel to a vector b may be written in 
the form 

v = a 4- sb, 

where s is a scalar variable and v is the variable vector drawn from the 
initial point of a to any point on the line. 

Let the variable s be given an increment As, and let Av be the cor¬ 
responding vector change in v, so that 

Av = v(s + As) — v(s). 

Then the derivative of the vector v with respect to the scalar variable s 
is defined to be, as in scalar calculus, 

dv Av v(s 4- As) — v(s) 

— = lim — = lim ■ 

ds Am -► 0 As Am — 0 


As 


(2) 
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provided this limit exists.* Thus, for the vector function y = a + sb, 
we have, since a and b are constant vectors, 

dv a + (s + As) b — a — sb 

— = lun-= b. 

ds a« — 0 As 


From the definition (2), it is easy to show that those formulas of 
scalar calculus which have meaningful analogs in vector calculus carry 
over unchanged in form. For example, if u(s) is a scalar function of $, 
and v(s) and w(s) are vector functions of s, then we have 



dv du 

u -(-v, 

ds ds 



dvr dv 



d dvr dv 

— (vXw) = vX — + — X w. 
ds ds ds 


( 3 ) 


It is merely necessary, as was noted in Art. 80, to preserve the original 
order of the vectors in dealing with a vector product. 

Just as in scalar oalculus, vector integration is regarded as the 
inverse of vector differentiation, so that if w(s) is any vector function 
whose derivative with respect to s is v(s), the indefinite integral of v(s) 
is given by 

fy(s) ds = w (s) + c, (4) 

where c is an arbitrary vector independent of s, and the definite integral 
of v(a) from s = si to s = s 2 is 



ds = w(s 2 ) — w(si). 


( 5 ) 


If a vector v is a function of two or more scalar variables, partial 
differentiation is defined in the usual way. For example, if 


we have 


t = xi + yj + zk, 



dr 

dr 

— = i 

— = i. 

— 

dx 1 

f>V 

dz 


0 The existence of all the limits encountered in this chapter will be assumed. 
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Consider now a scalar function of position, u = u(x, y, z). The dif¬ 
ferential du of u is (Chapter VII, Art. 66), 

du du du 

du = — dx + ■— du H- dz. (6) 

dx dy dz 

Reference to equation (13) of Art. 80 suggests that the above expression 
for du may be regarded as the scalar product of two vectors whose com¬ 
ponents are du/dx, du/dy, du/dz, and dx , dy, dz, respectively. Conse¬ 
quently we have 

/ du du du \ 

du = ( — iH-j H-k ) - (dx i + dy j + dz k). (7) 

\dx dy dz / 

If r — ji + yj + 2 k, the second vector in (7) evidently represents dr. 
The first vector in (7) is, as we shall see later, of fundamental impor¬ 
tance in field problems, and is denoted by Vu: 


du du du 

Vw =~ — i -|-j H-k. (8) 

dx dy dz 

The symbol V, called “del,” * therefore represents a vector differential 
operator, or symbolic vector, 


d d d 

V i — + j-h k — (9) 

dx dy dz 

If F = F i i + F 2 j 4 * Fn k is a v eel .or function of position, F = F(x, y, z), 
we have 

/ d d d\ 

V F = (i-(- j + k - J■ (F d -h F 2 j + FJs) 

\ fix dy dzJ 


and 


V X F 



+ 


OF, dF; 

~7 ^ — > 

dy dz 


i j k 

d d d 
dx dy dz 


Fi 
dF 3 
. dy 


F 2 F 3 I 
dF 2 \ /dF 

-J i+ h 


dx / V dx dy) 


( 10 ) 


(ID 


k Sometimes called "nubia” or "atled. 1 
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The vector Vu is called the gradient of u, and is then written grad u ; the 
scalar V*F is called the divergence of F, and written cliv F; the vector 
V X F is called the curl of F, and written curl F. The reasons for 
these names and the utility of these concepts in the applications of 

vector analysis to physical prob¬ 
lems will be indicated in the fol¬ 
lowing articles. 

82, Applications. We are now in 

a position to consider a few physi¬ 
cal problems from the standpoint 
of vector analysis. 

Consider first the motion along 
a given path of a body acted upon 
by a force. Let the force, which may vary in direction and magnitude, 
be denoted by the vector F, let dr be the elementary displacement tan¬ 
gent to the path, and let 6 be the variable angle between F and dr 
(Fig. 66). Then the work done by F in producing the displacement dr is, 
approximately, 

AIT = F dr cos 0. 

But by definition of the scalar product of two vectors, F dr ^os 0 = F-dr. 
Hence the work done in moving the body from A to B along the path is 
given by the line integral 

W = J Fdr. (1) 

As a second illustration of the use of vector notation in mechanics, 
consider the moment M of a vector force F about a point 0, defined as 
the product of the magnitude F of the force and the perpendicular 
distance of the line of action of F from 0. 

If r is the vector from 0 to the point of 
application of F, and 0 is the angle between 
the directions of r and F, we have (Fig. 67) 

M = Fr sin 6. 

This suggests either the vector product 
r X F or the vector product F X r = — r X F 
as a vector representation of M. Adopting 
the convention of making a moment posi¬ 
tive when it tends to produce rotation in 
the counterclockwise sense, we see that 
when the moment is right-handed about 
a vector perpendicular to the paper and 
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pointing toward us, as in the figure, a vector pointing in this direction 
will be a convenient choice. Hence we write 


M = r X F. 


( 2 ) 


If 0 is made the origin of the coordinate axes, so that r = xi + y\ + zk, 
then, setting F = Fii + F 2 j + F 3 k, we get 


M = r X F 


i j k 

x y z 
F\ F 2 F 3 


= (yF 3 - zF 2 )i + {zFi - xF 3 )j + (xF 2 - yF x ) k, 
whence the components M z , M yi M z of M are given by 


M x = yF 3 - zF 2} 

M y = zF i - xF 3 , (3) 

M z = xF 2 - yF i, 

which agree with the usual expressions. 

In connection with our next topic, the kinematics of a particle, we 
require the concept of the curvature of a curve at a point P on it. Let 
the scalar variable s denote the length of the curve from a reference 
point R to P, and let T denote a unit tangent to the curve at P, i.e., a 
vector of unit length tangent to the curve in the direction of increasing 5 
(Fig. 68). When s is increased by an amount As, T changes, not in 



magnitude but in direction, by an amount AT. For small values of 
As, AT is approximately equal to the arc of a unit circle with central 
angle A0, where A0 is the angle through which T turns when s changes 
by A s. Hence AT/As is approximately equal to AO/As in magnitude, 
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and in the limit as As is allowed to approach zero, we have exactly 


AT 


dT 


de 

As 

— 

ds 

— 

ds 


where the bars indicate the magnitude of the vector or scalar. Since 
dd/ds is by definition the curvature of the curve, we define the vector 
curvature as 


K = 


dT 

ds 


(4) 


The direction of K is evidently along the normal at P. Then if p = 1 /K 
is the radius of curvature, we have 



dT 

ds 


( 5 ) 


Now, if at time t , r is the vector from an origin O to the point P 
on the path of a particle, we shall have r a 
function of time, r = r (t). In the time At, 
the particle will have moved from P to Q, 
say, and its displacement will be roughly 
equal to Ar (Fig. 69). Consequently the 
average velocity over the interval At is 
nearly equal to At/A t, and therefore the 
instantaneous vector velocity v at P is 



dr 

v = vT — —, 
dt 


( 6 ) 


where v is the speed. 

d ?r 
dt? 

Now 

so that 


The vector acceleration then is 

dv d dv dT 

— = -(t>T) = — T + u —• 
dt dt dt dt 


dT dT ds 
dt ds dt 


dt 2 


dv 

-T + v 2 K. 

dt 


( 7 ) 


Hence we have the familiar result that the vector acceleration of a 
moving particle is the sum of two vectors, one a tangential component 
of magnitude dv/dt, the other a radial or normal component of magni¬ 
tude v?K = t?/p. 
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We next consider the orbital motion of a particle acted upon by some 
force of attraction directed toward a fixed center 0 (Fig. 70). Evi¬ 
dently planetary motion is of this type. If here r is the vector from 
the point P of the orbit to the center of attraction, the vector velocity 
dx/dt will be directed along the tangent to the orbit, and the vector 
acceleration dPr/di 2 along PO , that is, in the direction of the attractive 



where c is a constant vector. Remembering that the magnitude of the 
cross product of two vectors represents the area of a parallelogram hav¬ 
ing these two vectors as adjacent sides, we may interpret the left-hand 
member of (9) as twice the area swept out by the radius vector r in unit 
time, so that this quantity, called the areal velocity, is constant for 
planetary motion. 

Consider now the flow of an incompressible liquid in a three- 
dimensional region. Let Q denote the quantity (lb.) at a point P 
of the liquid, flowing in unit time through a unit cross-sectional 
area perpendicular to the direction of flow, which we take as the direc¬ 
tion of Q, and let Q x , Q v , Q z be the components of Q along the coordi¬ 
nate axes. Consider an elementary volume A.r At/ A z of the region, as 
shown in Fig. 71. Then the quantity flowing into the left-hand face is, 
approximately, 

Q v Ax A z } 

while that flowing out of the parallel right-hand face is, approximately 
(Qy + A Qy) Ax Az. 
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Hence the approximate net increase of liquid in the parallelepiped due 
to these two faces is 

Qv Ax A z - 0 Q y + AQy) Ax Az = - A Q v Ax Az. 



Similarly. 1 he approximate net. increases inside the volume due to the 
other two sots of parallel faces are 

— A Q x Ay A—A Q z Ax Ay , 

so that, the total increase is nearly equal to 


±Qr AQy 

, Aj' A/j 



Ax Ay Az. 


Hut, for an incompressible liquid, this total increase must be zero, so 
that, setting the above expression equal to zero, dividing by — Ax Ay Az, 
anil then passing to the limit as Ax, Ay, and Az all approach zero, we get 


dQx 

dx 


dQ,f <)Qz 

Oy Oz 


0. 


( 10 ) 


This is one form of the so-called equation of continuity. Comparing it 
with equation (10) of Art. 81, we see that it may be written in the form 


divQ - V Q - 0. ( 11 ) 

When the fluid is not incompressible, div Q will be different from zero, 
and will indicate the amount by which the inward and outward flow 
differ. Considerations similar to the above may be made for heat flow 
and for magnetic or electric flux. For electric flux, a charge within the 
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box will give rise to lines of force which diverge from it; this indicates 
the reason for the designation divergence for the operation V •. 

As a final example before proceeding with the development of vector 
concepts, consider the gradient of a scalar function of position, V, 


dV dV dV 

V7 s — H-j H-k. 

dx dy dz 


If we operate on both members of this identity with V-, i.e., if we take 
the divergence of the gradient of 7, we get 


( d 

d 

d\ 

(dV 

dV 


dV \ 


VVV = (i — 

+ j — 

+ k-) 

( —i + 

— j 

+ 

— k) 


\ dx 

ey 

dz/ 

\dx 

dy 

dz ) 


d 2 V 

d 2 V 

d 2 V 







+ —j 

dy 2 






(12) 


Thus the operator V - V, or V 2 as it is usually written, is the three- 
dimensional Laplacian operator . The Laplace equation 

V 2 7 = 0 (13) 

is, as has been noted before, of great importance in mathematical 
physics, occurring, for example, in the study of three-dimensional 
steady-state heat flow. We shall have occasion later in this chapter 
to deal with the scalar operator V • V = V 2 in other connections. 


PROBLEMS 


1. If u is a scalar function of x , y, and z, and v and w are vector functions of 
x, y, z, show that 

(а) V-(tiv) = Vu*v + uV-v; 

(б) V X (wv) -VuXv+uVXv; 

(c) V(y-w) - v-Vw + v X (V X w) + w-Vv + w X (V X v); 

(d) V-(v X w) = w-V X v — v-V X w; 

(«) V X (v X w) » (V-w)v — (V-v)w + (w-V)v — (v-V)w. 


2. If u is a scalar function of position, and v is a vector function of position, 
show that 

(a) VXVu-0; 

(b) V-V X v - 0; 

(c) V X (V X v) - V(V-v) - V*v. 

3. If v - (xi -f yl + dO/Vx 2 + y 2 + z\ show that 

2 

V-V — ' A == - = , 

+ «* + «* 


V X T - 0. 
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4. If r - Va* + y» + **, and n is a constant, show that 

W - n(n + l)r n_2 , 

and hence that the function 1/Vi 2 + y 2 -4- z 2 is a solution of Laplace’s equation. 

5. If a is a constant vector, and r — Vx 2 + y 2 ■+■ x 2 , show that 



6. If v is a vector function of x, y, and z, show that 

Vv 2 « 2(v-V)v + 2v X (V X v). 

7. Let u be the constant angular velocity of rotation of a rigid body about a 
fixed axis. Taking uasa vector along the axis of rotation, its sense being such that 
rotation in the given direction is right-handed with respect to u, and letting r be a 
vector from a point on the axis to any point P of the body, show that the linear 
velocity v of P is given in magnitude and direction by v = « X r, and that e — 

X v. (Cf. expressions (11), Art. 73.) 

8. A fluid is flowing across a plane surface with a uniform vector velocity v. 
If N is a unit normal to the plane, show that the volume of fluid that passes through 
a unit area of the plane in unit time is v • N. 

9. Let a ray of light pass from a medium whose index of refraction is n\ into a 
medium of index n 2 . If a and b are unit vectors along the incident and refracted 
rays respectively, their directions being those of the light rays, and N is a unit 
normal to the surface of separation of the two media, show that 

niN X a * t^N X b. 


10. Consider a particle moving along a plane curve, and let r be the vector from 
the origin 0 of the plane to the position P of the particle at time t, the polar coordi¬ 
nates of P being (r, 0). If N is a unit vector in the direction of r increasing and T 
is a unit vector perpendicular to r and in the direction of 0 increasing, show that 


„ dr dr d6 _ 


d?T Y(Pt /de\ 2 l r d ?0 dr do~\ 

(b) ^ = b- r U] N + [^ + 2 s5-J T - 


83. Scalar fields; gradient. We have had occasion, in connection 
with some of the topics already discussed, to deal with a scalar function 
of position, or scalar point function u(x, y , z). We now wish to examine 
further this type of function as representing some physical property in 
a three-dimensional region or field. 

When the physical property in question is given by a scalar quantity 
u(x , y, z) f we shall speak of the region throughout which this property 
is to be investigated as a scalar field. For example, in the study of 
temperature distribution in a heated body, the region occupied by that 
body will be a scalar field, since the temperature at any point within it 
is a scalar point function. 
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If we set the scalar point function u(x, y, z ) (which we assume to be. 
together with its first partial derivatives, finite, continuous, and single- 
valued) equal to a constant c, wc get the equation of a surface at every 
point of which u has the same value. We call the surface 

w(x, y, z) = c (1) 

a level surface of the scalar point function u. Let r = .ri + V) + zk be 
the vector from the origin 0 to the point Fix, ?/, z) on a level surface (1), 
and let N be a unit normal to the surface at P in the direction of increas¬ 
ing u (Fig. 72). If ds denotes the magnitude of the differential vector 



dr = i dx 4- j dy + k dz from P to a point Q on a neighboring level 

surface, and dN the value of ds when dr is in particular taken in the 

direction N, we have 

dN = N-r/r, (2) 

so that the differentia! du of the function u(x, y, ;■) will be 

du du 

du — dN =— N-dr. (3) 

dN ' dN 

But wc have seen in Art. 81 Unit du may be written in the form 

du du du 

du =s — dx H- dy 4- dz 

dx dy dz 

( du du du\ 

= ( i — + j — + k — ) - (i dx + j dy 4- k dz) 

\ dx dy dz/ 

— Vudr. 

Hence we get 


Vu-dr = — Ndr. 

dN 
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Since this relation holds for any differential vector dr, it follows tha t 


du 

Vu = — N. 
dN 


(5) 


Now the length of path PQ = ds is least along the direction N, i.e., 
dN is the least value of ds. Consequently the maximum value of 
du/ds is du/dN. We therefore have the following interpretation of 
Vu: The gradient of u is a vector along a normal to the level surface 
u(x, y, z) = c and in the direction of increasing u, its magnitude being 
equal to the greatest rate of increase of u. 

The above interpretation of Vu is of considerable importance in con¬ 
nection with the concept of potential. We shall for definiteness discuss 
gravitational potential due to matter; similar discussions apply to elec¬ 
tric potential due to charges and to magnetic potential due to poles. 
Let a particle of mass m be situated at the origin 0, and let a second 
particle of unit mass be situated at the point P(x, y } z). If r = xi 
+ y j + zk is the vector from 0 to P 1 the vector force F which the 
particle at 0 exerts on the particle at P is, when the magnitude F of 
F is measured in gravitational units, 


F = 




( 6 ) 


where Tj is a unit vector in the direction of r, so that r — rr x . We now 
define the potential at P due to the mass m at 0 as (of. Art. 65) 



(7) 


evidently u is a scalar point function satisfying at every point except 
the origin 0, the conditions imposed at the beginning of this article. 
Then the gradient of u is 

Vu = mV 

But r = (x 2 + y 2 + z 2 ) H , and consequently 


a /l 

\ 1 dr 

X 

dx \r 

/ r 2 dx 


d n 

\ 1 dr 

y 

dy \i 

■) r 2 dy 



\ 1 dr 

z 

dz\i 

) = “ ?7z = 
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bo that 

m 

Vu = - -= (xi + y] + «k) 

r 


Combining (6) and (8), we see that 

du 

(8) 

F = Vu = 

— N. 
dN 

(9) 


Thus the force of attraction is directed along the normal to the level 
(equipotential) surface, and its magnitude is equal to the greatest rate 
of increase of the potential. From (9) we find also, since F = du/dN, 
that the difference in potentials between two level surfaces is 

u 2 — u L = f F dNj (10) 

Jn 

where the integration is extended along the path from one level surface 
to the other, the curve being such as to be normal to all level surfaces 
intersected. But the right-hand member of (10) also represents the 
work done * in going from one level surface to the other along the stated 
path. Moreover, since the potential is constant on a level surface (here 
a sphere with center 0), so that no work is done in moving about on 
one such surface, it follows that the work done in going from one equi¬ 
potential to the other by any path is equal to the difference in potential 
on these surfaces. Since u approaches zero as r becomes infinite, by 
the definition (7), we infer that the potential at any point P is equal to 
the work done in bringing the particle from infinity to that point by 
any path. 

We give next an alternative expression, in the form of a surface inte¬ 
gral, for the gradient of a scalar point function; we shall make use of this 
result in our later work. Let P be a point in the scalar field under con¬ 
sideration, let V be a small volume containing the point P and bounded 
by the closed surface S, and let N be a unit outward-drawn normal to 
an element dS of S. We shall now show that 

if,*™ 

grad u = lim-—-, (11) 

v-«o V 

• Thin work may be done on or by the particle, depending upon the direction of 
travel; wu consider here merely the numerical value of the work done. 
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where the limit is to be taken as V shrinks down to P. To establish 
this relation, we shall show that the right-hand member reduces to the 
expression previously given for Vu. In the first place, we may write 

N ~ (N-i)i + (N-j)j + (N -k)k, (12) 


so that the right member of (11), which we denote for brevity by A, 
becomes 


i lim- 

F-* 0 


•i) dS /X“ (H • i)dS 


+ jlim- 

F-*0] 


+ k lim 
v-o 


/x 


u(N-k)dS 


(13) 


Now let dSi and dS 2 denote the elements of area cut from the surface S 
by an elementary cylinder parallel to the j-axis as shown in Fig. 73, let 



dS x be the common projection of dSi and dS 2 on the yr-plane, and let S x 
be the projection of S on the 2 / 2 -plane. Then if Ni and N 2 are the unit 
normals to dSi and dS 2f respectively, we have 

dS x = — (Ni-i) dSi - (N 3 i)(%. 

Letting u\ and us denote the values of u on dS\ and dS 2 , respectively, we 
then get 
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Jfjju(Ni) dS =J£ u 2 (N 2 -i) dS 2 +££ wi(N!-i )dSi 

=f£ (u 2 - ui) dS z . 

Now let Au — U 2 — u\ t and let Ax be the length of the elementary 
cylinder between dS\ and dS 2 , so that 

ffu(N i) dS ff — Ax dS x 

JJs JJa . Ax 



the desired result. 

84. Vector fields; divergence and curl. In the preceding article, we 
defined a scalar field associated with some physical property which was 
given by a scalar point function. If, on the other hand, the physical 
property to be investigated in some region is specified by a vector point 
function v(x, y t z), we speak of the region involved as a vector field. 
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Just as the gradient of a scalar point function plays a large part in 
scalar field problems, so the divergence and curl of a vector point func¬ 
tion enter into various vector field problems. Accordingly, we shall 
consider the scalar V-v and the vector V X v more in detail in the 
present article. * 

We first establish an alternative expression for the divergence V*v, 
similar in form to the expression for the gradient Vw discussed above. 
The relation to be obtained is 

div v = lun-—-, (1) 

r-o V 

where the symbols in the right-hand member have the same meaning as 
before. If r lt v*, are the components of v, so that v — i’d + v%j 
+ cyk, we have 

Nv = vi(N-i) + r 2 (N-j) +i*(N-k). 

Hence the limit on the right side of (1) may be expressed as the sum of 
three limits, the first of which is 

ffn(Ni)dS 


But this is similar to the left-hand member of equation (14), Art. 83, 
the scalar point function u merely being replaced by the scalar point 
function iq. Therefore the first of the three limits whose sum is desired, 
is dvi/i fcr, and, similarly, the other two are dvo/tiy and dv^/dz. Conse¬ 
quently we have immediately 



N ■ v <18 


lim 

v-o 


V 


dvi 

dl> 2 

dv- t 

— 

_j- 

+ ■— 

Ox 


dz 


Vv, 


which proves the truth of equat ion (1). 
We may show equally readily that 


JJn X vdS 

curl v — lim-* (2) 

v-o V 

* The components t>i, V 2 , vz of v are assumed to satisfy the same conditions imposed 
on u in Art. 83. 
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To begin with, we write (cf. equation (12), Art. 83), 

N X v = i[i• (N X v)] + j[j • (N X v)] + k[k(N X ▼)]. 

But for any three vectors a, b, c, we have a - (b X c) = b - (c X a) (see 
Problem 5 following Art. 80), so that 

N X v = i[N• (v X i)] + j[N-(v X j)] + k[N-(v X k)]. 

Consequently the right-hand member of (2) is a vector whose z-compo- 
nent is 

Jj|V(vXi)dS 


which, by equation (1), is equal to div (v X i). Likewise, we see that 
the y- and ^-components are, respectively, div (v X j) and div (v X k). 
But by the definition of divergence, we have 


whence 


div (v X i) = V ■ (r 3 j — v 2 k) 


div (v x j) = V ■ (vjk - v 3 i) 


div (v X k) = V ■ (v 2 i - vij) 


dv 3 dv 2 

dy dz 

dv\ dv 3 

dz dx ’ 

dv 2 dvi 

dx dy ’ 


ff, 


N X YdS 


lim - 


V 



= V X v, 

and equation (2) follows. 

We now proceed to consider a particular relation between a surface 
integral and a volume integral, known as the divergence theorem, which 
has a number of uses in further theory and applications. Let v be a 
vector point function, and let the associated vector field be a volume V 
enclosed by a surface S. Then if N is an outward-drawn unit normal 
to the element of surface area dS, the divergence theorem states that 




ydS. 


(3) 
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To prove this relation, suppose V to be subdivided, say by planes 
parallel to the coordinate axes, into small elements or cells. The sur¬ 
face integral in (3) may be replaced by the summation of the surface 
integrals taken over the aggregate of surfaces of these individual cells, 
for any surface common to two cells (Fig. 74) will be integrated over 
twice, the direction of N for one case being opposite to that for the 



other, so that N 2 *v = — Nj -v and cancellation results from the two 
integrations. Letting AS denote the surface of a typical small cell, 
we then have 


2 ff N-vd(AS) = ffN vdS, 

JJ AS JjS 


(4) 


where the symbol 2 denotes summation over all the cell surfaces. 
Now if AV is the cell volume enclosed by A*S, the average value of 
div v over a cell will be, by equation (1), approximated by the expression 


1 

~av 



and therefore the summation of the divergence over V will be approxi¬ 
mately given by 


2 div v AV 


■ * z fL” 
-Jfa-"*’ 


• v d(AS) 


by equation (4). Allowing the number of cells to become infinite and 
each AV* to approach zero, we get in the limit the divergence theorem 
(3). 

As a simple verification of equation (3) for a particular case, let V 
be a sphere of radius r and with center at the origin 0, and let 

v = xi + yi + zk. 
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n«3a 

div v = f i hj h k — ) ■ (zi + yi + 2 k) = 1 + 1 + 1 — 3 f 

\ dx dy dzf 

fff. d "’ dv - 3 fff dr -^ 


On the other hand, since N and v are both directed along the radius of 
the sphere, 

Nv = r, 

and 


JjN-vdS = rJJdS = W. 


Thus equation (3) holds in this instance. 

Although the divergence theorem was obtained as a mathematical 
relation between a volume integral and a surface integral, it has an 
important physical bearing as well. Regarding v as a vector represen¬ 
tation of a flux, e.g., electric or magnetic flux, heat flow, or fluid velocity, 
we may state the divergence theorem in words as follows: In a vector 
field the summation of the normal component of flux over a closed sur¬ 
face S is equal to the summation of the divergence over the volume V 
enclosed by S , each being a measure of the excess of outward flux over 
the inward flux. 

86 . Theorems of Stokes, Gauss, and Green. As a preliminary to 
the derivation of Stokes’s theorem, we first obtain the following lemma. 
Let v be a vector point function, Jet AS be a small element of surface area 
bounded by a closed curve c , let T be a unit tangent to c, in an arbitrarily 
chosen positive direction, and let N be a unit normal to AS in the direction 
related to the positive direction 
around c as the thrust and twist of 
a screw with right-handed thread ; 
then approximately , 

(N-curly) AS = |v-T ds, (1) 

J c h 

the approximation being better the 
smaller and more nearly plane AS 
is !akcn. 

Supposing AS to be so small F, a 75 

that it is sensibly plane, construct 
a right cylinder of height h and having AS as its upper base (Fig. 75). 
Let AV « h AS denote the volume of this small cylinder, and let Hi be 
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a unit normal to the lateral surface A5i of the cylinder. Consider now 
the surface integral of the scalar function N ■ (N x X v) taken over the 
total surface of the cylinder. Since the unit normal to the lower base 
is — N, the upper and lower bases will together contribute nothing to 
the surface integral, which therefore reduces to 



X v) d(ANj). 


Now N-(Ni X v) = v (N X NO (see Problem 5 following Art. 80), 
and since A Si is of constant height h , the above integral may be 
written 



X Ni)/i ds. 


Moreover, N X Ni = T, and consequent ly the surface integral over the 
cylinder becomes 



N- (N x X v) d(A»S T i) 


= h fv 

d C 


T ds. 


( 2 ) 


But from equation (2) of Art. 84, we also have the approximation 


(N-euii v)h AS 



N-(N t X v) d(ASi). 


(3) 


Combining (2) and (3), we get (1). 

Using (1), we may now easily prove Stokes’s theorem, which may 
be stated as follows. Let S be any open surface bounded by a closed curve 
C ivith unit tangent T, let v be a vector point function, and let N be a posi¬ 
tively directed normal to S: then 



N ■ curl v dS 


■X* 


T ds. 


(4) 


To prove this relation between a surface integral and a contour integral 

suppose S subdivided into small elements 
of surface AS. Then the line integral in 
(4) may be replaced by the sum of the 
line integrals around the boundaries of 
all the subdivisions, an arc common to 
two elements being traced twice in oppo¬ 
site directions and therefore contributing 
nothing (Fig. 76). Consequently we have 



Fig. 76 
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where c is the boundary of a typical element and 2 again signifies the 
summation of all such integrals. But from equation (1) we get 


so that 


Z(N-curlv) AS = 2 fv-T ds, 

J G 

S(N-curlv) AS = fv-Tds. 


Passing to the limit as the number of subdivisions becomes infinite and 
each AN approaches zero, we get (4). 

Another important theorem is that known as Gauss’s, which may be 
obtained from the divergence theorem of Art. 84, 


///div.ir./JVvds, 


where S is a closed surface enclosing a volume V. Let r = x\ + y] + rk 
Ikj the vector from the origin 0 to any point P(x } y } z), and let rj be the 
unit vector in the direction of r, i.e., from 0 toward P, so that r = rri. 
Take as the vector point function v the vector * 


v = -V 


1 r, r 


so that 

Also, since 

we have 


r r 2 r 3 ' 

N- ri 


i n + yj + zk 


r 3 


Now 


dx \r*/ dy Vrv dz \r 3 / 

0 /.r \ d r x "| y 2 + 2 2 - 2x 2 

}).r (?) “ Ox LU' + /T + m = (x 2 + 7 + ry h ’ 

;e)=“Tf 


-V‘ 


(5) 


Cf. Art. S*{, v h* r« wv h i t / - >?■ r. V , » — mr V\ 
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whence r 

div — = 0, ( 6 ) 

r 

and therefore, from (5) and (G) combined by the divergence theorem, 

M---'* - ° < 7 > 

Apparently this is our full result. But let us examine matters a little 
more critically. We have, in all the foregoing work, confined our atten¬ 
tion to formal manipulation, and have given little or no regard to such 
points as continuity and differentiability in connection with the func¬ 
tions treated. However, although some of our manipulations and 
limit-taking processes require a more careful study and certain refine¬ 
ments to put them on a firm foundation, fortunately the results obtained 
are valid and complete for all func tions to which they apply in suitable 
regions of space. Here we see that our result (7) is correct only if the 
origin 0 is outside the surface S, so that we do not as yet know the 
complete story. For, if 0 is inside *S, the function 1/r, the gradient of 
which is the negative of our vector point function v, becomes infinite 
at a point (namely ()) of V, and consequently the volume integral of 
div v cannot be obtained. Hence we should write our result 

JJ—\j ~dS = 0 (O outside S). (7i) 

Now consider the case in which 0 is within S. We describe about 0 
as center a small sphere lying entirely inside S and of radius t, and 



take as V the volume between S\ and S (Fig. 77). Then divv exists 
in this region, and (7\) may be applied to the complete boundary, so that 
we have 




Nri 

r 2 


dSi 


0 . 
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Note that since the unit normal N is to be directed outwardly from V, it 
must be drawn toward 0 on the surface S\ . Consequently N -t* *■ — 1 
in the second integral, and since r = e for points on <Si, we get 


and 


HE?- 


K 


Nr, 


dS 



4ir. 


-4ir, 


Allowing « to approach zero, we then have for the volume enclosed by 
S with merely the point 0 deleted, 



Nti 


dS = -hr (0 inside S). 


(7a) 


Relations (7i) and (7 2 ) together comprise Gauss’s theorem: 




f 0, 0 outside S, 
147r, 0 inside S. 


( 8 ) 


Gauss’s theorem may be interpreted physically in a simple manner. 
Consider, for example, the vector field of force surrounding a point O at 



which is placed an electric charge Q (coulombs). The electric force or 
field intensity F at any point P will, by Coulomb’s law, vary in magni¬ 
tude inversely as the square of the distance r from 0 to P. Let <Si 
be a closed surface to which 0 is interior and let be a second closed 
surface to which 0 is exterior (Fig. 78). Describe about 0 a sphere 
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861 


j S 3 with radius R it lying entirely within S\. Since the flux crossing the 
sphere S 3 will be equal to that crossing Si, we have 

ff^dS, = ff^dSs - ff dS 3 * 4ir. 

J%JS\ T J JSt itj JJSi 

On the other hand, any flux entering S 2 will also leave it so that 

'Nr, 




■dS 2 


0 . 


Since 0 is inside Si but outside S 2t we have here the two cases of Gauss's 
theorem. 

We proceed now to the derivation of Green’s theorem, w'hich also 
springs readily from the divergence theorem. Let u and tc be two scalar 
point functions which, together with their first partial derivatives, are 
continuous and single-valued over a volume V enclosed by a surface S. 
We first take 


so that 


dw dw dw 

v = u Vu? = iu -b ju - h ku — , 

dx dy dz 


N-v = 

uN 

■ Vic, 







d 

( du'\ 

i 

a , 

/ dw' 

\ d / 

dw\ 

div v = 

— 1 

[u — 

+ ■ 

- 

[u — 


* — 


dx 

\ dx/ 

r dy 

\ dy. 

/ dz\ 

dz) 



d 2 w 

d 2 w 


d 2 w\ 

du dw 

du 

= 

u ( 

—;> + 


+ 

— 0 ) 

_|- 

H- 


\ 

dx 2 

V 

dz 2 ) 

dx dx 

dy 


= u V 2 u> + Vu- Vic. 

Hence, substituting in the divergence theorem, w*e get 

jjf( u V 2>w + Vu - Vic) dV = JJuN -Vw dS. (9) 

This is Green’s theorem in the first form. Now if we interchange the 
roles played by u and ic in v, we have similarly 

JJJ(w V 2 u + Vic • Vu) dV = JJtcN ■ Vu dS . (10) 

Subtracting (10) from (9), we find 


(u 


V 2 w - w V a u) dV =ff* ■ (M Vw - w Vu) dS, (11) 


which is Green’s theorem in the second form. 
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86. Further applications. In Art. 82 we considered a few simple 
examples of the use of vector analysis in physical investigations, 
these examples being based upon the results obtained in Arts. 80-81. 
Employing also the material of Arts. 83-85, we may now discuss 
further applications. 

We begin by making use of the divergence theorem in the derivation 
of the partial differential equation of three-dimensional heat flow.* 
Since the rate of heat flow across unit area is in the direction of decreas¬ 
ing temperature and is proportional in magnitude to the temperature 
gradient, we have 

dQ du 

— = —K — N = —K Vu, (1) 

dt dN 


by equation (5), Art. 83; here dQ/dt is measured in calories per second, 
u is the temperature in degrees centigrade, N is a unit normal in the 
direction of flow, and K is the thermal conductivity (cal./cm. deg. sec.). 
Now if p is the specific gravity and c is the specific heat (cal./gr. deg.), 
the amount of heat which leaves an elementary volume dV in 1 sec. will 
be, nearly, 


du 


cp — dV 
dt 


and the total loss of heat per second throughout the volume V is 


du 
cp — dV. 
v dt 


( 2 ) 


Letting S be the surface bounding V, the total amount of heat leaving V 
in 1 sec. may also be written as 


ffw-— dS - K (Tn • Vu dS, 

•J %/s dt J •/ s 


by equation (1). Applying the divergence theorem, with v 
therefore have 


ffs 


d Q 

N — dS = —K 
s dt 


div Vu dV. 


Vu, we 


( 3 ) 


Combining (2) and (3), and remembering that div Vu 
we get 


cp - K V a u 

dt 


i^ dV - 0. 


V-Vu 


(4) 


a. Chapter VII, Aria. 71-72. 
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But if this relation is to hold for any volume V. the integrand must itself 
vanish. For, if the integrand were, say, positive throughout any region, 
however small, V could be chosen as this region, whence the volume 
integral would also be positive, contrary to (4). Hence we have the 

equation _ 

„ (d 2 u d 2 u d 2 u\ 

■°(i? + 5? + s)' <5) 


— - «»v»» 
at 





where o? = K/cp. If the flow r is one- or two-dimensional, equation (5) 
reduces to one of the equations obtained in Chapter VII. 

We next consider the motion of 
a particle acted upon by a con¬ 
servative force, which is defined as 
a force such that the work done in 
moving a particle from one point 
to another is independent of the 
path followed by the particle. Let 
the vector F represent a conserva¬ 
tive force, let P and Q be any two 
points in the vector field, and let 
Ci and C 2 be any two curves connecting P and Q (Fig. 79). Then the 
work done in carrying the particle along Ci and along Co will be the 
same, i.e., 

f FT ds = f FT ds, 

JCx JC 2 

where T is a unit tangent to either curve. If C denotes the complete 
circuit from P to Q along Ci in the positive direction and then back to 
P along C 2 described in the negative direction, we then have 


Fig. 79 


X 


F-Tds = 0. 


( 6 ) 


From Stokes’s theorem it therefore follows that 


XX 


N • curl F dS = 0, 


( 7 ) 


where 5 is any open surface bounded by C. Since C is any curve in the 
vector field, we conclude that 

curl F = 0 


everywhere in the field. Conversely, if the curl of any vector force F 
is identically aero in a vector field, m that (7) holds, we get by Stokes’s 
theorem the relation (6), and therefore the force is a conservative one. 
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Hence a force ia conservative if and only if its curl vanishes identically. 
Moreover, when F is conservative, the work done in moving the particle 
from the origin 0 to any other point P(x, y, z) will be dependent only 
upon the position of P , so that we may write 

f F-Tds = u(x,y, z), (8) 


where u is a scalar point function. Consequently, letting dr = Tds, 
where r = ri + yj + zk, we get from (8), 

du = Fdr. 

But we have seen in Art. 83 that du = Vu-dr, and therefore 

F-dr = Vu-dr. 

Since this relation holds for any value of dr, we get 

F = Vu. (9) 

Thus a vector whose curl is identically zero may be expressed as the 
gradient of some scalar point function. 

This last result may be used to prove a theorem of which we made 
use in Chapter VII, Art. 73: The necessary and sufficient condition that 
u dx H- v dy + w dz, where u, v, w are functions of x, y , and z , be the 
exact differential of some function is that the curl of the vector F = 
ui + vj + wk vanish identically. To show the necessity of this condi¬ 
tion, suppose that u dx + v dy + w dz is the exact differential of some 
function f(x, y } z), so that 


But we have also, 


df = udx + vdy + wdz. 

df df df 

df = --dx + —dy + -dz, 

dx dy dz 


whence, since dx } dy } and dz are independent, we must have 
df df df 


df 

u = 

dx 


Hence 


df 

V = Z~> 

dy 


( dw dv\ (du dw\ (dv du\ 

.,( *L- *.) + j( *L . *L\ + k ( . _*) 

\dydz dz dy/ \dzdx dxd*J xdz dy dydx/ 
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Conversely, if curl F * 0 identically, F must, by (9), be expressible 
as the gradient of some function, 


Therefore 

whence 

and 


F • Vf. 

df df df 

id + rj + tuk = F = V/ = i -h j-h k — , 

Ox dy dz 


df df df 

U = —, V = —, w « — , 
dx dy dz 


df df df 

u dx + v dy -f w dz = — dx -f- dy -f- dz = df, 

dx dy dz 


so that u dx ~f~ v dy -h w dz is the exact differential of the function 
/(*» y, z). 

Our next problem is concerned with the potential due to a continu¬ 
ous distribution of matter over some region. Let V be any such region 



bounded by a surface S, and let p(x i, y lt zi) be the density at any point 
Pi(xi, yi, z\) of V (Fig. 80). Then the potential at a point P(x, y, z) of 
V due to the mass of an elementary volume dV x = dx x diji dz x at P x is 

_ p(*\, *i) dVi 

du --, 


where r = V (x — xi) 2 -h (y — y x ) 2 4- (z — z x ) 2 is the distance between 
Pi and P, and the potential at P due to the entire mass inside S is 

■JOE* , yi.zi) 


U 


T 


( 10 ) 
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Since r but not p depends upon the coordinates x, y, z, we have, for the 
gradient of u, 

Vu = J/I p(*i, Vu *i) V 0 dV Y . 

Letting r = rti be the vector from Pi to P, we have, as in Art. 83, 

>(*i, Vu Zi)ti 


so that 


Vu 


- -iff' 


■dV i. 


(ID 


Consider now the surface integral 7 of the normal component of 
Vu over S. For the contribution to 7 due to the elementary ma&s 
p(x i, i/I, 2 ]) dV i at Pi, we have from ( 11 ), 

dl = -p(xi, yi, Zi) dV 1 J£--dS. 

Since Pi and P are inside S, we get by Gauss's theorem, 
dl = — 4tto(z 1 , 3/i, 2i) dF Xj 

and hence 


-D> 


■ Vu dS = -4tt I 11 p(x lf 3 / 1 , 21 ) dF x 


= “ 4?r 11 l_p(*» *) 

But by the divergence theorem, 

• Vu d*S = fff div Vu dV = 11 | V 2 u dF. 


if, Nr “" s -/if. 


Combining ( 12 ) and (13), we get 

[V 2 w + 4ttp(j, 2 /, z)] dF = 0, 


and since F is any volume occupied by matter, it follows that 

V 2 u + 4irp(.r, y, z) = 0, 

or 


d?u d?u d 2 u 

+ + a? 


-4**(z, y,z). 


( 12 ) 


(13) 


(14) 
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This is known as Poisson’s equation, which is thus satisfied by the 
potential function u throughout a region occupied by matter. If the 
region under consideration is devoid of matter, so that p = 0 at every 
point, (14) becomes Laplace’s equation, 



d 2 u d 2 u 
Oy- + dz 2 


(15) 


Analogous arguments may be formulated for the physical situations in 
which u is the electric potential due to a region containing charges, the 
magnetic potential due to poles, or the temperature at each point of a 
heated body. (Cf. Art. 78.) 

Using Green's theorem, we next show that a vector point function v 
is uniquely determined, at every point of a volume V bounded by a 
surface S, when its divergence and curl throughout V and its normal 
component over S are given. For, suppose that is a vector point 
function having the same values as v for its divergence and curl in V 
and for its normal component over *S\ and let r = v — v x ; if we show 
that r = 0 for all points inside and on S, it will follow that Vj = v, so 
that no vector point function but v can exist with the given properties. 
Now by supposition, 


(I) div r = div v — div v 2 = 0, throughout V, 

(II) curlr = curl v — curl v t = 0, throughout V\ 


(III) N-r = N v — N-Vi =0, over S. 


From (II), together with the statement following equation (9), we get 
r = V?i, where u is some scalar point function. From (I) and (III) we 
then have 


div Vil = V“u = 0, 
N • V?< = 0. 


(16) 


Consequently, taking w = u in Green’s theorem in the first form (equa¬ 
tion (9), Art. So), and using the relations (lb), wc tind 


Vu-Vu dV 



( V//) 2 dV 


0 . 


But since (T;/) 2 cannot be negative, we must haw ----- 0, whence 
r * 0 and - v 
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A8 a final application, we indicate briefly the manner in which Max¬ 
well’s electromagnetic held equations are obtained. We begin with an 
empirical law, based on the experiments of Faraday and Henry, which 
states that the work done by an electric force E (electrostatic e.g.s. 
units) in moving a unit positive charge around any closed path C is pro¬ 
portional to the time rate of decrease of the flux of magnetic force H 
(electromagnetic e.g.s. units) through any open surface S bounded by C. 
In symbols, this may be written as 

f*E-T ds = -- - [Cn-HdS, (17) 

Jc c dt JJs 


where T is a unit tangent to C in the positive direction, N is a unit; 
normal on the positive side of S, /i is the permeability of the medium in 
which the magnetic field acts, and c * is equal to the ratio of a e.g.s. 
electromagnetic unit to a e.g.s. electrostatic unit of charge. Maxwell, 
using the results of Ampere’s experiments, deduced a corresponding 
relation in which the roles of E and H are interchanged; symbolically, 
his relation is 

fc H ' TdS = 1 J /j> •EdS, (IS) 


where e is the dielectric constant of the medium in which the electric 
field acts, and the other notation is the same as in (17). The right-hand 
member of (18), it should be remarked, is a quantity proportional to a 
fictitious current called by Maxwell a displacement current. Now by 
Stokes’s theorem we have 


Je t* = JjVrurl Erf.S', 
X HTds= E” • curl H dS. 


Using these relations together with (17) and (18), it follows that since N 
Is any surface in the field, 


curl E = 


M dH 
c dt 9 


curl H = 


td E 
c dt 


(19) 


•Numerically, c » 2.998 X in 10 , the velocity (cm. ht.) of light in vacuo. 
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Those are Maxwell’s field equations. If we take the curl of mem* 
ber of equations (19), we get 

V X (V x E) *= - - -curiH 
c dt 


c M a 2 E 

7 IF’ 


€ d 

V x (V x H) = - - curl E 
c dt 


( 20 ) 


^a 2 H 

7 ai 2 " 


It is readily shown (Problem 2(c) following Art. 82) that, for any 
vector v, 

V X (V x v) == V(V-v) - V 2 v. (21) 

Now further experiment shows that E and H are such that div E = 
div H = 0. Hence, from (20) and (21), we find 

0 d 2 E d 2 E d 2 E eg d 2 E 

V ~ E = TT + 7T + "-TJ = ~2 T/~~ ’ 

dx dy dz C dt 

( 22 ) 

„ d 2 H d 2 H d 2 H cm a 2 H 

V 2 H = — + + — - -7, —;r * 

dx 2 dy 2 dz* c“ dt “ 


These equations represent wave motions, * and indicate that electro¬ 
static and electromagnetic disturbances arc propagated through the 
medium, the common velocity of propagation being c/\/ty. It is this 
result which gave rise to Maxwell’s celebrated electromagnetic theory 

of light. 

PROBLEMS 


1. If u is a scalar point function over a scalar field of volume V’ enclosed by a 
surface S , and N is a unit outward-drawn normal to *S', show that 


fff^udV =/£ uN dS. 


2 . If v is a vector point function over a vector field of volume V enclosed by a 
surface S, and N is a unit outward-drawn normal to *S, show that 


iff. 


curl v dV 


'-JfMX.M. 


• Cf. Chapter VII, Art. 70. 
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3. If F is a vector function normal to the closed surface S at each point, and if 
is the volume bounded by S, show that 


m 


curlFdV -0. 


4 . If u is a scalar point function over an open surface S bounded by a curve C, 
N is a positively drawn unit normal to S, and T is a positively drawn unit tangent to 
C, show that 

Jj N X grad u dS — J uT ds. 

6 . If a, p, and y are the direction angles of N, and if v ■■ tqi + vjj + rjk, 
ihow that the divergence theorem may be written in Cartesian form as 


Iff. c 


+ *'? + *'') dv 

0y dz / 




COS a + V2 cos p -f Vs COB 7 ) dS. 


6 . If a, p, y are the direction angles of the vector v -= iqi + t^j + vrft, show that 
Stokes’s theorem may be written in Cartesian form as 

M r^a at> 2 \ dv^\ /d» 2 dvi\ 1 

dy dz) \dz dxJ \dx dy) J 

“ f (Ui dx + V2 dy + v* dz). 
Jc 

7. Write both forms of Green’s theorem in Cartesian coordinates. 

8 . If vi, V 2 , and *’;* are the components of a vector v, u is a scalar point function, 
and p, a and b are constants, express in vector notation the following equations 
from the theory of elasticity: 


d 2 V\ 


(a ■ 


+ „£ + .(3 + 5 + 3). 

$-«—> 5 + *( 3 + $ + 3 f)- 

( — * 4- d ^l _L ^l \ 

1 + dy 2 + “ 9 1 


d‘V 3 du 

p - T * (a + b) v 4 b . 

dt* dz \ dX‘ 


dz 2 ) 


9. If u and it are scalar point functions, show that 

J\,Vu-T<fa = “JXvu Tds, 

where T is a unit tangent to the closed curve C. 

10. If u is a m alar and v a vector point function, show that 


If" 


\ <( X v f 


uV X v) dS = f uv ■ T dS, 

Jc 


where S is an open Mirface bouednl by C, N is a positively drawn unit normal tc 
*S. and T is a positively drawn unit tangent to C. 
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IX If Kki n h r and ▼ a vector point function in a volume V bounded by a 
surface 8, show that 



+ Vu-v) dV 



tdf -v<iS, 


where H is an outward-drawn unit normal to S. 

IX If u is a non-constant solution of l a place's equation, show by means of 
Green's theorem that 


ff. 


uN ■ Vu dS 


> 0 , 


where H is an outward-drawn unit normal to the closed surface 8. 

13. Let m be the total mass of a sphere of uniform density and radius a. (o) 
Show that the potential u and gravitational force F at a distance r from the center 
of the sphere are given by 


u 


3 m 
2a 


mr 2 
2a* r 


F 


mr 

a* 


(r £ a), 


u 



F 


mr 

r 3 


(r > a). 


(6) Hence show that u satisfies Poisson’s equation at points inside the sphere and 
that it satisfies Laplace's equation at points outside. 

14. If v is the vector velocity and p the variable density of a moving fluid, derive 
the general form of the equation of continuity, 


16. Let the region V, bounded by the surface S, be occupied by matter of density 
p(x, y, z), and let r = rri be the vector from the origin O to any point P of V. (a) 
Letting v = ply in the divergence theorem, show that the potential at a point inside 
S is given by 

u = lff (X-T,)pdS - hJJj^Ti VpdV, 

where H is an outward-drawn unit normal to S. (b) If u satisfies Poisson’s equation 
and is such that Vp = 0, show that 

u =-- ff NridivF dS f 

JJs 

where F is the gravitational force, so that if F is known at every point of S the 
potential at all interior points may be found. 



CHAPTER IX 


Probability and Numerical Methods 


87. Introduction. Probability considerations enter into scientific 
and engineering work in a variety of guises. The theory of probability 
plays an important role in modem physics and physical chemistry in 
problems connected with atomic structure, and in quantum theory and 
wave mechanics. Questions of engineering economics, and quality con¬ 
trol in manufacturing, employ the statistical method based on proba¬ 
bility.* Frequency curves are used in standardization and sampling 
operations, f Statistical mechanics is likewise based on the theory of 
probability, as is the theory of least squares, which is useful in the ad¬ 
justment of observations and is employed in precise surveying. 

In recent years, the entire field of numerical methods has been rap¬ 
idly growing. Theories basic to such methods and machines capable 
of handling computations at amazing speed have developed together. 
In particular, there has been considerable advance in techniques for 
solving ordinary and partial differential equations numerically. 

It is the purpose of this chapter to introduce some of these ideas. 
For convenient reference, we begin by stating a few of the principles 
of combinatorial analysis and probability .% 

1. If an event A can happen in m ways, and then an event B can 
happen in n ways, both A and B can happen in this order in mn ways. 

2. If two mutually exclusive events A and B can happen in m and 
n ways, respectively, cither A or B can happen in m + n ways. (A and 
B are mutually exclusive if the happening of either precludes the occur¬ 
rence of the other.) 

3. The number of permutations (arrangements) of n things taken 
r at a time is P(n , r) = n(n — 1) ■ ■ • (n — r + I) = n!/(n — r)! 

4. The number of combinations (selections, without regard to order¬ 
ing) of n things taken r at a time is C(n , r) = Pin, r)/r! = n!/r!(n — r)! 

5. If the number of ways an event may result can be analyzed into 

• E. L. Grant, "Principles of Engineering Economy." 

fT. C. Fry, "Probability and Its Engineering I'ses"; A. Fisher, "The Mathe¬ 
matical Theory of Probabilities," introductory note by M. C. Iiorty. 

X More detailed discussions of permutations, combinations, and the elements of 
probability may be found in books on college algebra; see, for example, F. H. Miller, 
"College Algebra and Trigonometry," Chapter XVI. 
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a successes and b failures, each equally likely to occur, the a priori (or 
mathematical) probability of success in a single trial is p = a/(a + b), 
and the corresponding probability of failure is q = b/(a + 6). 

6. If s successes in n trials have been observed, s/n is called the rela¬ 
tive frequency of successes. It is assumed that s/n approaches a limit 
as n becomes infinite, and this limit is defined as the a posteriori (or 
statistical, or empirical) probability of success in one trial. 

7. If pi is the probability that an event E y occurs and p 2 is the 
probability that an event E 2 occurs, then pip 2 is the probability that 
both events occur (in either order or simultaneously if E\ and E 2 are 
independent; in the order E y E 2 if E 2 depends upon E \, when p 2 is the 
probability that E 2 happens after E x has happened). 

8. If Vi is the probability that an event E\ occurs and p 2 is the 
probability that an event E 2 occurs, then, when E\ and E 2 are mutually 
exclusive, p y -f- p 2 is the probability that either E\ or E 2 occurs. 

9. If p is the probability that an event happens, and q that it fails 
to occur, then C(n f r)p T q n ~ T is the probability that the event happens 
exactly r times in n trials. 

88. The probability curve. The observer, taking observations, trying 
to find the value of some unknown, is analogous to a marksman try¬ 
ing to hit the center of a target. Strange though it may seem, these 



Fie. 81 


errors of observation or deviations of shots follow a mathematical law, 
or, rather, approximate it more and more closely as the number of ob¬ 
servations or shots increases. All constant, errors—errors for which a 
correction can be applied, like the temperature correction for a steel 
tape, etc.—also mistakes, are supposed to have been eliminated. The 
mathematical law applies only to unavoidable errors. We shall now 
find a mathematical expression for this law in the form of an equation 
—the equation of the curve of error, or the probability curve. 

We take an illustration based on a record of 1000 shots fired from a 
Taylor battery gun at a target 11 ft. high. Fig. 81 shows approxi- 
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mately the number of hits in each division 1 ft. wide, from which, e.g., 
the (empirical) probability that a shot hits the center rectangle is 
or 0.212; i.e., if another shot is fired under the same conditions, the 
probability is 0.212 that it hits the center rectangle. 

If, now, we lay off the 11 intervals each Ax = 1 unit long on a hori¬ 
zontal ar-axis, and draw rectangles whose areas y Ax (or ordinates y, 
if Ax = 1) represent the probability that the shot falls within the 
rectangle (taking a different convenient unit vertically), we have the 
diagram shown in Fig. 82. Thus, the probability that the shot falls 



between 2.5 and 3.5 is the area of the shaded rectangle, 0.079 X 1 = 
0.079, The sum of all the rectangular areas is 1. 

We can imagine the number of shots increased indefinitely while the 
widths of the intervals get smaller and smaller; then, while the total area 
of the rectangles always remains 1, the form of the area approaches that 

of the area under a smooth curve, y = f(x), such that J* f(x) dx = 1. 

We make the limits — «> and « since no definite finite limits can be 
assigned which would cover all cases. We now determine the func¬ 
tion /(x). 

Suppose that we make n observations 8 U a 2 , • • •, s„ on a quantity 
whose true value is x. Let xi, x 2 , ■ • • , x« be the errors of observation, 
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positive or negative according as the observed values are greater or 
less than z. Then we have for the errors and their sum: 

X\ = s x - z , 

X 2 — 82 

( 1 ) 

2 x= 2 s—m. (2) 

Now the true value of a quantity is unknown and can never be de¬ 
termined exactly by observation. If we assume that the arithmetic 
mean of the observed values is the best value that can be assigned to z, 
and replace z in (2) by 2$/n, we obtain 

2x = x x + x 2 H-h x n = 0, (3) 

an approximation which becomes closer as n increases. This relation 
(3) is equivalent to the statement that the positive and negative errors 
are compensating—their algebraic sum is zero—and might have been 
taken as an assumption from which the relation z = 2c/n would follow. 

If Ax is the smallest measured interval for a given set of observations, 
we say that 

f(ii) Ax = probability of error x }y 
/(x 2 ) Ax = probability of error x 2j 


/(x n ) Ax = probability of error x n . 

Hence 

P = ■ ■ ■ f(r„) Ax" 

is the probability of occurrence of the set of errors xi, x 2 , x„. 

Now, instead of regarding z as a fixed constant, we may think of it as 
an unknown, capable of being assigned different values depending on 
the form of the / function. We assume * that when z is assigned the 
value 2 s/n, that is, when equation (3) holds, the form of the/function 
will be such as to give P its maximum value. 

In order to make P a maximum we maximize 

In P = ln/(:ri) + ln/(x 2 ) H-h ln/(z n ) + n In Ax 

by equating to zero the derivative of In P with respect to z : 

S'{xi)dxi f'(x 2 ) dr 2 f'(xn)dx n 

-1-— -|-1-= 0. (4) 

f(x 1 ) dz f(x 2 ) dz /(x„) dz 

* This assumption is open to criticism and has been much discussed, yet it yields 
the equation of the curve of error according to the method of Gauss. 
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But, from equations (1), 

dx x dx 2 dxn ^ 

dz dz dz 1 

f'{x) 

and, denoting the function-by <£(x), equation (4) becomes 

/CO 

0(xi) + 0(x 2 ) H-b 0(x n ) = 0. 


The function <t> is to be determined from equations (5) and (3); that 
is, for all positive integral values of n, we must have 

4>(x l) + 0 (^ 2 ) H-b 0(Zn) = 0, 

( 6 ) 

Xi + x 2 + ■ ■ ■ + x„ = 0. 


Let us try to satisfy equations (6) by assuming for <£(x) a power series 
in x: 

= Oq + a x x + a 2 x 2 H -. (7) 

Then the first of equations (6) becomes 

nao + Ui2z + fl2^x 2 + • • • = 0. (8) 

Since 2x = 0 by virtue of the second of equations (6), equation (8) is 
satisfied if a x is arbitrary and all the other a 's are zero. Hence we 
have as a solution of equations (6), 

/'(x) 

<t>(x) = —- = a x x. (9) 

/CO 

A more elaborate analysis would show that (9) is the only solution of 
equations (6). 

Integrating (9) with respect to x, we find 

a x x 2 

In f{ x ) = — + In c. 

2 


We now demand that-our curve of error, y = f(x), be rapidly asymp¬ 
totic to the x-axis, so that the probability of making an error will de¬ 
crease very rapidly as the magnitude of the error increases. It follows 
that di must be negative; we write, for convenience, ai /2 = —h 2 , and 
the equation of the curve of error becomes 

V = f(x) = ce-* v . (10) 
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We now determine c. Since the area under the curve of error is 
unity, we have 

f ce~ kV dx = 2cJ’e- iV dx = 1. (11) 

Representing the second integral by I, we may evaluate it as follows: 


I = / e~ kV dx 


= r e - kV dy, 

Jo 


I 2 = f“ fV*'^ dy dx. 

Jo ^0 

Transforming to polar coordinates, we obtain 

—t/2 

I 2 = | I er^'pdpdo 
Jo Jo 

- -- f e“* v l de = —■ 

f - 2^ Jo Jo 4/i 2 

Therefore 

/ = re~ kV dx = —• 

J 0 2 h 

Substituting in (11), c = h/y/ tt, whence (10) becomes 


V = 7'- c 


the equation of the cum 0 / error or the probability curve. Equation 
(13) is sometimes called the normal law of error, and a set of observa¬ 
tions which follows it closely is called a normal distribution. 

The constant h is called the measure of precision of the set of obser¬ 
vations. A large h indicates a high peak and rapid fall in the curve, 
that is, a large probability of small errors and rapidly decreasing prob¬ 
ability of larger errors. The area of the shaded rectangle, y Ax, in 
Fig. 83 represents the probability of an error x; the total area under 
the curve is 1. 

Denoting by P x the probability of an error x, and by the prob¬ 
ability that an error is between a and b, we have 


v* 



dx. 


(14) 

(15) 
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The probability that an error is between —X and X is then 


P 


-x,x 





dx. 


If we let hx = t, then h dx = dt ; when x = 0, t = 0, and when x ■= X, 
t *= hX f so that the integral becomes 


P-x.x = 




r 

•'n 




This is the probability integral , but in order to get the form given in 
Peirce’s “Tables,” where numerical values are tabulated, we replace 
the upper limit hX by x. The letter used for integration variable is 
immaterial, since it is replaced by the limits after integration; calling 
it x instead of I, we have for the probability integral 



where the upper limit x = hX, This function P~x,x is sometimes 
called the error function erf x. 


Example. In a series of observations of an angle taken to tenths of a second, 
h * 0.6. Find (a) the probability of an error 2" (i.e., between 1.95” and 2.05”), 
(b) the probability that the error is not numerically greater than 2”. 

(«) From (14), - ~ e -o *x‘(o.l) - ^ t~ XM - 0008. 

VT V * 
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2 • 

(b) From (10), P-i t 2 = I e~ a dx = 0.91 (from Peirce's "Tables"). 
V w Jo 

89. Probable error; standard deviation. The number e, such that 
the probability that an error is between — c and -|- e is is called the 
probable error of a single observation. We have, from (16), Art. 88, 

= -4- f e“*‘ dx = 0.5000. 

V IT Jo 

From Peirce's “Tables," the value of the upper limit corresponding 
to a value 0.5000 for the integral is = 0.4769, so that 

0.4769 


In Fig. 83, € is the abscissa corresponding to the ordinate which bi¬ 
sects the area under the probability curve to the right of the ^-axis. 

In Art. 88 we assumed that the true value z could be replaced by 
the arithmetic mean Ss/n, of the n observed values, so that the error 
x is then the deviation of the observed value from the arithmetic mean 
of the observed values. When x is so regarded it is usually called a 
residual instead of an error. In terms of the residual p, the equation 
of the probability curve (13), Art. 88, can be written 


y = 



( 2 ) 


The standard deviation , a, of a set of observations is defined as the 
root-mean-square value of the deviation from the arithmetic mean, or 
the square root of the average squared residual. Thus, if n is the num¬ 
ber of observations, we have 


a = 



(3) 


We may derive a formula for <r in terms of h as follows. The 
probability of a residual of size p (i.e., between p and p + Ap) is 
(h/\/ir)€~ htpi Ap. The number of residuals of size p, and hence the 
number of squared residuals of size p 2 , is (nh/\/ir)e~ h p Ap, where n 
is the total number of observations and also the total number of re¬ 
siduals. If we multiply the value p 2 of a squared residual by the num¬ 
ber of such squared residuals, sum for all values of p, and divide by 
the total number of residuals, we obtain the average squared residual. 
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Thus 

<r 2=J" p 2.-L e -* V dp 

= pe~ h '-\-2h 2 pdp) 

e_ * Vdp )' 

The first bracket vanishes, and the value of the integral is \Zr/2h, by 
equation (12) of Art. 88, so that 



If we equate the values of * in (3) and (4) we obtain a formula for 
computing the measure of precision, h, of a series of observations, 


h = 



(5) 


Replacing h by its value l/\/2 * given by (4), we can write the equa¬ 
tion of the probability curve (2) in the form 


V = 



( 6 ) 


and from equation (1) we have 

e - 0.4769/A = 0.4769\/2*, 
or 

c - 0.6745*. (7) 

The value of * or of « can be used as a measure of dispersion of a 
set of observations. The form of equation (6) shows that for small * 
the curve will have a high peak and fall rapidly, showing a small spread 
or dispersion in the observations. Let us find the probability that an 
observed value will deviate not more than <r on either side of the mean. 
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Using the equation of the probability curve in the form (6), we have 
for the probability that a deviation is between —c and +<r, 


... - -j-- r r 

V <j J _ a y/ ir a Jq 


Letting p/-\/2 <r = x, dp = y/2 a dx, the limits for x will be 0 and 
l/\/2, so that 

2 /» 0.7071 

P-c, a = — 7 =* I c"* 2 dx = 0.683 (by Peirce’s “Tables”). 
y/wJo 


Thus, in a normal distribution, 68.3% of the observations fall within 
r of the arithmetic mean. Furthermore, 

2 /•1.4142 

P —2 <r,‘2a = = 0.954, 

V7T ^ 0 

9 /-2.1213 

P-30. = = 0.997, 

V 7T J 0 

so that 95.4% of the observations fall within a range of 2a on either 
side of the arithmetic mean and practically all, 99.7%, are within a 
distance of 3a from the mean value. 

Collecting the formulas for h , a, and e, (3), (5), and (7), we now 
write them in the forms 

h - , < = 0.6745 ^/—• (8) 

As an example suppose we take the data given in Fig. 81 of Art. 88 
and represented graphically in Fig. 82. Since the position of no one 
of the shots is given exactly, their average deviation cannot be found 
without further assumption. We shall find the average deviation 
(arithmetic mean of the deviations) of the shots from the middle line 
of the largest rectangle (the origin of Fig. 82) under the assumption 
that all the shots in any interval —0.5 to 0.5, 0.5 to 1.5, etc., Fig. 82, 
are located at the midpoint of that interval, 0, 1, etc., respectively. 
Following are listed, in the first column, the number of shots; in the 
second column, their corresponding deviations from 0; in the third 
column, the products of the corresponding entries in the first two 
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columns. The sum of the third column divided by the sum of the 
first column will then be the arithmetic mean of the deviations from 0. 


2 

-5 

-10 

16 

-4 

-64 

79 

-3 

-237 

193 

-2 

-386 

204 

-1 

-204 

212 

0 

0 

190 

1 

190 

89 

2 

178 

10 

3 

30 

4 

4 

16 

1 

5 

5 

1000 


-482 


The mean deviation from 0 is therefore —0.482 or, say, —0.5. 

We now compute the sum of the squares of the residuals, that is, 
the sum of the squares of the deviations measured from the arithmetic 
mean of the deviations, namely, from —0.5. Following are listed, in 
the first column, the number of shots; in the second column, the corre¬ 
sponding residuals; in the third column, the squares of the residuals; 
and in the fourth column, the product of the entries in the first and 
third columns, thus multiplying each value of p 2 by the number of 
times it occurs, so that the sum of the fourth column is Zp 2 . 


2 

-4.6 

16 

-3.5 

79 

-2.5 

193 

-1.5 

204 

-0.5 

212 

0.6 

190 

1.5 

89 

2.5 

10 

3.5 

4 

4.5 

1 

5.5 


The standard deviation is 



20.25 

40.5 

12.25 

196. 

6.25 

493.75 

2.25 

434.25 

0.25 

51. 

0.25 

53. 

2.25 

427.5 

6.25 

556.25 

12.25 

122.5 

20.25 

81. 

30.25 

30.25 


2486. - Sp 2 


V2~486 = 1.58, 


and the probable error of a single shot is 


€ - 0.6745a - 1.06. 
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If we assume that the shots in each interval, —0.5 to 0.5, 0.5 to 1.5, 
etc., are uniformly distributed, we find that the number of shots within 
a range of a on either side of —0.5, that is between —2.08 and 1.08, 
is 204 + 212 + 0.58(193 + 190) = 638, or 64%. The number within 
a range of 2a = 3.16 is 79 + 193 + 204 + 212 + 190 + 89 + 0.16(16 
+ 10) = 971, or 97%, and the number within a range of 3<r = 4.74 is 
all but 1 + 0.26(2 + 4) — 3, or 99.7%. These percentages agree with 
the theoretical ones for a normal distribution, namely 68.3, 95.4, and 
99.7, as well as could be expected, considering the assumptions made 
and the number of shots yielding the data. Furthermore, the number 
of deviations within a range of e on either side of —0.5, that is, be¬ 
tween -1.56 and 0.56, is 204 + 212 + 0.06(193 + 190) * 439, or 
43.9%, compared with the theoretical value of 50%. 

As another example, from the 12 measurements of a base line given 
in the first column of the following table, find the length of the line L 
(arithmetic mean of the measurements), the standard deviation cr, the 
probable error of an observation e, the measure of precision h, and the 
probable number of deviations within a range of 0.1 on either side of 
the mean if 88 more observations were taken with the same precision. 


506.65 

0.10 

0.0100 

.20 

-0.35 

0.1225 

.45 

-0.10 

0.0100 

.43 

-0.12 

0.0144 

.73 

0.18 

0.0324 

.50 

-0.05 

0.0025 

.80 

0.25 

0.0625 

.50 

-0.05 

0.0025 

.38 

-0.17 

0.0289 

.55 

0.00 

0.0000 

.85 

0.30 

0.0900 

.53 

-0.02 

0.0004 

12) 0.57 

L = 506.55 


0.3761 - 2 P 2 


In the second column we have the residuals (deviations from the mean 
L = 506.55), and in the third column the squares of the residuals. 
Hence 
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The probability of a deviation between —0.1 and 0.1 is 


2 /•( 4 . 0 ) (o.i) a 2 r° A 

-y= I e X dx = -y=» I 6 

V IT •'o V » •'o 


*'dr = 0.43, 


bo that if 88 more observations were taken, then, out of the 100 obser¬ 
vations, 43 would probably deviate from the mean by not more than 
0 . 1 . 

We notice that, of the 12 observations, 67% have residuals between 
—o’ and o’, and 100% lie within a range of 2o- on either side of the mean, 
a result agreeing closely enough with the theoretical percentages, con¬ 
sidering the small number of observations. Furthermore 50% of the 
residuals lie between — € and e. 

Note on measures of dispersion . In determining the best value for a 
quantity by taking the arithmetic mean of a set of observed values, 
it is desirable to have an accompanying number which will indicate 
the measure of precision or the measure of dispersion of the observa¬ 
tions, but there is no uniformity in the use of such a number. By 
making certain more or less reasonable assumptions it is possible to 
obtain a value for h which is V(n — 1 )/n times the value given in 
(5); then, according to this theory, a number fi (mean-square error of 
a single observation) is used, which is Vn/(n — 1) times the standard 
deviation, and a number t (probable error of a single observation) is 
used, which is Vri/(n — 1) times the value of e used above. Thus * 


h = 




e = 0.6745 



(80 


The values of h, u, c computed from formulas (80 differ slightly from 
the values of h, <j , e computed from formulas (8), and the difference 
vanishes with increasing n. Even for n = 12 in the previous example 
on base-line measurements where we found from (8), 


h = 4.0, <r = 0.18” 
we would have from (80 

h = 3.8, n = 0.18+ 


c = 0.12- 

€ = 0 . 12 + 


Instead of the numbers a, e of (8) or n, e of (80, any numbers pro¬ 
portional to them could be used as measures of dispersion. We may 

• See, t’ g., D. P. Burt-lctt, “The Method of Least Squares/’ and O. M. LeLand, 
^Practical Least Squares.” 
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divide each of these numbers by \/n and obtain from (8), 


&m = 

or from (8') 

Mm = 


Vv 

3 

n 


v 


V2p 2 

£„, = 0.6745- 

n 


e m = 0.6745 


rn 

*n(n - 


n(n — 1) 


(9) 

(9') 


The numbers <r m , fi pt , e m are called, respectively, the standard devia¬ 
tion of the mean, the mean-square error of the mean, and the probable 
error of the mean. In writing the value of an arithmetic mean, one of 
these numbers is sometimes attached to it with a dr sign, but the 
usage is not standard in this respect. One must be familiar with the 
notation of the author in order to know the meaning of the number 
used. Perhaps the second number of (9') is the most common; using 
it we would have for the data given in the previous base-line measure¬ 
ments, 

/ 0.3761 

= 0.6745 V-= 0.036, 

M2 X 11 


and the length of the line would be written 

L = 506.55 dr 0.036. 


In some books the number e m of (9) is used, which here would be 

V 0.3761 

t m = 0.6745 ——— = 0.034, 

or € of (8) is used (enclosed in parentheses).* Thus the length of the 
above base line would be written 


L = 506.55 dr 0.034, 

or 

L = 506.55 (±0.12). 

It is of little importance which of the values of h in (8) or (8') f or 
which measure of dispersion is used. We shall avoid the ± attach¬ 
ment to a mean, and use formulas (8) for determining h, a, and t. 

* For example, C. H. Forsyth, “An Introduction to the Mathematical Analysis of 
Statistics, 11 Art. 63. 

fSee'R. v. Mises, “Vorlesungen aus dem Gebiote dor angewandten Mathe- 
matik,” Bd. I, Abschnitt III, §12, for a statement of the hypotheses leading to 
different formulas for measures of dispersion, and a critical discussion thereof. 
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PROBLEMS 

1. Show that the standard deviation is the abscissa of a point of inflection on 
the probability curve. 

2. Locate the points on the probability curve which are nearest the origin. 

3. Show that, as h varies, the tangent line to the probability curve at a point 
of inflection envelops an equilateral hyperbola. 

4. In a series of observations of an angle taken to tenths of a second with 
h «■ 0.447, find (a) the probability of an error between 1.0" and 1.1"; (6) the 
probability that the error is not numerically greater than 3". 

6 . A line is measured 400 times, and the probable error of each observation is 
0.3 cm. How many positive errors should occur between 0.2 and 0.4 cm. 7 

6 . The weights and volumes of ten samples of a homogeneous substance are 
measured and the following values of specific gravity are computed, find the 
mean value and the standard deviation. 


1.736 

1.738 

1.745 

1.751 

1.743 

1.740 

1.739 

1.738 

1.747 

1.752 


7. The time required for a body to fall freely in a vacuum through each of ten 
distances is measured and the following values of the gravity constant are com¬ 
puted. Find the mean value and the standard deviation. 


32.12 

32.13 

32.21 

32.20 

32.18 

32.15 

32.16 

32.25 

32.23 

32.19 


8 . Find the standard deviation and the mean of the following chest 
ments of 10,000 men. x = chest measurement in inches, y — number of 


X 

v 

X 

v 

33 

5 

41 

1643 

34 

38 

42 

1127 

35 

127 

43 

595 

36 

334 

44 

220 

37 

745 

45 

82 

38 

1306 

46 

28 

39 

1804 

47 

7 

40 

1935 

40 

4 


9. From the following observations an the length of an mm bar, find (a) the 
length of the bar and the standard deviation; (4) the probable error of an ob eer va - 
tioa; (e) the number of residuals numerically b e tw e en 0.01 and 0.02 theoretically 
and oompare with the actual number; (d) the probability that another measurement 
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taken under the same conditions will deviate from the mean by more than 0.006 
numerically. 


83.284 

83.321 

.302 

.304 

.255 

.295 

.273 

.263 

.310 

.270 


10. From the following twenty angle measurements find the value of the angle, 
the standard deviation, and the probable error of a single observation. 


97° 36' 39.05" 

97° 36' 10.45' 

37.55 

34.40 

41.45 

40.30 

38.95 

41.45 

43.15 

42.05 

37.75 

40.35 

40.75 

38.25 

40.95 

37.15 

39.00 

38.65 

36.70 

40.70 


90. The method of least squares. Let s u s 2 , * • s n be n observed 
values of a quantity, and let S represent the sum of the squares of 
their deviations from a number q: 

s = (si — q) 2 + («2 — q) 2 H-b («» — q) 2 - (i) 

We shall show that 5 is a minimum when q is equal to the arithmetic 
mean of the observed values. Differentiating (1) with respect to q r 
we have 

dS 

— = —2(«i - q) - 2(s 2 - q) -2(*» - q) = -2 (2s - nq). 

dq 

This derivative vanishes when q = Es/n, and since d 2 S/dq 2 = 2n > 0, 
S will have its minimum value. 

In Art. 88 we assigned the value 2s/n as the best approximation 
to the measured quantity z which could be obtained from n observa¬ 
tions. We can now also say that we assigned to z a value such that, 
when the deviations of the observed values arc measured from it, the 
sum of the squares of these deviations is least. This is the principle 
of least squares as applied to direct measurements of one unknown: 
Choose as the best approximation to the unknown that value wdiich 
minimizes the sum of the squares of the deviations from it of the ob¬ 
served values. Here the value chosen for the unknown is simply the 
arithmetic mean of the observed values. 
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Suppose, however, that the unknown is to be determined by indirect 
observations. For example, suppose that we are to determine the area 
of a circle, not by measuring the area directly, but by taking n meas¬ 
urements of the diameter. Should we compute the n corresponding 
values of the area and then average them, or should we first average 
the n measurements of the diameter and then compute the area? 

The diameter is the quantity measured, the measured values being, 
say, dit dv, • ■ d n . The unknown area A is connected with d by the 
formula A = ird 2 /4, or y/ AA/v = d. The principle of least squares 
now becomes: Choose as the best approximation to the unknown that 
value which minimizes the sum of the squares of the deviations of the 
observed values from the value which the observed quantity would 
have if computed from the chosen value of the unknown. Applying 
this principle, we choose that value for A which minimizes the sum 
of the squares of the differences between the observed values of d and 
the value of d computed from the formula d = \^AA/tt. Hence we 
minimize 



Differentiating with respect to A, we have 



which vanishes when A = - (—) . The best approximation to A , 

4 \ n / 

obtainable from the n observations of the diameter, is therefore found 
by first averaging the n measurements of the diameter and then com¬ 
puting the area. 

Suppose next that x and y are two related variables and that, cor¬ 
responding to a set of values of x , we have measured a set of values 
of y. Suppose further that, taking the values of x as abscissas, we 
have plotted the values of y as ordinates and have found that the 
points follow approximately a straight line. How shall we find the 
equation of the straight line which best approximates the linear law 
connecting y and x, i.e., the equation of the line which best fits the 
data? If y = a + bx represents the equation of the line, a rough 
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graphical method of determining a and b would be to draw a line by 
guess, which would seem to best fit the plotted points, then measure a, 
the t/-intercept, and determine b as the negative quotient of the y- and 
^-intercepts. We shall, however, solve the problem by the method of 
least squares. 

Corresponding to the values x\> x 2t ■ ■ ■, x n of x suppose that we 
have observed the values 2 / 1 , y n of y , and suppose that we 

know, or have found by plotting, that the points (x\, 3 / 1 ), (x 2 , I/ 2 X 
■ • ■, (x n , y n ) follow approximately a straight line. We write the so- 
called observation equations,. 

2 /i * a + bx u 

y 2 = a + bx 2 , 

( 2 ) 


y n = CL + bx n . 

Here there are two unknowns a and b to be determined from n obser¬ 
vation equations. It is assumed that n > 2 ; if n were equal to 2 the 
two equations could be solved exactly for the two unknowns. The 
principle of least squares now becomes: Choose as the best approxi¬ 
mation to the unknowns those values which minimize the sum of the 
squares of the deviations of the observed values from the correspond¬ 
ing values which the observed quantity would have if computed trom 
the chosen values of the unknowns. Applying this principle, we 
minimize 

S = [ 2/1 - (a + bxi)] 2 + [y 2 - (a + br 2 )] 2 4- f [y n - (a + fcr„)]'. 

Now S is a function of the two unknowns a and b; hence, in ordci to 
minimize S, we equate to zero its two partial derivatives with respect 
to a and b : 
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Solving equations (3) for a and b, we have 

Na r . N b 
a = — , o = — , 
D D 


n 2x 


2 x 

n 2 y 

N b = J 

2 x 2x 2 ’ 

2 xy 

2 x 2 ’ 

2 x 2 xy 


When a and b have been determined from formulas (4), the line y = 
a + bx will best fit the plotted points; it will not necessarily pass 
through any of the points, but the sum of the squares of the vertical 
deviations of the plotted points from this line will be less than for any 
other straight line that could be drawn. 

As an example, let y (gm.) be the weight of potassium chloride which 
will dissolve in 100 gm. of water at temperature x° C. Suppose that, 
corresponding to the temperatures x given in the first column, we 
hav° the measured values of y given in the second column, whence we 
compute the corresponding values of x 2 and xy in the third and fourth 
columns: 


X 

V 

X 2 

xy 

0 

27.6 

0 

0 

10 

31.0 

100 

310 

20 

34.0 

400 

680 

30 

37.u 

900 

1,110 

40 

40.0 

1,600 

1,600 

60 

42.6 

2,500 

2,130 

60 

45.5 

3,600 

2,730 

70 

48.3 

4,900 

3,381 

80 

51.1 

6,400 

4,088 

90 

54.0 

8,100 

4,860 

100 

56.7 

10,000 

5,670 

550 

467.8 

38,500 

26.559 

mulas (4), we have 




11 

550 


D = 


= 

121 ,000, 


550 

38,500 


1 

467.8 

550 


Na = 


= 

3,402,850, 


26,559 

38,500 



11 

467.8 


N b = 


= 

34,859, 


550 

26,559 



3403 


34.86 

a = 

-28.1, 

b = 

-« 0.288. 


121 


121 



31)1 
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Hence the best linear law connecting x and y is 


y = 28.1 + 0.288x. 


(5) 


We may compute the deviations of the measured values of y from 
the values of y, say y c , as computed from equation (5). The algebraic 
sum of these deviations is theoretically zero, as indicated by equation 
(3) of Art. 88, but will usually differ from zero on account of the decimal 
approximations in (5). We also compute below the sum of the squares 
of f hese deviations; this number is smaller than it would be if any 
other linear law than (5) were used. 


Thus 


y 

Vc 

y - Vc 

(■ y - Vc)' 

27.6 

28.1 

-0.5 

0.25 

31.0 

31.0 

0.0 

0.00 

34.0 

33.9 

0.1 

0.01 

37.0 

36.7 

0.3 

0.09 

40.0 

39.6 

0.4 

0.16 

42.6 

42.5 

0.1 

0.01 

45.5 

45.4 

0.1 

0.01 

48.3 

48.3 

0.0 

0.00 

51.1 

51.1 

0.0 

0.00 

54.0 

54.0 

0.0 

0.00 

56.7 

56.9 

-0.2 

0.04 



0.3 

0.57 


2(y - y c ) = 0.3, Z(y - y c ) 2 - 0.57. 


PROBLEMS 


1. Determine the volume of a sphere from the following measurements of the 
diameter in millimeters: 3.03, 3.59, 3.61, 3.57, 3.60. 

2. If p is the pull required to lift a weight w by means of a pulley-block, find a 
linear law of the form p = a + hir connecting /> and w, using the following data. 

w (lb.): 50 70 100 120 
p (lb.): 12 15 21 25 

Compute p when w = 150 lb. Also find the sum of the deviations and the sum of 
the squares of the deviations of the given values of p from the corresponding com¬ 
puted values. 

3. In the following table y is the weight, of potassium bromide which will dis¬ 
solve in 100 gm. of water at temperature x. 

i(°C.): 0 10 20 30 40 50 60 70 80 90 100 

V(gm.): 53.5 59.5 05.2 70.6 75.5 80.2 85.5 90.0 95.0 99.2 104.0 

Find a law of the form y -■ a 4- bx. Also find the sum of the deviations and the 

sum of the squares of the deviations of the given values of y from the corresponding 
computed values. 
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4. A simply supported beam carries a concentrated load P (lb.) at its midpoint. 
Corresponding to various values of P, the maximum deflection y (in.) is measured. 

P: 100 120 140 160 180 200 

y: 0.45 0.55 0.60 0.70 0.80 0.85 

Find a law of the form y = a + bP. 

5. If R is the resistance to the motion of a train at speed V, find a law of the 
form R — a + bV 2 connecting R with V. 

V (mi./hr.): 10 20 30 40 50 

R (lb./ton): 8 10 15 21 30 

Note that R is linear in V 2 . 

6. In the design of elliptic gears for quick-return mechanisms,* the ratio b/a 
of the ellipse is related to the quick-return ratio r by the equation 

b ^ / 2 sin [ir/(r + 1)] 

a Y 1 + sin [ir/(r + 1)] 

Taking r « 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, and 4.5, compute the corresponding values 
of b/a and find a linear relation of the form b/a = A + Br. 

7. The maximum velocity ratio M for the elliptic gears of Problem 6 is given by 


M 


tan 


7TT 

W + 1 ) ’ 


Taking the values of r given in Problem 6, find a linear relation of the form M = A 
+ Br and the sum of the squares of the deviations. 

8 . A tank contains 100 gal. of brine in which 50 lb. of salt are dissolved. Brine 
containing 1 lb./gal. of salt enters the tank at the rate of 2 gnl./min., and the 
mixture leaves the tank at the same rate. Hence the theoretical salt content Q (lb.) 
at time t (min.) is given by Q = 100 — 50e~ l/60 (cf. Art. 7). Measurements yield 
the following sets of values: 

t (min.): 10 20 30 40 50 60 

Q (lb.): 59 66 73 78 82 85 

Assuming a relation of the form Q *= A + Be~' /fi0 , compute the values of A and B 
from the above data and compare with the theoretical result. 

9. In the following system of observation equations (n > 2), where x and y 
represent the unknowns, 

oil + biy - si, 


oax + b^y — sa» 


OnX + b n y = 8 n , 


• See "Proportions of Elliptic Gears for Quick Return Mechanisms/ 1 F. H. Miller 
and C. H. Young, Product Engineering , July, 1945. 
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derive the approximate solution: 



I 2a 2 2a6 I | 2os Sab I | 2a 2 2 as I 

"I 2a5 26 2 I' Amm \ 2bt 26 2 I’ iYy " I 2<i6 26s I' 

10. The altitudes of A above O, B above A, and B above O are found by measure¬ 
ment to be, respectively, 24.5, 28.0, and 53.0 ft. Apply the result of Problem 9 
to find the adjusted value of A above O. 

11. Find the best values of x and y to three decimal places from the equations: 

2x + y + 1 - 0, 
x - 3y + 4 - 0, 
x ■+■ Ay — 3*0, 

3x — 2y + 6 ™ 0, 

—x + 2y — 3 ■■ 0, 
x + 3y - 2 - 0. 

Use the formulas of Problem 9. 

12. In an experiment for determining the resistance of a Wheatstone bridge wire, 
the following observation equations were obtained, where x is the resistance of the 
bridge wire in ohms, and c that of the connections: 


O.lx + c =■ 0.224, 

0.6x + c - 1.208, 

0.2x + c « 0.430, 

0.7x + c - 1.412, 

0.3x + c - 0.615, 

0.8x -+ c - 1.603, 

0.4x + c - 0.826, 

0.9x + c = 1.798, 

0.5x + c -> 1.040, 

l.Ox + c - 1.990. 

Using the formulas of Problem 9, find the resistance of the bridge wire. 


13. The weights of three solids were determined by means of an equal-arm 
balance. Enough standard weights to make all the measurements directly not 
being available, the following observation equations were obtained by varying the 
distribution of the solids, x, y , and z representing their weights in grams. 

x - y - 3.1, 
y — z = 1.5, 
x — z - 4.9, 
x — y + z — 5.5. 

Obtain values for x, y, and z. 

14. Find a law of the form e = at + bt 2 from the data in the following table, 
where e is the thermoelectric e.m.f. at the junction of copper and lead at a tempera¬ 
ture t° C. when the other junction is at 10° C. 

t(°C.): -200 -100 100 200 

s(10“® volt): -490 -280 350 770 
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15. Four points in the order Pi, P 2 , P. 3 , Pa lie on a line. From a point 0 outside 
the line the following angle measurements are taken: 

Z P\()l i 2 = 8 ° 27' 42.8", 

ZPjOPa = 12° 45' 16.3", 

ZP 1 OP 4 = 21° 13'28.5", 

ZP 2 OP 3 = 4° 17'34.0", 

ZP 2 OP 4 - 12° 45' 45.5". 

Letting a:, ?/, 2 represent the excesses of angles P 1 OP 2 , P 1 OP 3 , P\OPa over 
8 ° 27' 42.8", 12° 45' 16.3", and 21° 13' 28.5", respectively, the observation equa¬ 
tions can be written in the simple form: 

x = 0, 

y * 0 , 

2 = 0 , 

y — x = 0.5, 
z - x = -0.2. 

Find the adjusted value of the angle P 1 OP 4 . 

91. Numerical solution of ordinary differential equations. Methods 
of solving differential equations treated in Chapter I were restricted to 
certain special types of equations whose integrals are expressible as 
finite functional relations. Picard’s method and the method of Fro- 
benius (Chapter IV) are less restrictive in scope, but these likewise aim 
to find analytical expressions, either as finite approximating functions 
or as infinite series in the independent variable, from which numerical 
results can be computed. 

At this point we shall consider a different kind of approach, one 
which is arithmetic rather than analytic. There are many types of 
numerical methods; only the most elementary will be touched upon 
here.* 

Let there be given a first order differential equation, 

y' = F(x, y), (1) 

where 1 / = dy/dx, together with the condition that y shall have the 
value f/o when x = ar 0 . We seek a solution 

V = /(*), (2) 

* A comprehensive treatment of modern techniques will be found in W. E. Milne’s 
"Numerical Solution of Differential Equations,” For related numerical methods 
involving difference equations and interpolation processes, see also W. E. Milne’s 
"Numerical Calculus," L. M. Milne-Thompson's "Calculus of Finite Differences," 
J, B. Scarborough’s "Numerical Mathematical Analysis," E. T. Whittaker and. 
G. Robinson’s "Calculus of Observations." 
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such that i/o ** /(^o). Let x Q , x u x 2} • • • be equally spaced values of 
Xj so that x n +i — x n = A, a constant, for n = 0, 1, 2, ■ ■ Setting 
I f n * /(x«), we have, by definition, 


2/n = lim 


*n+I -* 


Vn+1 - y» 
*n Xn-{-l Xn 


= lim 

/i -» o 


1/n+l ~ 3/n 

A 


In place of the given differential equation (1), we then deal with the 
corresponding difference equation 


or 



Vn), 


Vn+1 - y» + A^(x n , 2/ n ) = 2/n 4* 2/X 


(3) 


One fairly obvious way to proceed would be this. Choose a small 
value of A and, with n = 0, compute y } = y 0 + hF(x 0 , y 0 ); with n « 1, 
we then calculate y 2 = y\ 4- AF(xj, yj); and so on, until we arrive at 
the approximation z/v for the value of y corresponding to x = x N . 
However, there is no way, in general, of determining how good such 
an approximation will be; evidently one arbitrarily chosen value of A 
may give a sufficiently accurate result for some functions F(x, y) and 
when the final value n = N is not too large, whereas other functions 
F(x, y) or still larger final values n = N might require a smaller value 
of A and a considerable amount of tedious calculation to achieve com¬ 
parable accuracy. 

To get an idea of the reliability of our method, let us examine the 
Taylor’s series for the unknown function f{x) in powers of x — x n (cf. 
equation (6), Art. 37): 

f(x) = f(x n ) + - x n ) + - ^ (x - x„) 2 H-. (4) 


Let x = x„ + i, so that x — x n - x n +i — x n = h\ also, using y„ = f(x n ) 
for convenience, we then have 

n m 

Vn +1 = Vn + y'nh + A 2 + ^ A 3 H-. (5) 

Comparing (3) with (5), we see that the error introduced by using the 
difference equation (3) is due to the dropping of terms involving A 2 
and higher powers of A. We say then that the error involved is of the 
order of A 2 . 

Now, to improve the efficiency of the method, we proceed as follows. 
Let x «= in (4), so that x — x n = x n -i — x n — —A; then we get 

» ffi 

Vn-1 = Vn ~ V'«h + ^ h 2 - ^ h 3 -, 
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and subtraction from (5) yields 

in 

Vn+i = Vn —i + 2y n h + “ h 3 H-. (6) 


Accordingly, we may use, instead of (3), the relation 

2 /n+i = 2 /n—i + 2 y n h\ (7) 

then the error will be of the order of /i 3 , which, for h sufficiently small, 
may be expected to be less than when the second power of h is neglected. 

Since y n -\ appears in (7), this formula first gives, for n = 1 , y 2 = 
Vo + ty'ih. Accordingly, we must compute 2/1 and y\ by other means 
to get started on the iterative process. To be consistent with our wish 
to neglect only third and higher powers of h, we use the first three 
terms of (5) in the computation of y \; that is, we calculate 

3/1 = 2/o + y'tfr + iy'oh 2 . (8) 

The values x 0 and y 0 being given, we thus have to evaluate y Q = 
F(x 0 , y 0 ) from the given differential equation ( 1 ), and then y'o from 
the result of differentiating ( 1 ), 


dF dF 

y" - — + — y\ 

dx dy 


(9) 


wherein we put x = x 0 , y — y 0 , y’ = y' Q . The method therefore in¬ 
volves the following successive steps. 

1. Use the given differential equation (1) to get y' Q = F(x 0 , y 0 ), and 
(9) to compute y'o. 

2 . Using y 0t y' 0 , and y'o, together with a chosen value of h, find y Y 
from ( 8 ), With x x = j 0 + h and y i} calculate y[ from ( 1 ). 

3. From formula (7), get y 2 = Vo + 2 y[h. With x 2 = + h , find 

y 2 from ( 1 ). 

4. Repeat step 3 for i / 3 and 2 / 3 , 2/4 and 2 / 4 , and so on, through as many 
stages as desired. 


Example. Find the maximum value of y if 


1 / = 


10 6 

(100 -h x) 3 


V_ . 
50 ’ 


Xo - 0 , y 0 = 0 . 


( 10 ) 


This differential equation arises in the solution of Problem 4, Art. 42; here 
x represents time (min.) and y the quantity (lb.) of salt in tank B . By the 
conditions of that problem, tank B (which originally contains only water) 
receives salt from tank A ; but since the contents of A are being steadily di¬ 
luted, the amount of salt in B must reach a maximum and thereafter decrease. 
Although the use of power series serves to determine y for any value of x less 
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than 100 min., this method fails beyond that time; likewise, Picard’s method 
determines y for a given time x, but the successive integrations become more 
and more complicated, and higher approximations are needed to determine 
y for relatively large values of x in order to attain a reasonable accuracy. 
Moreover, neither of those two methods is well suited to the problem of study¬ 
ing the time-variation of salt content, as is needed here to find the maximum 
value of y. 

The steps in the solution are as follows. 

1. From (10) we get y Q - 10 fl /(100 ) 3 — 0-1, and also 

,, = _ 3X 10 6 _ £ 

V (100 + x ) 4 50 ’ 

whence y'o - -3 X 10 fl /(100 ) 4 - A = -0.05. 

2. Let us arbitrarily choose h — 1 min.* Then (8) gives y\ = 0 4- (1)(1) — 
1(0.05) = 0.975, and therefore y[ = 10 6 /(101 ) 3 - 0.975/50 = 0.9511, by (10). 

3. Formula (7), with n = 1 , yields 2/2 = 0 + 2(0.9511)(1) = 1.902, whence 
(10) gives y 2 = 10 6 /(102 ) 3 - 1.902/50 = 0.9043. 

4. The following stages are indicated, in part, below. 


/ / 


n 

2 /n+l 

Vn + 1 

n 

Vn +1 

Vn+1 

2 

2.784 

0.8594 




3 

3.621 

0.8166 

42 

15.872 

0.0247 

4 

4.417 

0.7755 

43 

15.889 

0.0171 

5 

5.172 

0.7363 

44 

15.906 

0.0099 

6 

5.889 

0.6985 

45 

15.909 

0.0031 

7 

6.569 

0.6625 

46 

15.912 

-0.0034 

8 

7.214 

0.6279 

47 

15.902 

-0.0096 

9 

7.824 

0.5949 

48 

15.893 

-0.0156 




49 

15.872 

-0.0211 


The slope y' n gradually decreases, changing sign between x = 46 and x =» 
47 min. It appears that the maximum value of y is a little more than 15.9 lb. 

A variant of the above method, which provides improvement in ac¬ 
curacy and a partial check of the calculations, may be devised in the 
following way. Instead of using y n in difference equation (3), we take 
the average of the slopes y n and y n +\ to provide the so-called trape¬ 
zoidal formula 

2/n+l = Vn + hiVn + 2/n + l)^- (H) 

The iterative process then consists of these steps, at the wth stage. 

♦This choice, upon which the accuracy of the result depends, is necessarily 
difficult to make in the absence of further knowledge about the variation of y as x 
increases. Experience with numerical analysis naturally is a help and, as will be 
indicated later, there exist refinements and checks for the present method. 
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1. Compute a trial value of y n + 1 , which may be denoted by y n +i, 
from formula (7), 

Vn+ 1 = y n - 1 + 2 y n h t 

and the corresponding value of y' n +\ from the differential equation ( 1 ), 
Vii + l f 1 2/w+l)• 

2. Adjust to a second value of y n , say l/n+i, using trapezoidal for¬ 
mula ( 11 ), 

i/n+1 = 2/n “1” 2^Vn “I - Vn+l)^i 

and get y n+1 = F(x n + ly y n + 1 ). 

3. Repeat steps 1 and 2 until no further changes occur in y n+ \ and 

2/n-fl* 

Applied to the illustrative example, for n = 2, this new procedure 
gives y 3 = 2.784 and y 3 = 0.8594 (the tabulated values) as trial fig¬ 
ures. Then ( 11 ) yields 

y = 1.902 + £(0.9043 + 0.8594) = 2.784 = y 3 , 


so that no adjustment is needed. On the other hand, for n = 44, say, 
we have y 45 = 15.900 and y 45 = 0.0099 as trial values, whence 

3745 = 15.889 + 1(0.0171 + 0.0099) = 15.903, 


^45 = 


10 ° 
(145) 3 


15.903 


50 


0.0100. 


The small difference between y' 4 *> and 7/45 requires no further adjust¬ 
ment, so we take y A: , = 15.903 in place of 15.900, if that much accu¬ 
racy is warranted and desired. To derive benefit from this method as 
a refinement of the first, it should of course be used consistently from 
the beginning of the computation. 

I 11 the problems following Art. 92, extensions of the basic methods 
to the solution of higher order equations and systems of equations are 
given. 

92. Partial differential equations. Methods for finding numerical 
solutions of partial differential equations are not, on the whole, as broad 
in scope as are those devised for solving ordinary equations. Instead, 
the well-developed and widely used processes are restricted to linear 
partial equations, mainly those arising in engineering and physics, such 
as those considered in Chapter VII. Here only a single method will 
be considered, in connection with a vibrating string problem. 

Suppose a taut string of length L (ft.) to be originally at rest in its 
equilibrium position, the portion of the x-axis from x = 0 to x = L. 
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Assuming the displacement y, at distance x (ft.) along the string and 
at time t (sec.), to be small compared to L, we have the partial differ¬ 
ential equation (Art. 70) 

,d 2 j/ 

—. ( 1 ) 


d 2 y 

at* 


dx A 


where a = y/Fg/w (ft./sec.). Let the end x — L be kept fixed, and 
set the string vibrating by giving to the end x = 0 the simple harmonic 
motion y — A sin ( aict/L ). Then the boundary and initial conditions 
accompanying equation (1) are 

airt 


= A sin —, 
L 

y(L, t) = 0; 

(2) 

= 0, 

© 

II 

o 

'si*' 

(3) 


The method of separation of variables previously used does not serve 
to attack this problem. However, it should be noted that the solu¬ 
tions obtained for the natural vibrations of the string with both ends 
fixed were periodic functions of time t, the period being 2 L/a (cf. re¬ 
lation (4), Art. 70), the same as that of the motion imparted here to 
the end x = 0. Accordingly, we may expect a condition of resonance 
in the present problem. 

As in the preceding article, we shall deal with a difference equation. 
For time l - t n , let x m +i - x m = h (m = 0, 1 , 2, ■ • •)• Then we have 
the difference quotient 

?y(a-m +1, tn) ~ 2/(*m, tn) 

-_- (1) 

corresponding to the partial derivative dy/dx. Hence we further have 
tn) y(x m , t n ) y(j m , tn) .(/(•*»/». — li t n ) 

h . 

h 

■l( r jn-fli t n ) 2// (x m , t n ) T - y(x m ~ 1. ^n) 

corresponding to d 2 y/dx 2 . Similarly, it we let — £, t _i = /c, we have, 
for x = x m , 

y{x m , /n-f-l) y{*m, tn ) 

-- ( 6 ) 


2/(* m> tn 41 ) - 2l/(j "I) <„) + 2/Cr l) 


C7) 


and 
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as the difference quotients corresponding to Sy/dt and d 2 y/dt 2 , respec¬ 
tively. Consequently the difference equation corresponding to the par¬ 
tial differential equation (1) is 

yfemf f«+l) 2 y(?mf tn) H" Vi^mt tn— l) 

2 y(*m+U *n) - 2 y(x m , t n ) + 1 , In) 

- * - <8) 

For convenience, we may take h = ak; then equation (8) reduces to 
the simpler form 

y(.%nn ^n+l) = 1, t n ) H” y(p^'m —1, tn) tn —j). (9) 

It turns out that solutions of the differential equation (1) are neces¬ 
sarily solutions of this difference equation (9) also.* Accordingly, (9) 
may be expected to produce accurate numerical results provided that 
the condition h = ak is fulfilled. 

To illustrate the procedure, let h = L/5, so that A: = L/3a. For 
m = 0, 1 , 2, 3, 4, and 5, we thus have x = 0 , L/5, 2L/5, 3L/5, 4L/5, 
and L, respectively; for n =0, 1, 2, 3, ■ ■■, we therefore have t — 0, 
L/5a, 2L/5a, 3L/5a, • • •, whence airl/L ~ 0 , 7t/5, 2tt/5, 3tt/5, ■ • *. In 
the tabulation below, the first column (wi — 0 ) lists the values of 
2 /( 0 , t n )/A = sin (wr/f»),t in accordance with the first, of the initial 
conditions (2). The last column (m = 5), of zeros, satisfies the other 
initial condition. The first row (n = 0 ) contains only zeros, to meet 
the first of boundary conditions (3). Now, to deal with the remaining 
boundary condition for interior points, 0 < x < L, of the string (that 
is, for m= 1, 2, 3, and 4), we use the difference quotient (0) corre¬ 
sponding to dy/dl. Putting n = 0 for t = 0, this yields the relation 

y(x m , h) = y(Xmj 0 ) = 0 , 

and therefore the four inner entries of the second row are all zeros. 
Using difference equation (9), the inner ent ries of the third and follow¬ 
ing rows are then readily computed, in turn. For example, when 

•This follows from the fact that every solution of (1) is of the form y(x , /) — 
/(x + at) + g(x — at). (See, for example, F. H. Miller, “Partial Differential Equa¬ 
tions/’ Art. 62.) Substitution of this in (9) yields an identity if h «= ak, as is here 
stipulated. 

t Note that the amplitude coefficient A has been suppressed, for simplicity, and 
consequently each entry y(z m , t n ) must be multiplied by A to get the actual dis¬ 
placement. To be consistent with the assumptions made (Art. 70) in deriving 
equation (1), A is supposed to be small compared to L. 
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jti — 2 and n = 9, we get 


V( X 2 , ^lo) = V( x 3, tg) + y(xi, tg) - y(x 2 , tg) 

= -1.5389 - 0.9511 - (-0.5878) = -1.9022. 


\ m 
n \ 

0 

I 

2 

3 

4 

5 

0 

0 

0 

0 

0 

0 

0 

1 

0.5878 

0 

0 

0 

0 

0 

2 

0.9511 

0.5878 

0 

0 

0 

0 

3 

0.9511 

0.9511 

0.5878 

0 

0 

0 

4 

0.5878 

0.9511 

0.9511 

0.5878 

0 

0 

5 

0 

0.5878 

0.9511 

0.9511 

0.5878 

0 

6 

-0.5878 

0 

0.5878 

0.9511 

0.9511 

0 

7 

-0.9511 

-0.5878 

0 

0.5878 

0.3033 

0 

8 

-0.9511 

-0.9511 

-0.5878 

-0.5878 

-0.3033 

0 

9 

-0.5878 

-0.9511 

-1.5389 

-1.5389 

-0.9511 

0 

10 

0 

-1.1750 

-1.9022 

-1.9022 

-1.1750 

0 


Only one cycle of oscillation of the end x - 0 has been treated in 
this tabulation, but the simple pattern of operations entailed in using 
relation (9) makes it easy to extend the table, if desired. The ten 
curves shown in Fig. 84 indicate successive positions of the string. 



The effect of resonance is already apparent after the first period, for 
then the (negative) displacement of the midpoint of the string is nu¬ 
merically twice as great as the amplitude of the motion performed by 


402 


PROBABILITY AND NUMERICAL METHODS [Chap. IX 


the end x « 0. Continuation of the given calculations is called for in 
Problem 8, below; it will be found that departure from the equilibrium 
position becomes greater as time t increases, cycle by cycle. 

With the aid of operational calculus, this problem may also be at¬ 
tacked analytically. That will be done in Art. 115, using the powerful 
methods of the Laplace transformation. We shall there find verifica¬ 
tion of the results obtained here by numerical methods, and of the 
inferences resulting from the preceding discussion and the accompany¬ 
ing Problems 8 and 9. 


PROBLEMS 


1. Taking h — 2, rework the illustrative example of Art. 91, and compare results 
for accuracy. 

2 . Taking h = 5, rework the illustrative example of Art. 91. Plot the points 
(x , y) obtained, and from the graph estimate the maximum value of ?/. 

3. Taking h = 2 , but adjusting with values of y n by means of the trapezoidal 
formula ( 11 ), Art. 91, rework Problem 1 . 

4. Using the trapezoidal formula for adjustment, rework Problem 2 . 

6 . Show that the numerical methods of Art. 91 are applicable to a system of r 
first order differential equations involving one independent and r dependent varia¬ 
bles. Show also how a single differential equation of order r may be replaced by a 
system of r first order equations in the r variables representing the original depend¬ 
ent variable and its first r — 1 derivatives, and lienee that the methods of Art. 91 
are likewise applicable to such a higher order differential equation. 

6 . Apply the procedure of Problem 5 to Bessel’s equation xy" 4* y' + xy — 0 . 
Hence, taking h = 0.1, compute «/o(l). 

7. A weight suspended from a spring oscillates with periodic motion. Resist¬ 
ance is negligible, but the spring does not obey Hooke’s law, so that the motion is 
given by the non-linear differential equation d 2 x/dt 2 = —x — j 3 /10. If x =* 1 ft. 
and dx/dt = 0 when time t (sec.) is zero, find the displacement x and velocity dx/di 
at 0 . 1 -sec. intervals, plot the points so determined, and hence evaluate the period 
of the motion. As a check, find the period using elliptic integrals. 

8 . Extend the computation of the illustrative example of Art. 92 through three 
cycles, and determine, with the aid of graphs similar to Fig. 84, the displacement of 
the midpoint of the st ring at the end of the third cycle. 

9. Rework the illustrative example of Art. 92, taking h = L/10, and verify the 
statement that y(L/2, 2/a) = —2/1. 

10. Suppose the left-hand end of the string of the illustrative example of Art. 92 
to be given the motion i/( 0 , 0 = 4 sin ( wat/2 ), other conditions remaining the same. 
Taking h = L/ 5, calculate y(x, t) through twenty stages (one cycle), and hence 
show that this motion is periodic. Draw displacement curves for t he first ten stages. 

11. Obtain a difference equation corresponding to the partial differential equa¬ 
tion du/dt — a 2 (d 2 u/dx 2 ) by the following procedure. Using the Taylor series 


uCr m +i, U) 


du d 2 u h 2 d 9 u h 8 d 4 u h 4 

u(x„. , n )+-h+— il +— 


where h — x m +i “ and the partial derivatives are evaluated at ( x m , l „), together 
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with that for u{xm-i, t n ), get the second difference quotient (multiplied by <**) 
w(x m4l| t n ) - 2w(Xm, /„) 4- U(Xm-\, t n ) d 2 U , „ d 4 U k 2 , 

“- ¥ -- i? + “ 5?l2 4 '- 


Similarly, with k = t n +\ — t„, get the first difference quotient 

u(x, mt fn+l) u(x m} fn) dll d 2 'U- k 

k ~ dt + dl 2 2 + * * 


0 

= or 


d 2 u . d 4 U k 

S? + ai J X <-2 + 


since du/dt = a 2 (d 2 u/dx 2 ), d 2 u/dt 2 = a*(d 4 u/dx*), . Now choose A: = h 2 /6a 2 in 

order to eliminate d 4 u/dx 4 as well as and hence derive the relation 

u(x m , *« + 1 ) = -fffuGr-m+ 1 , t w ) 4 4u(z m , f n ) 4 u(x WI _-i, «„)]. 

This is a difference equation which may be used for the numerical solution of prob¬ 
lems in one-dimensional heat flow (Art. 71), electrical transmission in which leak- 
ance and inductance are negligible (Art. 74), diffusion (Art. 7(>), and other phe¬ 
nomena obeying a partial differential equation of the form du/dt = a 2 {d 2 u/dx 2 ). 
The error involved is of the order of h 4 . 

12. Use the difference equation of Problem 11 to find the temperature values 
w(x, t) if the boundary and initial conditions are 

u(0, t) = 0, a(10, t) = 0, u{x } 0) = rVUOz “ z 2 ) 2 - 

Take h = 1 and carry the computation through 30 time-stages. Note that, because 
of symmetry, only the left-hand half of the bar need be considered; that is, calcula¬ 
tions need be made only for m = 1 , 2, 3, 4, and 5. Check your results by using the 
analytical solution for u(x , t) (see Problem 5, Art. 71) for the midpoint x ■» 5 and 
times given by a 2 t = 1, 2, 3, 4, and 5. 



CHAPTER X 


Functions of a Complex Variable 


98. Introduction. In most of the problems considered up to this 
point, the constants and variables involved have been real. This has 
seemed natural, since we should expect an application of a mathematical 
theory, in which the physical quantities have values represented by real 
numbers, to be concerned with reals throughout. 

Our method of solving the eddy-current problem of Chapter VII, 
Art. 75, however, led us to consider complex functions from which the 
physical real expressions for field intensity and heat loss could be 
obtained. The student who has studied altemating-current-circuit 
theory will be aware that in this field also complex quantities provide a 
useful and convenient tool for the engineer. 

It therefore seems desirable that we devote some time to the study 
of functions of a complex variable. Part I of this chapter is concerned 
with elementary considerations, and is to be regarded as an introduc¬ 
tion to the general theory * and its applications. In Part II we discuss 
briefly, and without going deeply into the underlying theory, the 
Schwarz-Christoffel transformation and some of its uses in field prob¬ 
lems of engineering. Part III deals with further portions of the theory 
of functions, which we employ in the evaluation of some definite inte¬ 
grals and which underlie the Bromwich treatment of operational meth¬ 
ods (Chapter XI, Arts. 112-113). 

PART I. ELEMENTARY THEORY OF ANALYTIC FUNCTIONS 

94. Analytic functions. We begin by recalling some of the prop¬ 
erties of a complex number a + ib, where a and 6 are real and i * y /— 1. 
Let 8 , called the amplitude or argument of a + ib, denote the angle 
between the line drawn from the origin 0 to the point (a, b) and the 

* The student will find in the second Cams Mathematical Monograph, "Analytic 
Functions of a Complex Variable," by D. R. Curtiss, an excellent introduction to 
the theory. 
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positive Muds, and let r, called the modulus or absolute value of a + %b, 
be the length of the line from 0 to (a, 6). Then we have (Fig. 86) 

a + ib = r cos 0 + tr sin 0 = r(coe 0 + t sin 0), 
r = Vo 2 + 6 2 = | a + ib |, 

0 = arctan (6/a) =* amp (a + ib). 

By Euler’s relation, e * 9 = cos 0 + % sin 0. * Hence we may write 

a + ib = re tf . 



From this polar representation of a complex number, the rules for the 
multiplication and division of two complex numbers and De Moivre’s 
theorem follow immediately. Thus, 

( fll + i\)-(a 2 + ib 2 ) = nf'-rj' = 

°i + t{) i _ _ r i 

. -i C * 

02 + t&2 r 2 e *2 

and 

(a + t6) m = (re* 9 )™ = r m e im \ 
where m is any real number. 

Now let z represent the complex variable x 4- iy, where x and y are 
real, and let w be a function of z. In the general sense of function, the 
latter statement means that, corresponding to each value of z in a given 
region R } we have one or more values of w. But when z is given, x and 
y are known, and hence any complex function of x and y will be a func¬ 
tion of z. Consequently we write 

w = u(x, y) + iv(x, y) = F(z), (i; 

'where u and v are real functions of x and y. 

* This relation is established later in this article. 
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Suppose now that we wish to find the rate of change of w with respect 
to z, when w = F(z) is given by ( 1 ). For a real function of a single 
real variable, y = /(x), we had as the rate of change of y with respect 
to x, 

dy f(x + Ax) - /(x) 

— = lim-, 

dx a® - o Ax 

by definition. Here no difficulty arose, provided merely that the limit 
existed, since Ax can approach zero in only one way, the variable x hav- 
ing, geometrically speaking, only one degree of freedom. But if we 
define the derivative of w — F(z ) analogously, 

dw F{z + A z) — F{z) 

— = lim-, 

dz Az —* o Az 

as we should like to in order that a function of a real variable be merely 
a special case of the more general function of a complex variable, with 
formal differentiation the same for both kinds of function, we see that 
a complication arises. For any fixed z, to which the point P corre¬ 
sponds, the neighboring point Q, given by z + Az, may approach P 
along any straight or curved path in R joining these points (Fig. 86). 



Thus it appears that dw/dz may depend not only upon x and y (that 
is, upon z), but also upon the manner in which Az approaches zero. 

To illustrate the situation, consider the simple function obtained by 
taking u *= 2x + 1, v = —y, so that 


w = 2x 4- 1 — i’v. 


Abt. 94] 
Then we get 
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Aw 2(x + Ax) + 1 — i(y + A y) — 2x — 1 + iy 
A z A x + i Ay 

2 Ax — i Ay 
Ax + i Ay 

Now (Fig. 87) if Q is chosen on the horizontal line through P(x, y), and 


T\ 


iQ(x,j/+Ay) 


<?(x+Ax,y) 


Fig. 87 


-X 


Q then approaches P along this line, we shall have Ay = 0, Az 
and consequently 


Aw dw 



Ax, 


If, as a second possibility, Q is taken on the vertical line through P, and 
approaches P along this line, we have Ax = 0, Az = i Ay , and 

Aw dw 

Az } dz 

For other choices of position of Q and other paths of approach of Q 
toward P, we can get as many distinct values of dw/dz as we please. 

Such functions of z = x + iy as the one we have considered in this 
example are called non-analytic or non-monogenic functions;* the 
derivative of such a function at any point has in general many values. 
From now on we shall not consider such functions but devote our atten¬ 
tion to analytic functions of z; the derivative of an analytic function 

* Also sometimes called polygenic functions. An extensive literature on the 
theory of polygenic functions has been developed in recent years. See, e.g., E. Kas- 
ner: “A New Theory of Polygenic (or Non-Monogenic) Functions ,” Science, Vol. 66, 
p. 581, 1927; E. R. Hedrick: “Non-Analytic Functions of a Complex Variable/' 
Bull. Am. Math . Soc., Vol. 39, p. 75, 1933. 
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at any point has only one value, the same for all the ways in which A z 
can approach zero. In fact we shall now say that the derivative dw/dz 
of a function w - u[x t y) + iv(x , y) = F(z) exists only when 

F(z + A z) - F(z) 

lim - 

Am.—* 0 AZ 


has the same value for all the ways in which A z can approach zero, and 
then this limit shall be the definition of dw/dz. Since for an arbitrary 
choice of u and v, dw/dz does not exist, as shown by the preceding 
example, it becomes a fundamental problem to determine the necessary 
and sufficient conditions on u and v in order that dw/dz exist. 

This question is settled by the following theorem: 


Theorem. Owen w = u(x , y) + iv(x, y) «= F(z). If dw/dz exists 
for all values of z in a region R, then everywhere in R 


_ du dv du dv 

(1°) — = — , — --and 

dx dy dy dx 


du du dv dv 
dx dy dx dy 


are continuous functions of x and y; and conversely , given (1°) and (2°), 
dw/dz exists for all values of z in R. 


The first part of the theorem states that (1°) and (2°) are necessary 
conditions for the existence of the derivative dw/dz; the convene states 
that these conditions are also sufficient. 

We first deduce the necessary condition (1°). For any value of z in 
R, consider the difference quotient 


A 10 Au + i Av 
As As 


u(x + A x,y+ Ay) + iv(x + Ax,y+ Ay) - u(x, y) - w(x, y) /ox 

■- * ( 2 ) 

Ax + iAy 

Since by hypothesis dw/dz exist* (i.e., is the same for all ways in which 
A z can approach zero) the value of dw/dz must in particular be the same 
for the two ways of approach used in the above example. For the first 
way A z = Ax, Ay = 0, and (2) becomes 


Aw u(x + Ax, y) - u(x r y) .v(x + Ax, y) — v(x, y) 

— --^ i - 

Az Ax Ax 


dw 

dz 


du . dv 

— + t —• 

dx dx 


w 


» 



Abt. 94] 


ANALYTIC FUNCTIONS 


409 


For the second way, Az = i Ay, Ax = 0, and (2) becomes 

Aw _ u(x, y + Ay) - u(x, y) v(x, y + Ay) - v(x, y) 

Az i Ay Ay * 

from which, since l/i = —i, 

dw du dv 

— = —i -1- 

dz d y dy 

Equating the two expressions for dw/dz in (3) and (4), we have 
du dv dv du 

dx dx dy dy 


(4) 

(5) 


Now since u and v are real functions of x and y , their partial derivatives 
will likewise be real, and hence we may separate the real and imaginary 
components in (5), thereby getting condition ( 1 °): 

du dv 
dx~ dy' 

( 6 ) 

du dv 

dy dx 

The second necessary condition ( 2 °) follows from a theorem of 
Goursat * the proof of which will not be given here. 

To prove the converse, condition ( 2 °) enables us to write (equation 
(12), Chapter VII, Art. 66 ): 

du du 

Au = — Ax H- Ay + ei Ax + «2 Ay, 

dx dy 

dv dv 

Av = — Ax H- Ay + e 3 Ax + e 4 Ay, 

dx dy 

where c lf e 2 , € 3 , c 4 approach zero with Ax and Ay. Now, by virtue of 
condition (1°), the increments Au and A*> may be written 

du dv 

Au = — Ax- Ay + ex Ax + c 2 Ay, 

dx dx 


dv du 

Av *= — A* H-Ay + «j Ax + €4 Ay. 

dx dx 

* Trans. Am. Math. Sor., Vol. 1, p. 14, 1900. 
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Consequently 

( du . dv\ 

-I - i — ) (Ax + % A y) + rji Ax + 772 Ay, 

dx dx/ 


where tjx and rj 2 are complex quantities approaching zero as Ax and Ay 
approach zero. Using this expression for Aiu, we get 


Aw 
A z 


du m dv Ax 

=-h i -h Vi -;— 

dx dx Ax + 1 Ay 


V2 


Ay 

Ax + i A y 


Since | Ax/(Ax + i Ay) | g 1 and | Ay/{Ax + i Ay) | ^ 1, and since 
771 —♦ 0 , 772 —> 0 , we see that 


dw Aw du dv 

— = lim — -- f- i — 

dz Ax —»0 Az dx dx 


(7) 


Consequently dw/dz exists, since (7) holds for any manner of approach 
of Az = Ax + i Ay toward zero. 

The relations ( 6 ) are called the Cauchy-Riemann equations, after 
the two mathematicians who investigated their bearing on the theory of 
functions of a complex variable. 

In the example considered above, in which w = 2 x + 1 — iy, we 
have du/dx = 2 , du/dy = 0 , dv/dx = 0 , dv/dy = — 1 . Hence the 
second but not the first of the Cauchy-Riemann equations is satisfied, 
which accounts for the multiplicity of values of dw/dz in this case. 
But suppose we have w = x 2 — y 2 + 2 ixy. Then 

du dv 


du dv 



so that both equations are satisfied, and we get from (7), 

dw 

— = 2 x 4- 2 iy. 
dz 

In the latter case, w = (x + iy) 2 = z 2 , so that w can actually be 
expressed in terms of z alone. Whenever w can be so written, the 
corresponding real functions u(x, y) and v(x , y) will satisfy the Cauchy- 
Riemann equations. For, let 


w = u + iv = /(x + iy) = /(z), 
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the functional notation /(j + iy) now indicating that w is expressible in 
terms of the single argument x + iy. Then 



dw 

du 

dv 

d l 


— 

=-hi — = 



dx 

dx 

dx 

dz’ 


dw 

du 

.dv 

df 


— 

—-h 

i — = 

l - , 


dy 

dy 

dy 

dz 

so that 





du 

dv 

+ i — = 
dy 

du 

dv 


dy 

dx 

dx ’ 

and 





du 

dv 

du 

dv 


dx 

dy ; 

dy 

dx 


A function of z which is single-valued and which possesses a unique 
derivative with respect to z at every point of some region R is said to be 
analytic in that region. Unless otherwise stated, the functions discussed 
in the following are supposed to be analytic except possibly at isolated 
points of the 2 -plane. 

We shall show in Art. 103 that if f(z) is analytic, derivatives of all 
orders with respect to z exist. It follows that all partial derivatives of 
u and v likewise exist, throughout the region of analyticity of /(z). 

Before continuing with the discussion of properties of analytic func¬ 
tions in general, let us examine the particular function w — e*. We 
need first of all a definition of the exponential function of a complex 
variable. Now it was found in Chapter I, Ai t. 10, that formal manipu¬ 
lation of the Maclaurin series for the exponential function led to the 


relation 


e a+ib _ c a( cos _f - i sin h). 


In order, then, that this relation hold, we take, as our definition of e*, 
e z = c*(cos y + i sin y). 


We now have u — e x cos y, v = e x sin y , whence 


du 

— = e x cos y = 
dx 


dv 


du dv 

— = —e x sin y =-- 

dy dx 

Thus the Cauchy-Riemann equations are verified, and the function e* 
is analytic. Moreover, when z assumes the real value x , e z becomes 
the familiar real function e x . Also, by equation (7), 
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d du dv 

— e* =-1- i — — e* coe y + te* sin y « e - , 

dz dx dx 


00 that the derivative of c* is e*, just as the derivative of e* with respect 
to z is e*. Finally, we shall see, in Art. 104, that e* is expressible in a 
series formally identical with the Maclaurin series for I s . Our definition 
is therefore a consistent and desirable one. 

We return now to general matters. If we differentiate the first of 
equations (6) with respect to x, and the second with respect to y, and 

a*. 

s? + v-°' (8) 


Hence the real component of an analytic function is a solution of 
Laplace’s equation, which arose in the discussion of two-dimensional 
heat flow under steady-state conditions (Chapter VII, Art. 72). Like¬ 
wise, differentiating the first of equations (6) with respect to ]/, the 
second with respect to x, and subtracting, we find that the imaginary 
component v of an analytic function also satisfies Laplace’s equation, 


d 2 v d 2 v 

a? + v = °' 


(») 


Consequently one reason for the importance of analytic functions of a 
complex variable is that such a function furnishes us with two solutions 
of Laplace’s equation. 

A solution of Laplace’s equation is called a harmonic function , and 
the two components u and v of an analytic function are called harmonic 
conjugates, or simply conjugate functions. 

96. Geometrical aspects. Let w = f(z) = u(x } y) -f iv(x, y) be an 
analytic function, and consider the two singly infinite families of curves 
u(x f y) -= Ci and v(x, y) = c 2 , where c x and c 2 are arbitrary constants. 
By formula (18) of Art. 66, Chapter VII, the slopes of these two families 
are given by 

du 

dy~\ dx 

dx Ju du 9 

dy 


dy~\ dx 

dx\ 9 dv 9 
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respectively. Since u and v are conjugate functions, they satisfy the 
Cauchy-Riemann equations, and consequently the slope of the a-curvea 
may be written as 

du 


dyl _ dy 
dxi v du 


We then see that we have 


dx 


dy] _ l_ 

dx] u rfj /1 
dx\ v 


( 1 ) 


so that the two families of curves, u = Ci and v = c 2 , are orthogonal 
trajectories of each other. For example, if w = z 2 = (x + iy ) 2 «= 
x 2 — y 2 + 2 ixy, we have as the two families of curves, x 2 — y 2 ■* c\ 
and 2xy = c 2 . When c r ^ 0, the curves x 2 — y 2 = Ci are rectangular 
hyperbolas with their foci on the x-axis or on the y-axis according as 
Ci > 0 or Ci < 0, while the straight lines y — ±x, obtained when ci * 0, 
also belong to the u-family, and serve as the common asymptotes of the 
hyperbolas of the family. For c% = 0, we get the x- and y -axes them¬ 
selves, which are not perpendicular to the lines y — =fcx, but which are 
normal to the curves x 2 — y 2 = ci, while if <% ^ 0, the curves 2 xy « 
are again rectangular hyperbolas, but now with the coordinate axes as 
asymptotes, and orthogonal to the u-hyperbolas and to the lines 
y * ±x (Fig. 88). The reason that the straight lines of each family 
do not cut the straight lines of the other family at right angles may 
be found from an inspection of the two slope expressions, 

dy"l x dyl _ y 

dx Ju y ’ dxi v x 

For, the first does not exist when y = 0, and the second does not when 
x « 0, so that we cannot say that the relation (1) is satisfied when the 
lines x = 0 and y = 0 are involved. However, when xy ^ 0, the above 
slope expressions do have meaning, and since equation (1) then holds, 
each of the curves x 2 — y 2 = Ci, including the lines y = ±x considered 
as a single curve (a degenerate hyperbola), cuts each of the hyperbolas 
2 xy = c 2 , when cj ^ 0, orthogonally. 

We consider next the question of graphing in connection with the 
function w *= f(z) . Obviously we cannot plot a single locus showing t he 
variation of w with change in 2, as we do in the case of a real function 
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of a real variable, since we should need for complex variables a four¬ 
dimensional region with axes along which we could measure the values 
of the four variables x, y, u, v involved. Instead, we make use of two 
complex Gauss planes, one for the variable z = x + iy and the other 



for the variable w = u + iv. If the point z moves about in its plane 
along some curve, the point w will travel along a corresponding curve 
its plane, since to each point (x, y) there corresponds a point (u, v). 
we describe a closed curve c x in the 2 -plane, we shall get in general 
a closed curve c 2 in the 10 -plane (Fig. 89). We say that a curve, open 



or closed, in the 2 -plane is mapped onto the corresponding curve in the 
10 -plane by the function w = /(z), and we call this function a trans¬ 
formation or a mapping function. 
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As an example, let the mapping function be w = e* = e 9+iy « 
e*(cos y -f- i sin y). Then u — e x cos y, v = e x sin y, and we have by 
elimination of x and y in turn, 

v = u tan 2 /, u 2 -f* v 2 = e 2x . 

The parallel lines y = const, map into the pencil of lines through the 
origin, and the parallel lines x = const, map into circles concentric with 
the origin. The rectangular region bounded by the lines x = 0, x = 1 , 
y = 0 , y = ir/4, maps onto the sector of a ring as shown in Fig. 90, 



bounded by the lines v = 0 , v = u f and the circles u 2 + v 2 = 1 , u 2 + v 2 
= e 2 . Since e z+2nvl = e x [cos (y 4 - 2mr) + i sin (y -f- 2nir)] = e x ( cos y + i 
sin y) when n is an integer, the map w Q of the point z 0 corresponds to all 
points Zq + 2mri. Hence, if we divide the z-plane into horizontal bands 
by the lines y = 2nir, and let each strip include its lower but not its 
upper boundary, then each strip is mapped onto the entire i^-plane 
(with the exception of the point w — 0 to which no finite z-point 
corresponds) by the transformation w = e?. 

96. Inverse functions and multiple-valued functions. In connection 
with the function w = z 2 , we discussed in Art. 95 the curves u = x 2 — y 2 
= const., v = 2 xy = const. Viewing this functional relation as a trans¬ 
formation, we may consider the curves x 2 — y 2 = const., 2 xy = const, 
as the maps in the z-plane of the horizontal and vertical straight lines 
u = const., v = const, in the ic-plane. But when dealing with the 
transformation w — e z we considered the maps in the tc-plane of the 
straight lines x = const., y = const, in the z-plane; i.e., our mapping 
here proceeded in the direction opposite to that followed in the former 
problem. 
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This naturally raises the question whether a given functional relation 
between the variables z and w will allow us to map straight lines in one 
plane onto curves in the second and at the same time allow us to map 
straight lines in the second plane onto curves in the first. The answer 
to this question is bound up with the concept of inverse functions, since 
we are really asking whether or not the inverses x x{u, v), y — y(u , v) 
of a pair of functions u » u(x, y), v ** v(x, y) exist. For, if these inverses 
do exist, then not only may we map the lines u ■« const., v = const, onto 
the a-plane, using the relations u — u(z, y) } v = v(x, y), but we may also 
map the lines z = const., y = const, onto the ta-plane, using the rela¬ 
tions X = x(u, t>), y * y(u, v). 

The question of the existence of the functions inverse to given func¬ 
tions is an important one in the theory of functions of real variables, 
which we cannot discuss fully here; * we shall merely state the theorem 
as it applies to our discussion. 

Theorem. If u — u(x, y) and r = v(x, y) are single-valued functions 
possessing continuous first partial derivatives over some region of the xy- 
plane , and if the Jacobian determinant 

du du 
dx dy 
dv dv 
dx dy 

is different from zero for x and y in that region, then the inverse functions 
x ■■ x{u f v ), y = y(u , v) exist and are single-valued and continuous over 
that region. 

Let us see what this theorem implies in the case of an analytic func¬ 
tion u> — u + in — /(z), for which the hypotheses on u and v, stated in 
the theorem, are met. In virtue of the Cauchy-Riemann equations, we 
have 

du dv du dv 

J =- 

dx dy dy dx 



/'(«) I 2 . 


• 8fee Gours&t-Hedrick, “Mathematical Analysis,” Vol. 1, Chap. II. 
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Hence the inverses x = x(u, v), y = y(u, v) exist and are single-valued 
and continuous for any region Ri of the 2 -plane in which f'(z) 0, and 
consequently the region R\ of the z-plane and the corresponding region 
R 2 of the tu-plane are mapped one-to-one on each other. 

As an example, consider again the function w = z 2 . Here the region 
Ri may be any region not including the point z = 0 since /'(«) — 2 z 
vanishes at that point only. The maps of u = x 2 — y 2 = const., 
v — 2 xy = const, have already been examined; the hyperbolas, none 



of which passes through the origin, are proper maps of the straight lines 
u = const., v = const., while the straight lines x = 0, y = 0, and 
y = ±x give trouble, as we have seen, since they pass through the 
critical point 2=0. Now by elimination of x and y in turn from 
u = x 2 — y 2 , v = 2 xy, we get v 2 = 4 y 2 (u + y 2 ) } v 2 = —4 x 2 (u — i 2 ). 
These equations evidently represent, for x = const., y = const., con- 
focal and mutually orthogonal parabolas with the i^-axis as axis (Fig. 
91), provided again that x 0, y ^ 0; i.e., z^0. 

Let us now examine more closely the difficulty encountered with the 
point 2 = 0 for the function w = z 2 , the inverse of which is 2 = vft. 
When w = 0, we get the single value 2 = 0, but for any w 0, z is two¬ 
valued. For, if we write w = rer > 0, we have 

Zl « Vre* 12 , z a = V^W/i-W 
We say then that z » w H has two branches , Z\ and 22 , coalescing at 
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w *= 0, and we call w = 0a branch-point. By allowing w to describe a 
circle about the point w = 0, and examining the variation of z, we 
can see how the branches z x and z 2 are related. Let the point w start 
at, say, w — 1, and let the function z = vft start from the point 2=1, 
so that r = 1 , 0 = 0. Then for a circuit in the positive direction, r 
remains equal to unity and 0 increases from 0 to 2ir, so that at the 
completion of the circuit we have w = cos 2 r + i sin 2w — 1 , while 
z * cos 7r -f i sin r = — 1. Thus one branch of z has been changed 
into the second branch. By a second circuit of the same sort, the second 
branch will be replaced by the original one. 

In the same way, it is easy to show that the inverse of the function 
w = Wo + (z — zo) n f where z 0 and w Q are complex constants and n is a 
positive integer greater than one, is n-valued, i.e., has n branches, the 
branch-point being w = w 0 . 


PROBLEMS 

1 . The function w = u + iv = az + b, where a and b are complex constants, 
defines an integral linear transformation, (a) Verify the fact that the components 
u(x, y) and v(x, y) satisfy the Cauchy-Riemann and Laplace equations, and that 
the lines u == c\ } v = c 2 are orthogonal to each other. ( b ) Show that an integral 
linear transformation is equivalent to a combination of transformations of the 
forms w * z\ + 6, z\ — az f where w — z\ + b is a translation and z\ = az is a 
rotation and stretching transformation. Hint: Express a and z in polar form, 
a — Ae ia , z = re w . 

2 . Given the function w = u + iv = 1/z, which transforms the whole z-plane 

with the point z = 0 deleted into the itf-plane with w * 0 deleted, (a) Verify 
the fact that u and t’ satisfy the Cauchy-Riemann and Laplace equations in any 
region not containing the origin, and that u = cy, v = C 2 are two families of circles 
orthogonal to each other when C 1 C 2 p 6 0. (6) Show that this transformation is a 

circular transformation, in which all circles and straight lines in the z-plane are 
transformed into circles or straight lines in the u>-plane. Which circles in the z-plane 
become straight lines in the tc-planc, and which straight lines are transformed into 
other straight lines? 

3. Discuss the general linear transformation w =» (az + 6)/(cz + d). Show in 
particular that it may be regarded as a combination of transformations of the types 
given in Problems 1 and 2 when ad — be p* 0. What is the map of the entire 
2-plane when ad — be = 0? 

4. Given the function w == z 3 , where w = u + w- Show that u and v satisfy 
the Cauchy-Riemann and Laplace equations, and that the families of curves u — ci 
and »«C 2 are orthogonal to each other. 

5 . Given the function w * u + iv » z 4 . Show that u and v satisfy the Cauchy- 
Riemann and Laplace equations, and that the curves u =■ c\ and t> *■ cj are orthogo¬ 
nal to each other. 

6. Given the function w ■■ u + iv *■ sin z defined for complex values of z by 

the relation sin z (e 1 ' — e~ w )/2i. (a) Show that u and v satisfy the Cauchy- 

Riemann and Laplace equations everywhere, and that the maps of the lines 
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x — const., y — const form a system of confocal central conics. (6) Find all 
roots of the equation sin s » 2. Show also that all the zeros of the function sin s 
are real 

7. Given the function ts » cos s, defined as cos z - («*• + e~**)/2. Determine 
the maps in the 10 -plane of the lines x - 0, y * 0 # * - 1, and y - 1 in the z-plane. 
Describe and sketch the trace of the mapping point w as z traces the square bounded 
by V m 0, x — l f y — 1, and 2 — 0 in that order. 

6 . Given the function 10 — u + in - sinh *-(«■ — e“*)/ 2 . (a) Show that 11 
and v satisfy the Cauchy-Riemann and Laplace equations everywhere, and that 
the maps of x — const., y — const, form a system of oonfocal central conics, (b) 
Find all roots of the equation sinh * - 2 . 

9 . Given the function 10 ■■ u + tv - cosh z - (s* + e“*)/2. (a) Show that u 
and 0 satisfy the Cauchy-Riemann and Laplace equations everywhere, and that 
the maps of x — const., y -» const, are confocal central conics. (6) Solve the 
equation cosh z — i and show also that cosh z has no real zeros. 

10. Given the function 10 — In z, defined as the inverse of the exponential func¬ 
tion, so that 10 is given by the relation z — e w . (a) Writing z in polar form, show 
that In z is infinitely many-valued, (b) Show that u and v satisfy the Cauchy- 
Riemann and Laplace equations in any region to which the origin is not interior. 


PART H. THE SCHWARZ-CHRISTOFFEL TRANSFORMATION AND 
ITS APPLICATIONS 

97. The Schwarz-Christoffel transformation. Our purpose in this 
part of the present chapter is to consider, from an elementary viewpoint, 
a few field problems arising in physics and engineering, and to apply the 
mapping properties of functions of a complex variable to their solution. 
The fields we deal with are two-dimensional regions of a plane in which 
some sort of steady flow takes place; the flow may be electric current 
flow, electrostatic flux (lines of force), heat flow, fluid flow, etc. 

We call the curves along which flow takes place the streamlines, and 
the curves orthogonal to the streamlines we speak of as equipotentials. 

Consider first the simple physical situation in which we have electric 
current flow along straight lines above and parallel to the z-axis, and 
suppose, for definiteness, that the flow is from right to left. Here the 
streamlines are the straight lines y = const., and the equipotentials 
are the straight lines x = const. (Fig. 92). Let the sheet in which the 
current is flowing be such that the resistance between opposite sides 
of a unit square is 1 ohm. Then for a current density of k x amperes 
per unit width of path, in the ^-direction, we shall have a potential 
drop of hi volts per unit distance in the direction of flow. If we take, 
for convenience, the line z = 0 as our line of zero potential, the poten¬ 
tial V at any point (x, y) will then be 

V = k lX . 
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Similarly, we say that the stream-function S is the amount of current 
we cross in traveling along a line x = const, starting at the edge of 
the field 1 / - 0, so that 

S = kiy. 

If we combine these two real variables V and S into a complex quantity 
F a V + iS, we have 

F = V + iS = ki(x + iy) = k x z. (1) 

We may regard equation (1) as a relation defining a simple trans¬ 
formation mapping the upper half of the z-plane, in which parallel flow 



o\ 


Fici. 92 

takes place, onto the upper half of the F-planc, in which we have a 
similar net of orthogonal lines representing lines of equipotential and 
lines of constant stream-function. Here, since hi is real, our trans¬ 
formation consists of merely a stretching or contracting in the ratio k\. 

It is evident that the preceding discussion, dealing with a flow of 
current, applies equally well to a parallel flow of heat or of fluid, or to 
electrostatic flux. In the case of heat flow, the term potential is to be 
interpreted as temperature, the equipotentials being isotherms, and the 
stream-function represents quantity of heat instead of the amount of 
current. For fluid flow, we have the so-called velocity potential replac¬ 
ing potential, and the stream-function representing the amount of 
fluid. For electrostatic flux, we have again the potential and the lines 
of force as streamlines. 

As a second example, let us examine the flow of heat, in the upper 
half of the j7/-plane, toward a single point on the edge of the sheet, 
which we take as the origin 0. Then the streamlines are radial lines 
through 0 and the isotherms are concentric semicircles about 0 (Fig. 
93). Consider half a ring-shaped region of radii r and r'+ dr. The 
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quantity of heat flowing across this half ring per second will be 9 by the 
third law of heat flow (Chapter VII, Art. 71), proportional to r 
to the temperature gradient dV/dr , where V is the temperature in this 
region, and since that quantity of heat will be constant for steady flow, 
we have 

dV k 2 
dr r 9 

where k 2 is a constant. Hence 

V — k 2 In r + const., 

and if we take our temperature scale such that V — 0 for r = 1, we get 

V = k 2 In r. 

Now let us choose the physical properties of the sheet, such as thermal 
conductivity, specific heat, etc., in such a way that the stream-function 



S, which represents the quantity of heat crossed in traveling along an 
isotherm from the positive x-axis as starting point, and which is then 
proportional to the angle 0 swept over, will be given by 

S = 

with k 2 the same as in the preceding expression for V; this corresponds 
to our choice of the resistivity in the current-conducting sheet in the 
first example. Then we have, writing the complex variable z in polar 
form, z *= re 19 , 

F — V + iS = A’ 2 (ln r + iO) = k 2 In z. (2) 

Just as equation (1), or the inverse relation z = F/fcj, defined a 
transformation mapping the parallel current flow in the upper half of 


I m FUNCTIONS OF A COMPLEX VARIABLE [Chaf. X 

i the e-plane into parallel flow in the upper half of the F-plane, so equar 
(2), or the inverse relation 

/;.*- e F/k ', ' (20 

defines a transformation mapping the radial heat flow in the upper half 
of the 2 -plane into parallel flow in the F-plane. Again, our second prob¬ 
lem may be interpreted, with the proper verbal changes, in connection 
with radial current flow or other similar field problems. 

It will be of considerable help in visualizing the effect of a trans¬ 
formation in a specific physical problem to regard it as producing con¬ 
ceptually an actual physical distortion. Let us consider the transforma¬ 
tion (2') in connection with the electric field between the plates of a 




condenser. Imagine an idealized substance resembling rubber sponge, 
in which the cells are extremely small and infinitely compressible or 
expansible, so that the substance will fit into any volume, however 
small, or will fill any volume, however large. Suppose this ideal sub¬ 
stance placed between two long parallel plates AB and CD , and draw in 
it the streamlines (lines of force) and equipotentials perpendicular and 
parallel, respectively, to the plates. Now let A and C be brought nearer 
together, and B and D separated. Then the streamlines and equipoten¬ 
tials will be distorted into circle arcs and radial lines as shown in Fig. 94. 
We have thus carried through conceptually the idealized physical analog 
of the mathematical transformation (2'). If we could realize a sub¬ 
stance of the sort imagined, one way of solving a problem with a 
complicated pattern of streamlines and equipotentials would be to 
straighten out the boundaries until they make some simple configura- 
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tion to which we can fit a system of mutually orthogonal lines dr 
curves, and then fold back the boundaries to the given shape and 
examine the resulting streamlines and their orthogonal trajectories. 

Let us now examine this conceptual process from a mathematical 
viewpoint. Suppose the streamlines and equipotentials to be, for a 
given problem, of a more complicated nature than those of our previous 
examples, owing to the fact that our field is not the upper half-plane 
with the rr-axis as sole boundary, but some other region, open or closed* 
bounded by straight line segments or rays. When the region is dosed* 
i.e., finite in extent, the boundary then is what is ordinarily called a 
polygon, and the field will be the interior of the polygon. For an open 
region, we shall also, for brevity, call the bounding configuration a 
polygon, and shall speak of the field in question as the interior of the 
polygon; thus, if the field is the first quadrant of the coordinate plane, 
the polygon will consist of the positive axes. 

Assuming, for the present, that we have a transformation w » f(z) 
which maps the polygon in the w-plane onto the x-axis, and the interior 
of the polygon onto the upper half of the 2 -plane, it follows that the 
inverse function, z = g(w), will, when obtainable, map the upper half of 
the 2 -plane onto the interior of the tv-polygon. We then put into the 
upper half of the z-plane a simple system of streamlines and equipoten¬ 
tials fitting the boundary conditions, say that for parallel flow as given 
by equation (1). Substituting z = g{w) — x(u, v) + iy(u, v) into (1), 
we get 

V + iS = ktx(u, v ) + ikiy(u f v) y 

whence 

V = kix(u, v ), 8 = k x y[u t v). (3) 

Our parallel flow in the upper half of the z-plane has now been mathe¬ 
matically transformed into flow inside the i^-polygon. Since the poten¬ 
tial is constant for V = const, the curves given by the first of equations 
(3) will represent equipotentials for the field bounded by the ^polygon ; 
similarly, the curves given by the second of equations (3) will represent 
streamlines inside the ^polygon. 

Our main problem is, therefore, that of finding a transformation 
which will map a given polygon in one plane onto the axis of reals in a 
second plane. This mapping problem is solved by the Schwarz- 
Christaffel transformation, * in which three t complex planes, w, z, F t 
are employed, where w « u + iv, z x + iy, F -* V + iS, The 

* Numerous applications of this transformation may be found in Miles Welker's 
"Conjugate Functions for Engineers." See also Rothe, OUendorf, end Pohlhaueen, 
"Theory of Functions as Applied to Engineering Problems." 

t In some problems it is necessary to employ more than three planes. 
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given polygon is drawn in the 10 -plane. The proper Schwarzian trans¬ 
formation, as it is usually called for short, will map this polygon in 
the 10 -plane onto the z-axis of the intermediate 2 -plane, and will at 
the same time transform the original flux lines and equipotentials. 
Next the 2 >axis is mapped onto a polygon in the F-plane in such a way 
that the field in the 2 -plane is transformed into a net of orthogonal 
Straight lines in the F-plane. 

Consideration of our mapping problem leads us to expect that the 
required transformation will be given in the form of a differential equa¬ 
tion in which the rate of change of w with respect to 2 appears. For, let 

dw = | dw | e 19 ”, dz = | dz | e l6 *; 

then 

dw 
dz 

so that the amplitude of dw/dz represents the angle between the ele¬ 
ment dw in the 10 -plane and the element dz in the 2 -plane. Now, since 
we wish to straighten out each interior angle of the polygon in the 
10 -plane into an angle 7 r along the r-axis, we should expect each angle 
of the 10 -polygon to be related in some way to the change in amp 
(dw/dz) as we turn through that angle. 

To determine the expression to which dw/dz must then be equated, 
let us examine a few simple transformations. Letting w = re* 9 , consider 
first the transformation w = z Ki , or z = w 2 . Then 2 = r 2 e 2x9 } 60 that 
amp 2 = 2 amp 10 , and the first quadrant in the 10 -plane is mapped onto 
the upper half-plane of 2 ; i.e., the 90° angle in the 10 -plane is straight¬ 
ened out into 180°. Here dw/dz = \z~' A . If w = z H t we have 2 = 10 3 
3 = r*e 3ld , and the sector between the w-axis and the 60° line is straight¬ 
ened out into the upper half-plane of z; in this case, dw/dz = 

In general, if 2 = w m = r m e mi6 , where m is any rational number, the 
angle t/ m is opened up into 180°, and dw/dz = (l/m)z llm ~ l . 

Now if 2 = cw m } where c = a + ib = Ce 1 ", say, then 2 = Cr T V (m * +a) , 
so that the 10 -configuration is stretched or contracted in the ratio C: 1 
and is turned through the angle a by this transformation. Thus the 
introduction of a complex constant of proportionality serves to change 
the size and orientation of a figure. 

As a final example, let z — z 0 = c(w — i0o) m , where 20 and 100 are 
complex constants. Then the angle ir/m having its vertex at 100 is 
opened up into a half-plane with “vertex” at Zo in addition to being 
rotated; i.e., the figure is translated as well as rotated and fanned out. 

Here to - u> 0 - - zo) 1,m and ^ ■ (z - Zo) 1,m_1 . 

dz m 
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Suppose, then, that we wish to straighten out an interior angle 
at ** */ m k of a tu-polygon and translate the vertex of the angle to a 
point Xk on the x-axis of the 2 -plane. Since l/m* = <**/*■, it appears 
that we must have dw/dz proportional to (z — ) aklK ^ 1 . If the 
^polygon has n vertices, dw/dz must then be proportional to each 
of the n expressions (z — x*) a4/T ” 1 , (k = 1, 2, • • •, n), and therefore 
to their product, so that the Schwarzian transformation should be of 
the form 

dw 

— = K(z — Xl r^-\z - x 2 )“ !/ '- 1 ■ • • (z - x n y^-\ (4) 
dz 

Here x\ 9 x 2 , • • •, x n are real constants, K is in general a complex num¬ 
ber, and the interior angles at the n vertices of the 7/vpolygon are 

«1j a 2j ’ «n- 

To clarify further the meaning of equation (4), let us see what hap¬ 
pens when the point w moves along the polygon and the mapped point 
z moves along the x-axis. Let z — x k = r k e? k (k — 1, 2, ■ • ■, n) and let 
K ■* | K | e tfi . Then equation (4) becomes 

= | K | ■ • r*£e Un0n t 

where for brevity s k is written for a k /v — 1. Then the amplitude of 
dw/dz is given by 

dw 

amp — = 6 W — d g = P 4- si amp (z — x i) H-h s n amp (z — x n ). 

dz 

Now as w moves along a straight line from, say, Wi to W2, z moves along 
the x-axis from xi to x 2 . While Xi < x < x 2l amp (dw/dz) = B w — $ z 
re mains the same since B w and 6 Z do not change. When w passes through 
v; 2 , so that z passes through x 2 , the quantity z — x 2 changes sign, and 
amp(z — x 2 ) changes by u\ But the signs of z — x lr z — x 3 , • * •, 
z — x n remain unchanged when X\ < x < x 3 , and consequently 
amp (dw/dz) changes by | s 2 tt | = | a 2 — ir | as w passes through w 2 . 
Similarly, amp (dw/dz) changes by | | = | a k — tt | as w passes 

through Wk (k = 1, 2, • ■ *, n). Now when 0 < ak < ir, as at w 2 and 
w 2 in Fig. 95, the change in amp (dw/dz) is an increase, and since 
s k rr = a* — tt is negative, the algebraic value of the change is — 

» r — a k , which is evidently the angle through which we turn when 
passing through On the other hand, if * < a k < 2 ir, as at w 4 , the 
change in amp (dw/dz) is a decrease, and since = a k — r is now 


dw dw 
dz dz 
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the streamlines follow the direction indicated by the arrows (Fig. 98). 
We map our polygon, here consisting of merely the positive u- and 
poxes, onto the 2 -axis, letting the origin of the w-plane map onto the 



Z-plane 

Fig. 96 


origin of the z-plane. Then x x = 0, a x = ir/2, and the Schwarzian 
transformation is 

£ - Ki*. (.) 

dz 

whence 

= 2 + K\ 

integration K ' wifl be zero, 


( 2 ) 

Since the boundary streamline in the w-plane maps into the x-axis 
streamline from right to left, we may put into the z-plane a parallel flow 
of current such that the x-axis is one of the streamlines. Hence the 
map ping from the z-plane to the final F-plane may be brought about 
by the simple transformation F « kz, where h is a real constant depend¬ 
ing upon the system of units, or scale, used; this transformation will 


Bince z = 0 when w * 0, the constant of 
and we have 

w « 
or 

z — 1 — lift. 

4 K 2 
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certainly change the net of straight lines in the z-plane into a similar 
net in the F-plane. Then (2) becomes 

F= 4^ W ’ 2 “ CM ’ 2 ' (3> 

where c is constant. If we now think of the relation (3) as mapping 
from the F-plane to the itvplane, we see that the straight horizontal 
streamlines of our parallel current flow and the vertical equipotentials 
orthogonal to the streamlines are transformed into the corresponding 
streamlines and equipotentials in the first quadrant of the 10 -plane, i.e., 
into the desired curves. 

It is easy to see that the constant of proportionality c in (3) may be 
taken as real. For, we saw in Art. 97 that such a constant serves merely 
to change the scale of measurement in virtue of its modulus, and to 
rotate the figure in virtue of its amplitude. Since the positive u-axis 
has been mapped onto the positive F-axis, the figure as a whole has not 
been rotated but merely fanned out and consequently the amplitude of 
c may be taken as zero, whence this constant is real. Since the scale of 
measurement will depend upon the data of our problem and upon the 
system of units employed, we leave c as an arbitrary real constant. 

Therefore, separating real and imaginary components in (3), we get 

V = c(u 2 - r 2 ), 

(4) 

S = 2 cuv. 

It follows that the maps of V = const, are rectangular hyperbolas 
asymptotic to the line v = u, and the maps of S = const, are also 
rectangular hyperbolas asymptotic to the u- and 0 -axes. Thus the 
full curves in Fig. 97 represent streamlines and the dotted curves 
equipotentials in the neighborhood of a comer of the sheet. 



Fig. 97 
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In the preceding discussion, we have considered the distribution of 
lines of current flow and of constant potential. It is apparent that 
we may interpret our result in connection with the analogous problem 
of heat flow, for which equations (4) give the flux lines and isotherms 
near a comer, or in connection with fluid flow, for which equations (4) 
represent flux lines and the lines of velocity equipotential. 

99. Flow near two 90° corners. Having considered in our first 
problem a conducting sheet indefinitely large in two dimensions, we next 
deal with a rectangular strip of width a and so long compared to a that 
its length may be supposed infinite. We again place our sheet in *the 
first quadrant of the tu-plane as shown in Fig. 98, and suppose that 



one streamline is along UOBC as indicated by the arrows. We map 
this polygon with interior angles oti = t/2 , a 2 = ir/2, symmetrically 
onto the x-axis, the midpoint A(0, a/2) of the edge OB mapping onto 
the origin of the 2 -plane, and the corners 0 and B mapping onto the 
points x = 1, x = — 1, respectively. The streamline boundary UOBC 
is thus mapped onto the x-axis, this latter streamline proceeding from 
right to left. 

We then have for the Schwarzian transformation, 

— = K(e + l)-*(« - 1)~ M 
dz 

-(i) 
(f - 1)W' W 

whence 

w * K( cosh” 1 * + K') 
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* - cosh^- 

where K f is a constant of integration. Since 2 = 1 when tv = 0, we 
get K' = 0; since 2 = —1 when w = ia, we then have 

_ ia a 

— 1 = cosh -- = cos —, 

a: x 


and 



2 = cosh — 
a 


( 2 ) 


Since we may again put a parallel flow in the 2 -plane, we may employ 
the transformation F = kz, giving us 


F = k cosh — , (3) 

a 

where k is a constant which may, as before, be taken as real. We then 


V + iS 


k cosh - (u + iv) 

a 


and therefore 


V 


( tu im tu iiw\ 

k I cosh — cosh-1- smh — sinh —) 


a / 


( TU TV TU 1rv\ 

cosh — cos-hi sinh — sin — ), 

a a a a/ 


TU TV TU , TV 

k cosh — cos — , S = k sinh — Bin —• 
a a a a 


(4) 


The maps of V = const, will be the equipotentials (or isotherms), and 
the maps of S = const, will be the streamlines. 

100. Edge effect in a condenser; flow out of a channel. Let the 
edges of a parallel-plate condenser, or of a channel conveying a liquid, 
he along the lines v = ±a to the left of the points (—6, dfca) in the 
seoond and third quadrants. We suppose these edges so long compared 
to the distance 2a between them that they may be considered infinite 
in length. 
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If the plates v « ±a of a condenser are at different potentials, there 
will be lines of force between them. Sufficiently far to the left of 
u * —6, these lines will be sensibly straight and vertical, but as we 
approach the boundaries at u =* — b they will evidently be considerably 
curved. We wish to study this edge effect for the parallel-plate 
condenser. 

Another physical interpretation of the present problem is in connec¬ 
tion with fluid flow. Again, far to the left of u = —b, the streamlines 
will be nearly horizontal straight lines, but will curve as we proceed to 
the right, and diverge as the liquid issues from the channel. 

Because of the evident symmetry in the u-axis for both physical 
problems, we need consider only the upper half of the figure in the 
v>plane (Fig. 99). We shall then think of our open polygon as running 



Fig. 99 


from A (u = — «) to P(— b t a), then back along PA and joining on to 
B at u *= — oo, and then to the right along the u-axis. Thus the angles 
involved are ai = 2ir at P and <*2 = 0 at B. 

To open out this polygon, we first unfold the line AP by rotating it 
through 180° about P; this gives us flow in a uniform strip and thus 
straightens out the equipotentials of the electric field (or the stream¬ 
lines in the case of liquid flow) into horizontal straight lines. We then 
fan out the strip between v = 0 and v = a by bringing together the 
edges at u = — oo and separating those at u = + 00 , as in the concep¬ 
tual process described in Art. 97, until we have a single straight line; 
this fans out the lines of force (or the velocity equipotentialB) into semi¬ 
circles, and the electric equipotentials (or fluid streamlines) emanate 
radially from a point. 
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For convenience, we map the point (—5, a) onto the point (—1,0) 
of the 2 -plane, and the point u = — m (the junction of A and E) onto 
the origin. Thus the upper edge AP, when unfolded, maps onto the 
x-axis to the left of (—1,0), the upper edge PA as it appears in the 
tcvplane maps onto the segment from (— 1,0) to (0,0), and the lower 
edge v — 0 maps onto the positive x-axis. Hence the Schwarzian 
transformation will be 

dw , / 1\ 

— = K{z+l)z-' + (1) 

and therefore 

w = K(z + ]rz) +K'. (2) 

Now the fluid streamlines along the boundary of the w-polygon run 
from left to right along AP and the w-axis, and their maps run away 
from the origin along the x-axis. Here, therefore, we may put into 
the 2 -plane a radial flow emanating from z — 0. To transform this 
radial flow into parallel flow, we take (see Art. 97) the mapping func¬ 
tion 2 = e kh . Since the real constant k serves merely to change the 
scale of our map, giving us kV and kS instead of simply V and S, we 
set k = 1 for simplicity. Then we have 

w = K(e F + F)+ K'. (3) 

To determine the constants K and K' t write z in polar form, z = re 10 , 
so that equation (2) becomes 

w = K(re lB + In r + iff) + K'. (4) 

As we pass from v = 0 to v = a in the w-plane, w changes by ia, and we 
may think of z as passing from a point on the positive x-axis, where 
0 =* 2nir and n is an integer or zero,* to a point on the negative x-axis, 
where 6 = (2n + 1)tt, and then allow' these points to approach the 
origin. For these changes we therefore have 

-lia r -i 0=(2n-H)» 

w = lira K(re ie + In r + iff) + K’\ 

Jo r^ol 

ia = lim [K(—2r + zV)] = i*K, 

r —»0 

whence 

a 

K - - (5) 

IT 

* This designation of 9 is necessary since In z is multiple-valued; sec Problem 10 
following Art. 90. 
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Moreover, z = —1 when w = —b + ia, so that, since In (—1) * In 1 
+ (2n + 1)ttt = (2n + l)tV, we get from (4) and (5), 

— b ia = — [—1 + (2n + l)fv] + K\ 


a 

K' =- b — 2 nia. 

7T 

Consequently our transformation takes the form 

w = - (e F + F) H- b — 2 nia, 

7T 7T 

so that 

u = - (e v cos S + V + 1) — bj 

7r 


v = - (e v sin £ + S) — 2 na. 

7r 

Now the line v = 0 maps onto the line y = 0, and since, from z = e F , 
we have 7 / = c v sin S , it follows that r *= 0 corresponds to <S *= 0. 
Hence, in the above expression for v, we must take n = 0, and therefore 
we get as our final result, 

u = - (e F cos & + V + 1) — b f 

7T 

(6) 

v = - (e v $mS -f- 5). 

7r 


Letting F = const, in (6), we obtain equations for u and v in terms 
of the parameter^, from which wo may plot various lines of force of the 
electrostatic field near the edges of the condenser. By putting S 
= const, in (6), we get equations for u and v in terms of the parameter 
F, which enable us to plot lines of flow of liquid from the channel. 

101. Point source and point sink. As our next problem, w e investi¬ 
gate the distribution of streamlines and equipotentials in a sheet of 
conducting material into which current is fed at a point A and out 
of which it flows at a point B. The points A and B are called, respec¬ 
tively, the source and the sink. 

Since here we do not have a polygon in the conducting sheet, it 
will bo more convenient to put the known pattern of streamlines and 
equipotentials for parallel current, flow in the ic-plane and transform this 
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into the desired pattern in the f-piane (Fig. 100). Let the source and 
sink be, respectively, located at A (a, 0) and B(—a, 0) of the s-plane, 
and let A\B\ and A 2 B 2 be boundaries of the strip in the ts-plane along 
which parallel flow takes place. Split the upper edge A 2 B 2 at its center 
C~C\ rotate the right-hand half about A 2 in the clockwise and the 
left-hand half about B 2 in the counterclockwise direction, and bring 
As toward A\ and B 2 toward B\, Let (a, 0) in the s-plane correspond 


V 

c 

Of 

0,-0 

O|-0 

By O 



r\ 


^(- 0 , 0 ) 


O 


A(a. o) 


Fio. 100 


-X 


to the junction of Ay and A a , and let (—a, 0) correspond to the junction 
of By and B 2 . Map the origin in the w-plane onto the origin in the 
a-plane, and let C go into x = —*> and C' into x = +®. 

The internal angles, «i at Ai-A a and a 2 at B\-B 2) being both zero, 
the Schw&rzian transformation will be 


Hence 


— = K(z - a)-\z + a)~ l 
dz 

K 

K z — a 

w = — In-H K\ 

2a z + a 


( 1 ) 


Using the relation w = 0 when 2 = 0, together with In (—1) = 
(2n + l)ix, n an integer or zero, we get K! « — (2n + l)iwK/2a f 
and 


w 


K r 
-In 


2 — a 


2a L z + a 


— (2n + 




( 2 ) 
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The constant K will depend upon the nature of the current-carrying 
strip in the to-plane and the units employed, and need not be evaluated 
here. 

Since we now have parallel flow in the tu-plane instead of in the 
z-plane, we put F = kw , whence, letting C = kK /2a, we get 

F = C|ln—- (2n+ 1 )it1- (3) 

L z + a J 

To separate equation (2) into real and imaginary parts, let z — a 
= rie ie \ z + a = r 2 e l6 \ Then 

F = c[ln^ + *(*i ~ ~ (2n+ l)»)j- (4) 

Evidently z — a and z + a are the vectors drawn from (a, 0) and 
(— a, 0) respectively to any point z , the lengths of these vectors being 
t*i and r 2 , and the angle between them being &i — 6 2 (Fig. 101). 



In transforming the ic-configuration into the x-axis, we did not rotate 
the figure, and therefore C may be taken as real. Consequently we get 


V = C In - , 
r 2 


(5) 


S = C[di - 02 - (2 n + l)ir]. 

Now any point of the segment A\B\ in the tc-plane, for which v *= 0, 
maps onto a corresponding point of the segment AB in the 2 -plane, for 
which 0i = 7r, 02 = 0. Hence the second of equations (5) gives us n = 0, 
whence we have 

7*1 

V = C In-, 

ra c«) 

S ■= C(6i - fit - t). w 
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From the first of equations ( 6 ), we see that V will be constant if and 
only if the ratio ri/r 2 is constant. Thus the maps of the equipotentials 
V •=* const, in the w-plane will be given by 


ri _ V(a: - a ) 2 + y 2 _ 

t 2 V(x + a) 2 + y 2 U 

or 

(1 - C?)(x 2 + y 2 ) - 2a(l + C\)x + a 2 (l - C?) = 0, (7) 

where C\ is a constant, which must be taken as positive since n/r 2 
is positive. For Ci 5 * 1, (7) represents circles with their centers on 
the x-axis; when Ci = 1, we get, as could be anticipated from ri/r 2 = 1, 
the straight line x = 0. These, then, are the equipotentials of our 
problem. 

Corresponding to the streamlines 8 = const., we get 


tan 


+ ») = tan ( 0 , - 9 2 ) 

v y 


x — a j + a 


1 + t 


2 ay 


a constant, or 


* + y 2 — a 2 


= Cj 


2, 


C 2 {x 2 + y 2 ) — 2 ay — C 2 a 2 = 0 . 


(8) 


When C 2 5 * 0 , equation ( 8 ) also represents circles, which pass through 
the source and sink, as we should expect; when C 2 = 0 , we get the 
straight line y = 0, which also passes through A and B. These are the 
streamlines sought. 


PROBLEMS 

L Using equations (4) of Art. 99, plot the equipotentials corresponding to 
y ■ 0, ±1, ±2, ±5, ±10, and the streamlines corresponding toS — 0, §, 1, 5, 10, 
in a rectangular strip of width t. 

9. Taking a - t, 6 - 1 for simplicity in equations (6) of Art. 100, plot the lines 
of force near the edges of a parallel-plate condenser, corresponding to V ™ 0, ±^, 
+ 1, and the streamlines of liquid flow from a channel, corresponding to S — 0 
»/4, r/2, 2 t/ 3, 3*/4, x. 

8 . Find the orthogonal trajectories of the streamlines (8) of Art. 101, and show 
that these trajectories are the equipotentials (7). 
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4. Show from equation (7) of Art. 101 that each equipotential circle encloses 
either the source or the sink, but not both. 

6. (a) Let a tangent be drawn from the source (or sink) of Art. 101 to an equi¬ 
potential circle. Show that the foot of the perpendicular dropped from the point 
of tangency to the x-axis is the sink (or source). (6) Let R\ and Rz be the radii of 
any two equipotential circles on opposite sides of the y-axis, and let D be the dis¬ 
tance between their centers. Find, in terms of R\ f Ri, and Z), the distances from 
source and sink to the centers of these circles, and the distance between source and 
sink. 

6 . Investigate the nature of the streamlines and cquipotentials for a point 
source in a conducting sheet whose boundaries, assumed infinitely distant from the 
source, constitute the sink. Hint: Map a parnllcl flow of current in the w;-plane 
onto the z-plane, in which the given sheet lies, and show that the Schwarzian trans¬ 
formation may be taken as 

dw K 
dz z 


7. Using a Schwarzian transformation, map the region in the w-plane bounded 
by the positive u -axis and the portion of the line v = \/s u passing through the 
first quadrant onto the upper half of the r-plane. Taking the potential V — kx 
and the stream-function S = ky, where k is a real constant, find V and S as func¬ 
tions of u and v, so that the curves V = const, are cquipotentials and the curves 
S — const, are streamlines of flow near a 00° corner. Show that the functions V” 
and S satisfy the Cauchy-Riemann and Laplace equations, and that the equi- 
potentials cut the streamlines orthogonally. 

8 . Using a Schwarzian transformation, map the region in the t0-planc bounded 
by the positive w-nxis and the portion of the line v = u passing through the first 
quadrant onto the upper half of the z-planc. Taking the potential V -= kx and 
the stream-function S = ky, where k is a real constant, find V and S as functions of 
u and v, so that the curves V = const, are cquipotentials and the curves S = const, 
are streamlines of flow near a 45° corner. Show that the functions V and S satisfy 
the Cauchy-Ricmann and Laplace equations, and that the cquipotentials cut the 
streamlines orthogonally. 

9. Generalize Problems 7 and 8 to the consideration of flow inside an angle 
Tr/n, and show that the mapping function is F = cw n , where c is a real constant. 
Setting w = rc 1d = r(cos 0 + i sin 0), show that V = cr n cos nd, $ — cr n sin and 
hence that the streamlines are symmetric with respect to the angle-bisecting line 
8 = ir/2n. 

10. Consider planar flow around the edge of a semi-infinite thin wall, represented 
by the positive u-axis in the tu-plane. Map this flow onto the z-plane, take F ■» V 
+ iS “ Jfcz, and find u and v as functions of V and S. Determine the nature of the 
streamlines S «= const, and of the cquipotentials V *= const. 


PART m. FURTHER THEORY OF ANALYTIC FUNCTIONS 

102. Line integrals. We shall devote the remainder of this chapter 
to some topics in the theory of analytic functions of a complex variable. 
We shall make use of this theory in the evaluation of certain definite 
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integrals, and, in Chapter XI, shall apply it to the solution of problems 
in which the operational calculus may be employed. 

For the definite integral 

j[/(x) dx, (1) 

where x is a real variable and /(z) is a real function of z, we may speak 
of the field of integration as the segment of the z-axis from z = a to 
x » b. Now let g(x, y) be a real function of two real variables, and 
consider a segment C of a continuous curve, with initial point A and 
terminal point B> and such that it is cut by a line parallel to either 
coordinate axis in only one point (Fig. 102). We divide C into n arcs 



A«i, A$ 2 , • • ■, As n , whose projections on the z-axis are Azj, Az 2 , • ■ *, 
Az n , and whose projections on the y-axis are Ay it Ay 2 , •■•,A y ny 
respectively, as shown. Letting (z*, yk) denote a point on A8*, we 
form the sums 






When the limits, as n becomes infinite and as each subsegment ap¬ 
proaches zero, of these sums exist, we call these limits line or contour 
integrals, and denote them by 



respectively. We say then that C is the field of integration. 


(2) 
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If we have several curve segments C* (k » 1,2, • • •, n), each cut by 
a line parallel to a coordinate axis in only one point, and forming a 
continuous curve C, we say that a line integral over C is equal to the 
corresponding sum of the line integrals over C\, C 2 , • • *, C n in turn. 
Also, for later convenience, we say that the integral over C from B to A 
is the negative of that from A to B. If the equation of C* is y = f(z), 

the integral I g(x, y) dx may be evaluated by replacing y in g(x, y) by 

J Ci t 

f(x) and integrating between the values of x representing the abscissas 
of the endpoints of C*. Similarly, if Ck is given by x = F(y) f the inte¬ 
gral I g(x, y) dy may be found by reducing it to an ordinary integral. 
J Ck 

A frequently occurring line integral is one made up of the sum of 
integrals of the second and third types, 


J* [P(x, y ) dx + Q(x, y) dy]. 


If A and B have the coordinates (a, b) and (c, d), respectively, (3) is 
sometimes written as 

y%(c,d) 

I [P(: r, y) dx + Q(x, y) dy]. (4) 


However, when the notation (4) is used, the curve C must also be speci¬ 
fied, since the value of the integral is in general dependent upon the 
path from A to B. 

As an example, consider the integral 

/ = f [{x 2 + 2 y) dx + {x - by 2 ) dy], (5) 

where C is first the path from (0, 0) to (1, 0) and thence to (1, 3) along 
the straight lines shown in Fig. 103. Along the x-axis, we have y = 0 , 
dy = 0, and along the second part of our path, x = 1, dx = 0. Hence 
we get 

C 1 o f 3 o 125 

l x = I x 2 dx + | (1 - V) dy = - — • 

J o w 

Secondly, let C be the straight line y = 3x joining (0, 0) and (1, 3), 
Then in the first term we substitute y = 3x, and in the second, x *= y/ 3, 
whence we find 

h - f\x* + 6x) dx - 5jr*) dy ~ ~~ 
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Consider next the double integral of a real function g(x, y) taken 
over a region R bounded by a closed curve C such that a line parallel to 
a coordinate axis cuts it in at most two points, 



dR. 


Express the function g(x , y) by the notation dQ(x, y)/dx, and consider 
the equivalent iterated integral 



V) 

dx 


dx dy. 


( 6 ) 


Let R be circumscribed by a rectangle with sides x = a, x = b, y = c, 



y = d y as shown in Fig. 104, tangent to C at the points P u P 2 , -P 3 , P 4 , 
and let the positive direction along C be that indicated by the arrow. 
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If the equations of the segments P 3 P 4 P 1 and P 1 P 2 P 3 are respectively 
x * Fi(v) and x = F 2 (i /), wc get for the integral (6), 


ff d ^i dxd!/ = r r u)a s^ dxd y 

JJji dx J c JFiiy) dx 

f Q(F a , y ) - Q(F U y)] dy 

= J Q(F 2i y) dy y) dy. 


We see that the first of the above integrals is the line integral of Q(x f y) 
along P 1 P 2 P 3 , while the second is the line integral of Q along P X P A P^. 
Since the latter is the negative of the line integral along P 3 P 4 P lt we 
have 

CC — dxdy=[ Qdy+f Qdy = fQdy. (7) 

JJr dx JPiPtPz J P3P4P1 Jc 

Similarly, for a function f(x, y ) = dP(x, y)/dy } we would have 

ff — dydx=[ Pdx + f Pdx=-fpdx. (8) 
JJr dy Jp*p*P2 JpiPiPa Jc 

Combining (7) and ( 8 ), we get 

C(Pdx + Q dy) = ff (— ~ —) dll. (9) 

J c JJr \dx dy/ 

This relation between a line integral and the double integral taken over 

the region enclosed by the contour, is known as Green’s lemma, having 
been given by Green in a paper on mathematical physics. It holds 
also when C is cut by a parallel to a coordinate axis in more than two 
points, and when the region R has subregions cut out of it, if we take 
as C the totality of bounding curves, along which the positive sense is 
in each case that leaving the region R to the left. Thus, if R is a ring- 
shaped region, the positive senses along the boundary circles will be the 
counterclockwise direction on the outer circle and the clockwise direc¬ 
tion on the inner circle. 

Examination of equation (9) shows immediately that if dQ/dx = 
dP/dy at every point of R* the line integral on the left will vanish. It 
follow’s that if C x and C 2 are any two curves connecting the distinct 


Note that this condition implies the existence of OP/dy and DQ/dx in R. 
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points A and B (Fig. 105), and lying wholly inside the region R in which 
dQ/dx -■ dP/dy , then 




(P dx + Q dy). 


For, if C is composed of C\ taken in the positive sense, and C 2 taken 
in the negative sense, we have | — I = I + I =0, whence 

JCi JCi JCi 

Referring to the example given by (5), we see that P « 


JCi JCi 


x 2 + 2y, Q = x — by 2 , so that dP/dy = 2, dQ/dx = 1, and dP/dy ^ 
dQ/dx. Consequently it is not surprising that /1 and 1 2 were different. 


y 1 



Fig. 105 


X 


If we had taken, instead, P = x 2 + y } we should have had dQ/dx =* 
dP/dy = 1, and both paths would have yielded the same value, as 
would all others connecting (0, 0) and (1, 3). 

We may usefully apply the above results to analytic functions of a 
complex variable. Let f(z) be analytic over a simply connected region 
R } by which we shall mean a region bounded by a single closed curve; 
lot C be any curve connecting two points A and B of R and lying wholly 
in R . Consider now the integral of /(z) along C, defined by 

n w 

jf(z) dz = lim YW) Azjfe, (10) 

JC » —* « $Tl 


where the points zu lie on C and A 2 * = z* — z*_i. Setting /(«) 
tt (*? V) + w(i, y) t we have 
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f/(z) dz = f (u + iv)(dx + i dy ) 

Jc Jc 

= f (udx — vdy) + i f (v dx + u dy), (11) 
Jc Jc 

which is the sum of two line integrals. Now since/(z) is analytic, the 
Cauehy-Ricmann equations, 


du dv du dv 

dx dy ’ dy dx 1 


are satisfied. But these are precisely the conditions that the two line 
integrals in (11) be independent of the path C joining A and B. Conse¬ 


quently dz will depend only upon the values of z at the points 

A and B. In particular, if C is a closed curve which docs not cut itself, 
and which lies inside the simply connected region R } I f{z) dz = 0. 

Jc 

When R is not simply connected, the integral over a single closed 
curve C lying in hi, of a function analytic in R , may be different from 



zero. To illustrate this possibility, let R be a ring-shaped region 
bounded by the circles with centers at the origin and of radii a and 6, let 
C be a circle of radius r, where a < r < b (Fig. 106), and let/(z) = 1 fz. 
Then /(z) is analytic in R f and we get 
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since 0 changes by 2 t in traversing the circle C. It might have been 
expected that this result would come out zero, since we are dealing with 
an integral around a closed curve. It should be noted, however, that 
Green's lemma does not apply. While the function. f(z) = l/z is 
analytic at every point of R } it is not analytic at every point in the 
region enclosed by C. For the derivative /'(z) = —l/z 2 exists every¬ 
where except at the point z = 0, which is interior to C. Consequently 
the Cauchy-Riemann equations are not satisfied for x = 0, y = 0; we 
have, in fact, 

du y 2 — x 2 dv 

Vx = (x 2 + y 2 ) 2 = 7y ' 


du — 2xy dv 

dy ( x 2 + y 2 ) 2 dx ’ 


so that the four partial derivatives do not exist at this point. Thus the 
condition dQ/dx = dP/dy at every point inside C, which was applied to 
the line integrals (11), will not be met for x = 0, y = 0, and therefore 

we cannot conclude that the line integral i /w dz will be zero. 

When C is a circle of radius r and center at any point z = z 0t we get 
by setting z — z 0 = re' e on C, 


r dz 

I - = 2 iri, 

Jcz - Zq 

c —— _ f- 

Jc (* - s .)"* 1 Jc r" 


rte l9 dd 


-If, 

r n Jc 
= 0 , 


'dd 


( 12 ) 


for n = ±1, zt 2, • • • . We shall have occasion to use these relations in 
our later work. 

103. Cauchy’s integral theorem and integral formula. Let f(z ) be 

analytic over the region It and continuous * on the boundary C of R 
(Fig. 107). Then the integral of f(z) } extended in the positive sense 
over the entire boundary C, which may consist of one or more closed 
curves, will vanish, 

f f(z) dz = 0. 

*/(*) " y) -I- w(x, y) is continuous if u and v are continuous. 


(i) 
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This result, known as Cauchy’s integral theorem, follows from the dis¬ 
cussion of Art. 102, being based upon the Cauchy-Riemann equations 
and Green’s lemma. An equivalent statement is that the integral 



taken in the positive (counterclockwise) sense over the outer boundaiy 
is equal to the sum of the integrals along the inner boundaries in the 
negative (clockwise) sense with respect to R , which will be the positive 
sense with respect to the regions enclosed by these curves. 



An important consequence of Cauchy's integral theorem is as follows: 
Let Ci be any single closed curve enclosing or lying inside a region over 
which f(z) is analytic, let P be any point inside the region bounded by 
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Ci, and let C 2 be a circle with center at P and having all its points in 
the region enclosed by C\ (Fig. 108). Then 

f f(z) f{z) dz , (2) 

JCi C2 

where each integral is taken in the positive (counterclockwise) direction. 
Thus an integral over any single closed curve C\ may be replaced by an 
integral over a circle C 2 , and conversely, provided C\ and C 2 are such 
that f(z) is analytic over the suitable regions. In particular, it follows 
that the relations (12) of Art. 102 hold when C is any single closed curve 
enclosing the point z 0 . 

Now suppose f(z) is analytic over a region R } simply or multiply 
connected, whose complete boundary is C, and let Zq be any point 
inside R (Fig. 109). Let C' be a circle with center z 0 and small enough 



so that every point on C' lies in R, and denote by R ' the region obtained 
by removing the points interior to C from R. Then the function 
f(z)/(z — Zq) satisfies the conditions of Cauchy's integral theorem in 
R' t so that 


f /GO , , C /W , „ 

I - dz + I - dz = 0, 

Jc Z — Zq J& Z — Zq 


(3) 


where the integral along C' is taken in the clockwise sense. Setting 
z — Zq * re* for z a point on C' ; the second integral above may be 
written 


T dz = r if(z Q + re*) dd. 

Jc z — Zq Jc 
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If we let r approach zero, the last integral will approach 
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fj>°) de = -2x>/(z 0 ), 


/(*b) being constant as regards 0, and the minus sign appearing because 
of our integration in the clockwise direction. Consequently we get 
from (3), 

C f(z) 

I - dz — 27n/(z 0 ) = 0. 


1 r M 

2 rri Jc z — 


Since z 0 is any point in R , and since the notation for the variable of 
integration is immaterial, we may write the above equation in the form 


2 wi J c t — z 


This relation is called Cauchy’s integral formula. 

The integrand in (4) being a function of the variable of integration t 
and of the parameter 2 , we have here an integral of the kind discussed 
in Chapter VII, Art. 67. We may, in fact, differentiate under the 
integral sign, obtaining the formulas 


2iri Jc (t — z)~ 


and, in general, 


r w - 


2 ?ri Jc (< — z) 3 


. v n\ r /(/) 
f (n) (z) = — I — - -dt, 

J W 2 wi J c (t - z) n+1 


for n any positive integer. Thus derivatives of all orders of an analytic 
function exist, and are given by (5). 

We next give an inequality which we shall need in Art. 104. Let C 
be any curve, open or closed, and let M be the maximum value of 
| /(z) | on C. Then if L is the length of C, 


J [7 W dz g ML. 
c 
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To obtain this relation, we note first (Fig. 110) that if a and 0 are any 
complex numbers, |a + 0|g|a| + [0|, and, in general, if a = a x + 
0(2 H-f ot nj | a | £ | ai | + | a 2 | d-f- | a n |. Hence 

n n 

**) Azt ^ £ I f(zk) M A*t|. 

*«1 k^l 




Fio. 110 

Now let | Az k | = L kf then 

n 

yi I f( s k) I ' | I S M(Li + L > 4-h L n ), 


and since L\ + />2 + ■ —b L n approaches the length L of C as n 
becomes infinite, we have 


| " 

Hm I / J(Zk) &Zk 
"" * | uTt 


£ ML, 


whence, by (10), Art. 102, we get (6). Applying (G) to (5), where we 
take as C a circle of radius r and center z, we find also 


. # , , nl M Mn\ 

\f {n \z) £- r , • 2irr =-, 


(7) 


where M is the maximum value of f(t) on C. 

104. Series expansions and singular points. Consider a functior 
f{z ) analytic in a region R. Let a be any point of R , and let C be any 
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circle in R and with center a , Then f(z) admits of an expansion in a 
Taylor’s series, 

f(z) = f(a) + f'(a) (z- a) H— ■ -f J —l2 ( 2 - a )« +.. . # (l) 

nl 

valid at least for z inside C. 

To derive series (1), we begin with Cauchy’s integral formula, and 
write 

f{z) = _i_ c m & = j_ r_mjt_ 

2 id Jc t — z 2 ?-i Jc (t — a) — (z — a) 

We now make use of the algebraic identity 

1 1 ( B B n B n+1 

A - B ~ A + I 2 + ’ ” + A*** + 7l n+1 (A - B) ’ 


setting A = t — a, B = z — a. Then we have 


_ 1 r/w dt + 2 -j 7 r /(Q <ii 

2irt Jc t — a 2iri Jc (l — a) 2 


( i “i'l! f /(0 * (a — a) n+1 r mdi 
+ " 2wi Jc (l -a)" +1 2« J c (< - a)“ +1 (* - z)’ 

Hence, by Cauchy’s integral formula (4) and formula (5) of Art. 103, we 
get 

/(z) = f(a) + f’(a)(z - a) - 

. / <n) (a). v . . (z - a) B+1 r f(t) dt 


r m dt 

Jc (l - a)" : 


(z - a)’ 


+ lc m dt 

Jc it - a) n+l (t - 


,/ < '‘ ) ( a ) r . \n , 


c _ m 5 _ 

z) 


Equation (2) expresses Ta} r lor’s theorem witli remainder R n +i, wdiere 
(z - a) n+1 r fit) dt 


B n 4-1 


(t - a)* +1 (l - 2) 


If we can show that R n +i approaches zero as n becomes infinite, we 
shall have series (1), convergent for z inside C. To do this, let r be 
the radius of C, and let | f(z) | ^ M on C (Fig. 111). Then since 
1 1 — a | = r for t on C, and | t — z | ^ r — | z — a |, we get from the 
inequality (6) of Art. 103, 


27r r n+1 (r — | z — a | 

Mr f\ z - a |\ n+1 
I z — a I V r ) 
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But | a: — a | < r, and therefore | R n +i | may be made as small as we 
please by taking n sufficiently large. Thus'Taylor’s series (1) is estab¬ 
lished. 

Sincfe series (1) for an analytic function of a complex variable is 
identical in form with the Taylor’s series for a function of a real variable, 
it is possible to define the various elementary functions of a complex 



variable by means of series which are also correct when the variable 
takes on real values only. For example, we have 


e ' = 1 + ‘ + * + ii + 


sin z 



z 2 z 4 z fl 

cosh 2 = 1 H-1-1-1-. 

2! 4! 61 

Consider next the series 


C\U + C 2 U 2 + *-h CnU n H— •, 

where u is a function of z. If this series converges for \ u \ < r t then 
evidently the series obtained by setting u = l/(z — a), 


Cl C2 

.j- i —j- 

~ ' \3 * 


i — a (z — a) 2 


(* - «)* 


(«) 


win converge for z outside the circle with center a and radius 1/r 
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Now suppose we have a ring-shaped region R bounded by two circles 
with centers at z = a and of radii r x and r 2 . Let the series /i(z) ■* 

c 0 + ci(z — a) ^ -1- c n (z — a) n H- converge inside the larger 

circle, and let the series/ 2 (z) = c_i(z — a)~ l + c_ 2 (z — a)* 2 H-b 

c_ n (z — a)~ n H-converge outside the smaller circle. Then Laurent’s 

theorem states that the function 


/(«) = /l(z) +/s(2) = C 0 + Cj o? - a) + c 2 (z - a ) 2 -I - 

+ c_,(z — a) -1 + c — 2(2 — a) -2 H- 

00 

= ^2 e „(2 - a)" (6) 

n = — so 

is analytic inside R. 

Laurent’s series (6) may be obtained in the general case by an argu¬ 
ment similar to that employed in deriving Taylor’s series (1); it is 
found that if C is a circle of radius r, where r x < r < r 2 , then the coeffi¬ 
cients c n of (6) are given by 


j_ r rn dz 

2vi J c (z - a) n+1 


(n = 0, ±1, d=2, • • 


(7) 


This formula, for n ^ 0, also gives the coefficients of the Taylor’s 
series (1). 

Let R be a region bounded by a circle C with center at z = a with 
the point a removed. If the Laurent expansion for f(z) in this region 
contains no negative powers of (z — a) and if /(a) — c 0 , i.e., if f(z) is 
then given by a Taylor’s series, the function f(z) will be analytic inside 
C, including the point z = a. If, however, the Laurent series docs have 
negative powers of (z — a), f(z) will not be analytic at z = o; wc say 
in such a case that z — a is an isolated singular point of f(z). If the 
number of negative powers of (z — a) is finite, and if (z — a) -771 is the 
lowest power, the singularity is called a pole of order rn ; if the number 
of negative powers is infinite, f(z) is said to have an essential singularity 
at z = a. 

To illustrate, consider first the function /(z) = cos z/z 2 . Since the 
derivative/'(z) = — (z sin z + 2 cos z)/z 3 exists for every point except 
z = 0, this function will be analytic everywhere except at the origin. 
Then for C any circle with center at z = 0, we have for the Laurent 
expansion 

cos z 1 1 z 2 z 4 

= P _ 2! + 4i _ 6! + ”’ 


so that this function possesses a pole of order 2 at the origin but else- 



452 


FUNCTIONS OF A COMPLEX VARIABLE 


[Chap. X 


where analytic, 
have the series 


As a second example, let /(z) = e llM , for which we 




1 

1 +- + 
z 


1 1 

^2! + ?3! 


+ ■••• 


In this case our function evidently has an essential singularity at z = 0. 

105. Residues. Let f(z) have an isolated singularity at z = a, and 
let its Laurent expansion be 

f(z) = c 0 + c x (z - a) + c 2 (z - a) 2 -\ - 

+ c —i (z - a)~ l + c_ 2 (z - a)” 2 H-. 

By the residue of f(z) at z = a is meant the coefficient c_i of (z — a)” 1 . 
Let C be a circle about the point z = a, and such that no singularities 
of /(z) other than z = a are inside C. By formula (7) of Art. 104, the 
residue is 

c-i = - 1 -. fm dz. (1) 

2m Jc 

As an example, consider the function /(z) = e^/z 3 , which has the 
Laurent expansion 

e* 1 1 1 1 z 

-^ = ^7 + -^ + — + — + — H-• 

z A z 3 z 2 2!z 3! 4! 


Then by definition, the residue at the pole z = 0 is .j. Otherwise 
regarded, for C a circle about the origin, the right-hand member of (1) 
becomes 


1 

2.t i 



1 r dz 1 r dz l r dz l r 

dz = — - + — I “r ”1“ ' I - + — I /i(z) 

2m Jc z 27ri Jc z 1 2m Jc 2z 27r; Jc 


dz, 


where fi(z) = -1-1-f ■ ■ • is analytic inside C. Now r by rela- 

3! 4! 5! 

tions (12) of Art. 102, the first two of the above integrals vanish, w hile 


1 r dz 1 
27 ri Jq2z 2 

moreover, I /i(z) dz — 0 by Cauchy’s integral theorem. Thus we 

J c 

again get for the residue, at z = 0, the value 
If z = a is a simple pole of /(z), i.e., a pole of order 1, the residue of 
/(*) at z - a is given by 


lim (z — a)/(z). 
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This important result, which materially simplifies the computation of a 
residue in a large number of cases, is easily proved. By hypothesis, 
f(z) may be expanded in a Laurent series of the form 

/(«) =-— + C 0 + Ci(2 - a) -f c 2 (z - a) 2 H- . 

z — a 

Then 

(2 - a)f(z) = c_j + co(z - a) + c, (z - a) 2 H-, 

and 

Iim (z - u)/(z) = c_ 1( 

z —> a 

which is by definition the residue of f(z) at z = a. 

Let R be a simply connected region within which f(z) is analytic 
except at isolated singularities z — a lf a 2 , ■ ■ ■, and let C be the 
boundary of R. Then the sum of the residues of /(z) inside C is given by 



For, let small circles C\, C 2 • • *, C n be drawn, each circle lying inside R 
and enclosing one singularity. Then, by Cauchy’s integral theorem, 
applied to the function /(z), which is analytic inside the region obtained 
from R by deleting the points interior to Cj, C 2 , ■ ■ -, C n , we get 

ff(z) dz - f f(z ) dz - f f(z) dz = 0, 

C %7C\ t/C„ 

where each integral is extended in the counterclockwise sense. Dividing 

this equation throughout by 2tt i, and noting that — f f(z) dz repre- 

2ni Jc k 

sents the residue of /(z) at z = a k} we get our result (2). 

Now suppose f(z) to be analytic inside the simply connected region R 
bounded by 0 curve C, and Iet,/(z) have a zero of order p* at the point 
z = a k within R (k = 1, 2 , - • •, ri) } i.e., 

/(z) = Ci(z — a t ) p * + c 2 (z - a*) Pt+1 -, c, ^ 0. 

Then 

/'(«) = Cip k (z - a*) p ‘ —1 + c 2 (p k + 1)(z - a*) p ‘ H- , 


and consequently 


m 


- ?L - + m, 

z - a k 


where F(z) is a Taylor’s series. Hence the residue of the function 
/'(z)//(z) at z = a* is p k) whence we get from equation (2), 


1 

2 iri 



Pn — N > 


(3) 
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where N is the total number of zeros of /(z) inside C, counting a zero, 
at z ** a*, pfc times in the usual way. 

Relation (3) may be used to prove that the Schwarzian transforma¬ 
tion of Art. 97 maps the interior of a closed w-polygon of n sides onto 
the upper half of the 2 -plane. In the first place, consider the linear 
transformation 


f = 7 


i + 2 


t(l ~ f) 

i + r 


(4) 


where f = £ + irj. Then 


i — 2 

lx 2 + y 2 + 1 - 2 y 

1 + 2 

~'x 2 + y 2 + l + 2y 


Hence the map of the x-axis, y — 0, is the unit circle in the f-plane, 
and, since | f | < 1 for y > 0, the upper half of the 2 -plane is mapped 
onto the interior of the circle | f | = 1 in the f-plane. Now let the 
points X\ } x 2 , ■ • ■, x„ of the x-axis correspond to the points fi, fu, • ■ •, f n 
on the circle | f | = I. Then we have 


z - x k = 



1 - ft 
1 + £* 


) 


—2t r-fa 

i + r* i + r ’ 


dz 


— 2 i df 

(i + r) 2 ‘ 


Substituting these expressions in equation (4) of Art. 97, we get, since 


(T -0 + (=-) + - + ( 7-0 


«l + a 2 + • ■ ■ + oc n 
-n 

TT 


(n — 2)w 


— n — —2, 


, _ g(-2t)~ 2 (f - f.r^- 1 (f - fn)‘ , " A ~ 1 (-2i < if) 

w d + nr 7 ’ -1 ••■(! + r„)“" 7 ’~ l (i + rr 2 a + r ) 2 

* K'n - nr*- 1 • • • (f - r n ) a ' /w - x ft, (5) 

where 

K , _ _«_ 

2(1 + fi)” 17 '- 1 • • • (1 + f™)"" 7 '- 1 

Since the Schwarzian transformation maps the ic-polygon onto the 
x-axis, while (4) maps the x-axis on the circle | £ | = 1, it follows that 
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the resultant transformation (5) maps the ^-polygon onto the circle 
| f | * 1 directly. Now suppose that w «■ w 0 is any point inside the 
^polygon. Then we have 

1 r dw 

— | -= 1 , 

2ri Jpw — Wo 

where the integration is taken around the w-polygon. But from (5) 
we get w as some function of f; let w — w 0 = /(f), so that 

-Lf™#-., 

2WJc/(f) 

where the integration extends over the circle | f | = 1. For f inside 
the circle C , dw/d{ as given by (5), and therefore/(f), will be analytic. 
Hence it follows from equation (3) that/(f) vanishes at just one point, 



f = f 0 , inside the circle <7, and consequently w = w 0 for f = fo. There¬ 
fore the point to = wq inside the ^polygon maps onto one and only one 
point f = f o inside the circle | f | = 1 , and since any such point f = fo 
maps, by (4), onto a point in the upper half of the 2 -plane, it follows 
that the Schwarzian transformation maps the interior of the closed 
^polygon upon the upper half of the 2 -plane, and conversely.' Now 
if the ^-polygon is an open configuration, as in the examples of Arts. 
98-101, we may introduce additional straight lines so as to produce a 
closed polygon, apply the preceding argument, and then allow the 
auxiliary lines introduced to recede to infinity in such a way that the 
given configuration results. Thus, in the example of Art. 98, lines 
Li and L 2) parallel respectively to the coordinate axes as shown in 
Fig. 112, will complete a square to which our argument applies; if we 
then suppose L\ and L 2 to move indefinitely far to the right and upward 
respectively, the square field becomes the given field covering the first 
quadrant. 
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One of the principal uses of the theory of residues is in the evaluation 
of certain definite real integrals.* As a first example, let it be required 

to evaluate the integral , 

r m e* /s dx 

X. 1 + e* ’ ® 

where x is real. We may do this by evaluating in two ways the contour 
integral 

( 7 ) 


J r e z,a dz 
c l + e gi 


where C is the contour shown in Fig. 113, consisting of the z-axis and 
the lines x = db A, y = 2ir. Our first method is to apply equation (2), 
as follows. Inside C f the only value of z making 1 + e® vanish is 



z « td\ hence this point is the only singularity of the integrand /(z) 
■■ e* /3 /(l + e*) within the contour. Developing e* /3 and (1 + e?) in 
Taylor's series about the point z =* iri, we find 

e* /3 - e wi,s + §e" /3 (z - ici) +. - ■, 

1 + e* = 0 — [z — ?rt) — \{z — 7r0 2 -. 


Consequently we get by division, 


/M 


e g/s e”* 1 

-=- : + - e r ' ,z + • 

1 —f“ C* Z — 7rt 6 


whence we see that f(z) has a simple pole at z = tt with a residue 
-a" 73 there. Therefore we have, by (2), 


1 r e zlz I 

2iri Jc 1 4" 


i l/8 dz 

P 


( 8 ) 


* Numerous examples will be found in T. M. M&oRobert, “Functions of e Com¬ 
plex Variable." 


Art. 1051 RESIDUES 

The second method, which is direct line integration, gives us 
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r e* /3 dz _ C A e* 13 dx C 2r 
Jcl + e‘~J- A l + e’ + V 0 H 

r -a p H(x 

+ f. - 


■2t ,KU+« dy 
1 + e x+< ‘' 


r~ A e* (l+2r ° dx f° 

+ J A IT? + 'L 


,K\-A.+iv) . 


Now (Fig. 114), for a and /3, any two complex numbers, with | a | | 0 |, 

a-f-0 



Fia. 114 


shave |a + /}| = |n| — | /8 so that | e A+iv + 1 | S e A - 1. Also, 


| e HU+«> I = e A /3 


and therefore we get for the integrand in the second integral above, 


| 1 + e A+iv \ - e A - 1 
Similarly, we have for the integrand in the fourth integral, 


Hence, if we allow A to become infinite in (9), we get, since the right- 
hand members of (10) and (11) approach zero, 


r e z/3 dz 

r- <? l3 dx p 

if 13 dx 

Jc 1 + e* 

-J-.l + e* + e J- 

1 + e* ’ 

and 



1 r e ti3 dz 

1 - e Hwi f- e 1/3 dx 


2iri Jq 1 + 6* 

2 iri J-* 1 + e* 


Combining (8) and (12), 

there is found 


r*> e* 13 dx 

2irie ril3 tt 

2tt 

J— 1 + 6* ’ 

1 _ (fiTiia ~ gin ( x /3) 

= VT 


This integral may also be evaluated directly; the student should verify 
the result. 
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Aa a aocond example, we obtain Peirce's formula 484, with m — I, 


sin x t 

- dx = — 

? 2 

To do this, we consider the contour integral 

j -dz, 

Jc * 



(14) 


(15) 


where € consists of the x-axis from —A to —a, the upper small semi¬ 
circle | 2 | = a, the x-axis from a to A, and the upper large semicircle 
| z | « A (Fig. 115). Since the function e^/z has no singularities 



inside C, its only singular point being a simple pole at z = 0, the inte¬ 
gral (15) has the value zero. Therefore 


/;m 


(ooa 0+i sin 8) 


Now 


+ f A — dx+C'ie iA {0 “de = 0. (16) 
J a X J o 


| (oos •+» sin 8) j | ^ — A sin 0+tA oos 8 j _ A sin 9 


and hence we have for the fourth integral, I 4 , above, 



— A sin 8 



de. 


—A sin 9 
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But for 0 g 0 g ir/2, (sin 6)/0 ^ 2/V, so that 



-2 AB/w 


d$ 


71 . 

7 a - 

A 


and therefore J 4 approaches zero as A becomes infinite. Also, as 
a—>0, the second integral, I 2 , approaches — iir, and so we get in the 
limit, 


r e ix „ix 

— dx + I — dx = iir. 
• X Jo X 


(17) 


If in the first of these integrals we replace x by — x, we find 



whence 


and (14) follows. 



2 i sin x 

- dx = iir, 

x 


(18) 


PROBLEMS 


1. (a) If R is a region bounded by a single closed curve C, show that the area 
of R is given by 


»x 


{xdy — y dx). 


(6) Using this result, find the area of an ellipse. Hint: Take the parametric 
equations of the ellipse. 

2. Derive formula (8) of Art. 102. 

3. Assuming that a function/(z), analytic inside a circle C of radius r and center 
a, may be developed in a series of the form 

/(z) - co + ci(z - a) d-H c„(z - o) n - • •, 

show that 

m 1 f f(z)dz ^ / (n) (o) 

2ir i Jc (z — fl) n+1 n! 


Using the inequality (7) of Art. 103 show directly that the series converges uniformly 
for | z — a | < r. 

4. If/(z) is analytic inside a circle C with center at z «= o, and if /(z) has a simple 
aero at z — a, so that 


show that 


/(«) - ci(z - a) + a(z - a) 2 d-, a * 0, 


1 C zf\z) 
2 ri Jc f(z) 


dz. 


B. Find the residue of the function/(z) - l/(z 8 + l) 2 at each of its singularities. 
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6. By contour integration, show that for n a positive integer 

r w [0 if n is odd, 

cos n x dx = 11 3-5- ■ ■ (n — 1) . 

--2x if n is even. 


Hint: Set cos x m \{w + l/w), where w «= e ix , and integrate along the circle of 
unit radius centered at the origin of the complex tz^plane. 

7. Show that (Peirce, 490) 

J r® cos mx xe~ m 

o 1 + x 2 2 

for m > 0, by integrating the function e xmt /\\ + 2 2 ) along the contour consisting 
of the x-axis from —A to A and the upper semicircle \z \ — A. 

8 . Given f e~ xt dx «■ V^x/2, obtain the Fresnel integrals (Peirce, 487), 

Jo 


J f cos x 2 dx = f sin x 2 dx 
o Jo 


by integrating the function e ~ x * along the contour consisting of the x-axis from 
0 to A, the arc of the circle | z | — A from 0 = 0 to 0 ™ x/4, and the line 9 — w/4 
from I z I — A to 0. 


9. Given f e~ st dx « VT/2, show 1 
Jo 


JV“ 


cos 2 bx dx 


y/r e -#1 


by integrating the function e~*’ along the rectangle with sides y = 0, y = l 
x — ±A. Cf. Peirce, 508. 

10. By integrating c“*/cosh xz along the rectangle with sides y — 0, y — 1 
* — ±A, show that 


r" 

J-« cos) 


— - dx = sec - ( —x < a < x). 

cosh xx 2 



CHAPTER XI 


Operational Calculus 


106. Introduction. In Chapter I, Art. 9, we introduced the concept 
of an operator D, denoting differentiation with respect to the independ¬ 
ent variable. This operator was found to be a powerful tool for the 
solution of linear differential equations with constant coefficients, and 
it was therefore employed in a number of our problems. 

We propose in this chapter to study operational methods and their 
application to engineering work in more detail. The culmination of 
our work will be what is known as the operational calculus, initiated 
by the engineer Oliver Heaviside, and used by him in the solution of 
a variety of physical problems. 

Unfortunately, Heaviside’s treatment * of operators was somewhat 
unsystematic and lacking in clarity, so that it is rather difficult to follow 
his methods and to be sure of their validity. However, Bromwich,f 
using the theory of functions of a complex variable, and Carson, J by 
means of integral equations, have given rigorous proofs and connected 
accounts of Heaviside’s methods. 

In Part I, we examine an integrating operator as a basis for Heavi¬ 
side’s methods, which we then use to solve electrical network problems. 
In Part II, we consider Bromwich’s line integrals § and their connec¬ 
tion with and application to the Heaviside techniques. Laplace trans¬ 
forms, which have recently been extensively used in operational work, 
are briefly treated in Part III. 

PART I. ELEMENTARY OPERATIONAL METHODS 

107. The operator Q. Consider the linear differential equation of 

first order, , 

dy 

-j- — Fy + G, (i) 

dt 

*0. Heaviside, “Electromagnetic Theory,” 3 vols. 

t T. J. I’A. Bromwich, “Normal Coordinates in Dynamical Systems,” Proc. 
London Math. Soc., 1916. 

t J. Carson, “Electric Circuit Theory and the Operational Calculus." 

5 See H, Jeffreys, “Operational Methods in Mathematical Physics.” 
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where F and 0 are functions of t only. Suppose F and G bounded in 
the interval 0 ^ t ^ t 0} so that | F | ^ A, | G | g A\ for 0 ^ t £ fo, 
and assume these functions integrable over this region. AVe shall seek 
the solution of equation (1) which is such that y = y 0 when / = 0. 
Let Q be an operator which, acting on a function g(t) } yields the definite 
integral of g(t) between the limits 0 and t, 

Q g(t) = f gif) dt (2) 

Operating on both members of (1) with Q, we then have 
V — 2/o = Q (Fy + G), 

(1 - Q F)y = y 0 + Q G, (3) 

or 

y = yo + QO + Q Fy. (4) 

Here the symbol Q Fy means that y is to be multiplied by F and the 
product operated upon by Q. Equation (4) is evidently equivalent 
to the original differential equation (1) together with the condition 
y ] t **o = yo- If we substitute for y in Q Fy the entire expression for y 
as given by (4), we get 

y — yo + Qf? + QE(2 /o ■+■ Q G 4- Q Fy) 

= (yo + Q G) + QF(y 0 + Q G) + (Q F) 2 y, (5) 

where (Q F) 2 y is merely a short way of writing QFQFy, and means that 
Q Fy is multiplied by F and the resulting product operated upon by Q. 
Again substituting the expression (4) for y in (Q F) 2 y, (5) becomes 

y * (yo + Q G) + QF(y 0 4- QG) + (QF) 2 (yo + QG) + (QF)V 

Continuing this process, we are led to the infinite series 

y = [1 + QF + (Q F) 2 + ■ • - + (Q F) n + • • -Ki/o + Q G). (6) 

Let us examine this series. For the range 0 £ t £ to, we have | F | ^ A; 
also, since \ G\ £ A lf it follows that | y 0 4- Q G | ^ B. Then 

I QF(yo 4" QG) I = | J F(y 0 4- QG) dt 


£ ABt , 




as may be easily shown by induction. Consequently the terms of 
series (6) do not exceed numerically the corresponding terms of the 
series 

( A 2 t 2 A n t n \ 

B(l + A' + —+ ■■■+ —+ ■■■), (!) 

which evidently converges for 0 ^ t ^ an d in fact represents the 
function Be At . Hence, by this comparison test, the series (6) converges 
to some function y(t). Substitution of (6) in (4) shows that this func¬ 
tion y(t) satisfies the differential equation (1) and also the condition 
y a* j/o when t = 0, so that we have in (6) a solution of our problem. 

Now the series in brackets in equation (6) is the formal expansion of 
(1 — QF)” 1 . We may therefore write symbolically, in place of (6), 

V = -—— (2/o + QG)- (8) 

1 - Q F 

But this is merely the solution of equation (3) carried out as if 1 — Q F 
were an algebraic quantity. Thus the integrating operator Q may in 
this case be manipulated formally if we agree that the symbolic relation 
(8) is a shorthand way of writing the series solution (6). 

The operator Q may also be profitably made use of in connection 
with certain differential equations of order higher than the first As an 
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example, consider the Bessel equation of order zero (equation (1), 
Art. GO), 

d 2 y - dy 

t ^ + 7t + tv = 0 ' (9) 

and let the accompanying conditions be that y = 1 and dy/dt = 0 when 


d ( dy\ dry dy 

— 0. Since — 1 1 — ] — t —r H-, (9) may be written 

dt\ dt) dt 2 dt 

d ( dy\ 

Applying the operator Q to this equation, we get 


as 


and 


dy 

t— = -Q ly, 

at 

dy 1 


A second application of Q then gives us 

1 

y - i = -Q-Q to¬ 


rn 


Replacing y in the right-hand member by its value as given by (10), 
we have successively 

y = l- QyQ<(l-Qy Qtyj 

= 1 "^ + ( q 7 q< ) 2 ( 1_q 7 


e ? e n 

2 2 + 2 2. 4 2 •■•+( 1)B 2 2 -4 2 ■ • ■ (2n) 2 


(ID 


which is the familiar expansion of Jo(t). 

Before continuing with our investigation of operational methods, let 
U8 first take stock, so to speak, and determine what advance we have 
made by introducing the operator Q. As was pointed out in Chapter 1, 
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the use of the differential operator D enabled us to shorten markedly 
the labor of finding the general solution of a linear differential equation 
with constant coefficients. Now in our physical applications, we are 
usually not interested so much in the general solution of a differential 
equation as we are in a particular solution satisfying given initial or 
boundary conditions. Hence a method which leads us directly to the 
desired particular solution, without having to determine, as a separate 
problem, the proper values of the arbitrary elements in the general 
solution, is more desirable from the standpoint of the engineer. As far 
as the linear equation of first (and sometimes higher) order is concerned, 
we have seen that the use of an integrating operator does have this 
advantage of directness. 

On the other hand, it may seem from the form of the solution (6) that 
the Q-method has the disadvantage of always yielding a series represent¬ 
ing the required function of t, instead of a solution in finite form which is 
usually more convenient to handle in computational work. However, 
we shall see that it is possible in many specific problems to obtain finite 
expressions for our results; in Other cases, the series form may be the 
best obtainable by any process. 

Having discussed the linear equation of first order and with variable 
coefficients, we next consider the linear equation of second order, 

d 2 y dy 

a ° Ti + a i T a 2V = (°o ** 0)* (12) 

dt 2 di 

in which the coefficients a 0 , ai, a 2 are constants and T(t) is any bounded 
and integrable function of t for 0 ^ t ^ fo, accompanied by the initial 
conditions 

dy 

y = 2/o, — = Vi, (13) 

dt 

for t = 0. Operating upon (12) with Q, we get 

+ ai (V - Vo) + <* 2 Q2/ = Q T, 
or 

dy 

a 0 — + a\y + a 2 Q V = ao2/i + aiZ/o + Q7 7 . 
dt 

A second application of Q then gives us 

<k>(y — yo) + fl iQ y + <hQ 2 y = floQyi + 01Q2/0 + Q 2 T, 

or 

(oo + oiQ + °2Q 2 )y * (oo + oiQ)vo + ooQi/i + Q 2 r. (14) 
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For convenience, let 0(Q), 0o(Q), 0i(Q) denote the operators acting 
upon y, Voj y\ respectively. Now, remembering that oo j* 0, the func¬ 
tion 


0(s) oq + diZ + a 2 .z 2 ’ 


where 2 is a complex variable, may evidently be represented by a 
Maclaurin series in 2 . If we operate on both members of equation 
(14) with the corresponding operator series </> _1 (Q), we get, since 

* _1 (Q)*(Q) - 1 . 

v =* 0 _1 (Q)0o(Q)yo + ^~"HQ)^i(Q)yi + 0 -1 (Q)Q 2 ^ (15) 

When the indicated operations in (15) are carried out, we thus obtain a 
series solution of equation (12), satisfying the conditions (13). The 
convergence of the resulting series may be established following the 
procedure employed for series (6), and consequently (15) will ben valid 
solution of our problem. 

Symbolically, (15) may be written 


V = 


0o(Q) 0i (Q) 

~m> Vo + ~m) Vl 


+ -^—QT 

*(Q) y 


( 1 «) 


Nqw since, for c a constant and u and v any permissible functions • of 
t, we have 

Q(cu) = cQ(u), 


Q(u + v) = Qu + Qv, 

Q m Q n u = Q n Q m u = Q m+n u, 


where m and n are positive integers, we see that Q behaves in these 
manipulations as if it were an algebraic quantity, just as the differential 
operator D was found so to behave in Chapter I. This suggests that we 
may express the solution y by resolving the fractions in (16) into partial 
fractions. We shall suppose first, for simplicity, that a 2 ^ 0, so that 
each of the fractions in (16) is a proper fraction, i.e., one in which the 
degree of the numerator is less than that of the denominator, and that 
the roots of 4>(z) = 0 are distinct. Then each of the fractions 0o/0> 0i/0 
may be resolved into a sum of partial fractions of the form 

A 

i--*r 

• Here, as in all the cases in which the operator Q is employed, it is assumed that 
the functions operated upon have the properties stated at the beginning of this 
article. 
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where 1/r is a root of 4>(z) = 0. We have then to interpret the expres¬ 
sion 

Y\ = -—~~rAyk (fc = 0 or 1). (17) 

1 — rQ 


This is evidently of the form (8), and therefore yields 

Y\ = [1 + (rQ) + (rQ) 2 H— -]Ay k 

[ irt) 2 0 rtf 

- Ay k 1 + (rt) + + 


2 ! 


3! 


“ Ay k e rt . 


(18) 


Thus each of the first two terms of the right member of (16) may be 
interpreted as a sum of exponential functions of t, the coefficients of 
which may be found by the method of partial fractions. Similarly, the 
last term of (16) will yield a sum of terms of the type 


Y 2 = 


A 


1 - rQ 


Q T. 


(19) 


By equation (8), with yo = 0, Y 2 is the solution, vanishing with t, of the 
differential equation 



AT. 


We easily find, by the usual process, 

Y 2 = Ae ri QTe - rt , (30) 

and therefore the last term of (16) may be interpreted. 

In case a fraction in (16) is not proper, it may, by carrying out the 
indicated division, be reduced to the sum of a polynomial in Q and a 
proper fraction. The polynomial in Q will yield a polynomial in t 
upon interpretation, and the proper fraction may be treated as indicated 
above. The case in which the equation = 0 has multiple roots 
requires that the above procedure undergo certain modifications, which 
we shall not stop to discuss. 

Linear equations of higher order and with constant coefficients may 
evidently be similarly treated, and it is not necessary to give a detailed 
discussion of the general equation. Our purpose here has been merely 
to indicate the manner in which an integrating operator may be em¬ 
ployed, and to lead into the discussion of Heaviside’s methods. 
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For the sake of making the above argument mere concrete, and to 
create facility in the use of operators, we give an example of the process. 
Let the given equation be 


d £ y dy 
~ 6 dt 


+ 2 ym l2e-\ 


and let the associated conditions be 


»].-■ * - 4 ' !L-» -*■ 


Then equation (16) is here 


1 - 3Q 


4 + 


Q 


1 - 3Q + 2Q 2 “ ' 1 - 3Q + 2Q 
We readily find 

1 - 3Q 2 


? 5 + rr 


Q 


3Q+ 2Q 2 




1 - 3Q + 2Q 2 1 - Q 1 - 2Q ’ 

Q 11 


1 - 3Q + 2Q 2 1 - Q 1 - 2Q 


Hence we get 


1 - 3Q 


1 - 3Q + 2Q 2 
_ Q 

1 - 3Q + 2Q 2 


4 = 8e‘ - 4r‘ 

5 = —5c* + 5c 2 * 


Q 


1 - 3Q + 2Q 2 


Q(12e ') = -e t Q,(12e~ t -e- t )+e‘*Q(12e- t e- 2t ) 
= — 6e* + rye~ l + k 2 ‘ - 4e~‘, 


whence the required solution is 

y = 2e~* - 3e* + 5e\ 


PROBLEMS 

Using the methods of Art. 107, find the solution of each of the following differential 
quations, subject to the given conditions. 

1* - ty + 6f — 3t*; y - 0 for t - 0. 

at 

6. ~ — 2y + e 31 ; y ■■ 1 for t - 0. 
at 
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- -land^j-4 for t - a 

4. — y — fle**; y — 8 and ~r ~ —5 for < •* 0. 

of* CW 

5. S + ^ — 2y — 2(1 + t — l 2 ); y - 0 and ^ - 3 for t — 0. 

or cm at 


108 . Heaviside’s operator p. The procedure outlined in Art. 107 is 
substantially that employed by Heaviside in connection with a system 
of differential equations arising in electric circuit theory. Heaviside’s 
notation for our operator Q was p -1 ; this symbol, which he regarded as 
the inverse of the differential operator p = d/dt, is somewhat more use¬ 
ful in application, since it allows for the joint use of differential and 
integrating operators in the same problem. 

However, when applying both p and Q to a function, care must'be 
taken. For, while p and Q separately satisfy the fundamental laws of 
algebra, they are not necessarily commutative with each other. Thus, 

d r* 

pQ g(t) = — I g(t) dt = g(t), 

dt J o 

but ^ 

QP 9(t) = f dt = g(t) - g{ 0), 

Jo 

so that unless g( 0) = 0, pQg and Qpp have different meanings. 

In order to make p the true inverse of Q, it is therefore necessaiy to 
stipulate that, whenever p and Q both appear in an operator, the p 
operations should follow the Q operations. 

Even with this understanding, the symbol p should not always be 
interpreted as d/dt directly. For, suppose that we operate upon equa¬ 
tion (14) of Art. 107 with p 2 ; then we have 

(flop 2 + aiP + <h)y = (aoP 2 + O!p)yo + ooWi + T. (1) 


If, now, we first set p = d/dt in the right-hand member of (1), and then 
divide by the operator F( p) = ooP 2 + oip + a 2 , we get, since p m y* - 0, 
merely 

1 


V 


F( p) 


T, 


and the effect of the initial conditions has been lost. Instead, we 
should divide by F(p) first, getting 

Jo(p) , Ji(p> 


1 
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where Fo(p) and Fi(p) are the operators acting on yo and y\ respec¬ 
tively in (1), and then interpret the operators in equation (2) properly. 

What should be the proper interpretation of the operators in (2)? 
The answer to this important question is easily found in the light of our 
discussion of Art. 107: Expand the fractions Fo/F and F\/F in series 
of negative powers of p, interpreting p - " as Q m . This procedure will 
then be entirely equivalent to the Q-method f with merely a different 
symbolism. 

In a specific problem, for which we desire a solution in finite form, 
the conversion from the p-method to the Q-method may of course be 
made directly. For example, equation (2) for the problem of Art. 107 
will be 


P 2 - 3p - p 

y = -4 H- 

p 2 - 3p + 2 p 2 - 


3n 4- 9 


5 + - 






• 12e 


,—t 


(31 


Dividing numerator and denominator of each fraction by p 2 , and replac¬ 
ing p~* by Q, p -2 by Q 2 , we get 


1 — 3Q 


;4 + 


Q 


5 + 


Q 


1 - 3Q + 2Q 2 1 - 3Q + 2Q 2 1 - 3Q + 2Q 


; Q(120, 


which is identical with our previous formulation. 

If, on the other hand, we were to expand the fractions in equation (2) 
in positive powers of p, we would get the wrong result. To illustrate, 
consider again the above problem. Referring to equation (3), we would 
have 

P 2 — 3p 3 7 „ 


3p + 2 


-P* “• 


P 1 , 3 2 , 

p 2 -3p + 2 = i P + i P +•••' 

1 1 , 3 _ 

p 2 - 3p + 2 " 2 + 4 P+ ‘"' 

y = (—Ip - ip 2 -)4 + (ip + Ip 2 + • 

+ (i + fp+-")12e _1 


■)5 


= 6e~' - 9e~‘ +■■■. 

But this infinite series is entirely meaningless. 
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Moreover, while the series in positive do were of Q operating on T(t) 
always yield convergent series, this is not alwayB true of series in powers 
of p. Thus, consider the expression 


If we write 


P - 1 




P ~ 1 


= -(! + p + p 2 H-hp n "i H-), 


we get 


- 1 2 L4 8 

, 1-3-5 ■ (2n - 1) 1 

+ (-1)"” 1 -^TI-- ^ 2W+1)/2 + ‘ • * J 


Applying Cauchy’s ratio test to this series, we find 


lim 


^n+1 


= lim 


2 n + 1 


2 1 


so that the series diverges for all values of t. On the other hand, we have 

1 * = (Q + Q 2 + ---+Q"+ ••■)** 

p - 1 1 - Q 

. - +— p+■ ■ ■+—-— /‘ 2 " +i)/2 +• • •, 

3 15 105 3 ■ 5 ■ 7 ■ ■ • (2n + 1) 


whence 


lim 
n -►» 


ttn+1 

U n 


2 1 

= )im - 

n —»« 2 n + 3 


= 0, 


and therefore this series converges for all values of t 

It is therefore apparent that the operator Q, or p” 1 , is fundamental 
when we wish to solve a differential equation subject to given initial 
conditions. 

In view of what has been said about the operators p and Q, it is 
natural to ask why the operator p should be employed at all. One 
answer to this question is found in the historical background of the 
subject of operational calculus. Heaviside, using the operator p boldly, 
was able to obtain many important physical results in a much easier and 
shorter manner than had been previously possible, and later workers in 
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the field of operational analysis followed Heaviside’s technique in 
extending the applicability of his operators, or established the validity 
of Heaviside’s results by giving them a firm mathematical foundation. 
Another reason for not abandoning the operator p is that, as has been 
already stated, this operator is frequently the simpler to use in our 
physical applications; this will become more apparent as we continue 
our study of operational methods. 

Let us now interpret some particular operators acting on unity. To 
begin with, we have, as has been seen, 


and in general, 


p-M 




Q-i - 1 , 




( 4 ) 


where n is any positive integer. Likewise, we get 

—■ 1 *= ■ 1 - (1 + oQ + a a Q a + • ■ •) '1 

p — a 1 — aQ 

a¥ 

= l + ai + — + ... 

- «“• (5) 

If we differentiate the relation (1 — aQ)” 1 -! « e? 1 partially with 
respect to a, we get 

Q(1 — aQ)” 2 -l « te af , 

2Q 2 (1 - aQ)” 8 -! = fV‘, 

3!Q 8 (1 - aQ)- 4 .! - 

and in general, 

(n - lJlQ^Cl - aQ)”"-! - 

whence 

Q"” 1 p 

(1 - aQ) n 1 (p - a) n 1 (n - 1)! ^ 

This formula may also be obtained by direct expansion and interpreta¬ 
tion. 

We next consider the rational function /(p)/F(p), where /(p) and 
F( p) are polynomials in p, and the degree of /(p) does not exceed that 
of F( p). Let ai, 02 , • • -, On denote the roots of F(z) « 0, which we 
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m 


suppose to be distinct and different from tero, and let F"(<n) denote the 
value of dt'(i)/dz for z — a*. Then Heaviside’s expansion theorem 
states that 

<t> 

^(P) ^(0) (a k ) 

To prove this theorem, consider the resolution of /(p)/pF(p) into 
partial fractions,* 


Then 


/(p) 

P^P) 


+ 


A, 


■dp A+ 

P P ~ p — ag 


f ••• + 


pF(p) 

/(P) -^(P) 


P ~ On 
P^(P) 


P “ ft 


P - ai 

Setting p = 0, we get/(0) = AqF(0), so that 

4 AO) 

An -- 

m 

Likewise, for p = a k , there is found 

-m 

F( p) dp 

f(a k ) « Atflt lim -= Atat Inn —- 

p — ah p — a* p -» a* a 


whence 


Ak 


A k a k F'(a k ), 

Aft) 

ftF'(ajt) 


— (P “ ft) 
dp 


(k = 1, 2, • • n). 


Inserting the values found for Ao, Ai, • • •, A n , in the partial fractions, 
and multiplying throughout by p, we have 

Ap) = AQ) Aft) p 

F(j>) ~ F( 0) p - a*' 


Finally, interpreting p as d/dt> and operating on unity with/(p)/F(p), 
we get, using formula (5), the Heaviside expansion theorem (7). 

There exist modifications of equation (7) for the cases in which 
F{z) = 0 has zero or multiple roots. However, we shall not have suffi¬ 
cient need for these special formulas to warrant their derivation in 

* Temporarily, p may be regarded as an algebraic quantity, and interpreted as an 
operator in the final result 
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general terms. If, in a particular case, Home of the a’s are equal or zero, 
the resolution of /(p)/pF(p) into partial fractions will contain terms of 
the form A/(p — dk) m t where m is an integer greater than unity. 
Then /(p)/F(p) will contain terms of the form A/p m ~ l or of the form 
Ap/(p ~ a*)” 1 , which can be interpreted by means of formulas (4) and 
(6), respectively. 

We now apply (7) to the interpretation of a few operational formulas. 
Consider first the operator p/(p 2 + a 2 )- Here /(p) = p, F( p) = p 2 
+ a 2 = (p — fa)(p + ia), so that we get 


P ta 

—- 1=0 +- 


p 2 + a 2 


+ 


0 —iat 


ia • 2ia (— ia) (— 2ia) 


1 1 

-= - sin at. 

a 2 i a 


(S) 


As another example, consider the operator p 2 /(p 2 + a 2 ). Here we 
have „ ... 


p 2 + a 2 


1 = 0 + 


+ 


—a 


— id t 


ia ■ 2 ia (— ia) (— 2 ia) 

c iat + e~ iat 


2 

= cos at. (9) 

Note that if we interpret p as d/dt, formula (9) may be obtained directly 
from (8). This interpretation of p, however, is not always valid, as 
we have seen. 

By changing a into ia in (8) and (9), we get the additional formulas, 

P 1 

— -- • 1 = - sinh at, (10) 

p 2 — a 1 a 

p 2 

— -- • 1 = cosh at. (11) 

p~ — a 

An interesting application of formula (8) is found in the following 
resonance problem. A simple pendulum, originally hanging in equi¬ 
librium, is subjected to a force varying sinusoidally in a period equal to 
the natural period of the pendulum, assuming the natural period to be 
constant and independent of the amplitude of swing; find the angular 
displacement 9 at any time t. Here the differential equation of the 
motion is evidently 
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where a and A are constants. Now let us use equation (8) backwards, 
so to speak, that is, let us replace sin at by the equivalent operational 
expression. Then we have 


A t 
5? + '* 


op 


P 2 + O 2 


1. 


Since B — dd/dt — 0 for t — 0, we may write the solution of this equa¬ 
tion in the form 

ap 

B - A - ■ - ■ • 1 . 

(P 2 + a 2 ) 2 

Now the right-hand member may be interpreted as follows. Differ¬ 
entiate equation (8) partially with respect to a, getting 


Then 


and 


—2ap 

(p 2 + a 2 ) 2 
ap 

(P 2 + a 2 ) 2 


t 1 

1 = - cos at -- sin at. 

a a 4 


1 ■* —^ (sin at — at cos at), 
2 a J 


A 

$ = —- (sin at — at cos at). 
2a a 


( 12 ) 


Our problem, incidentally, has furnished us with a new operational 
formula (12). Despite its novel derivation, it is valid, as the solution 
of Problem 8 below will show. Other new operational formulas may 
be similarly obtained and justified. 


PROBLEMS 

In Exercises 1-5, use the methods of Art. 108 to find the solution of each differ¬ 
ential equation, subject to the given conditions. 

l-^ + V-2;v-land^-l for < - 0. 

9. ^ + v ~ 2 sin I; v — — 1 and ^ — 2 for < — 0. 
dr at 

* S - t - 6 e ” ; v " 6 1"- 2 -“ d §- 6 fort -°- 

4 g + g. 2;v -3,f-I,and§-- 2 for t — 0. 

™ d $-° for ‘- a 
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6. By expanding Q^/fl — oQ) n in a aeries of positive powers of Q, and operat¬ 
ing with the aeries on unity, derive formula (6) of Art. 108. 

7. Derive the operational formula 

, - 1 + (ot - 1)*" 

(p - a) 1 

by operating upon both membere of equation (6), Art. 108, with p _l . Justify the 
procedure. 

8 . Derive formula (12) of Art. 108 by resolving the operator into partial frac¬ 
tions and then using the result of Problem 7. 


Derive the following operational formulas. 


9. 



-(«•* — l). 

a 


1 a — b + be at — as** 

1 " (p - a)(p - b) 1 ab(a - 6) 


12 . 


QP 

(p + b ) 2 + a 2 


•1 


— e~ bt sin af. 


18. 


_2_i 

(p + fc) 2 - o 2 


14. 


P 2 +_ bp . 
(p + fc) 2 + o 2 


16. 


P 2 + bp 
(P + b) 2 - a 2 


e~ bl sinh at. 

cos at. 
c -6 * cosh at. 


109 . Electrical networks. In Chapter I, Art. 14(d), we considered 
some simple electrical circuits containing a source of e.m.f. and the con¬ 
stant parameters, resistance R , inductance L, and capacitance C, of the 
circuits. We now proceed to set up the differential equations of more 
complicated circuits or combinations of circuits, and to solve these 
equations by operational methods. 

Our formulations and results, although couched in the terminology of 
electricity and referring principally to electrical circuits, may be inter¬ 
preted also in connection with analogous mechanical, thermodynamic, 
or aerodynamic problems.* 

By an electrical network is meant a coupled group of circuits made 
up of branches each of which may contain resistances, inductances, 

•See, for example, V. Bush, “Gimbal Stabilization/' Jour. Franklin Inst., 
August, 1919; O. G. C. Dahl, “Temperature and Stress Distribution in Hollow 
Cylinders,” Trans. A.S.M.E ., Vol. 46, p. 161, 1924; R. T. Jones, “Calculation of 
the Motion of an Airplane under the Influence of Irregular Disturbances,” Journal 
of Aeronautical Sciences , Vol. 3, p. 419, 1936. 
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capacitances, and sources of e.m.f. in series. Coupling may consist of a 
physical connection by means of a current-carrying conductor, or it may 
be electromagnetic in nature, as between the primary and secondary of 
a transformer. 

We shall denote resistance, self-inductance, and capacitance by the 
lettem R, L , C, respectively, and shall use single subscripts to denote the 
branches to which these parameters belong, as indicated in Fig. 116. 



When two branches are coupled electromagnetically, as are the second 
and third branches in Fig. 116, we use the letter L with double subscript 
to denote the parameter of mutual inductance; this inductance may be 
positive or negative, depending upon the relative mode of winding of the 
two coils involved. A source of e.m.f. in any branch is denoted by E 
with the proper single subscript. Currents flowing in the various 
branches are designated by i with suitable single subscripts, and their 
directions of flow are arbitrarily assumed and indicated by arrows, as 
in Fig. 116. 

One branch, or two or more branches in series connection, may 
constitute a mesh or circuit; thus, in Fig. 116, branches 1 and 2 consti¬ 
tute one circuit, branches 1 and 4 a second circuit, branches 2 and 4 a 
third circuit, and branch 3 alone a fourth circuit. 

Kirchhoff’s current and e.m.f. laws,* upon which all network analyses 
rest, may be stated as follows. 

I. At any junction point of three or more branches, the algebraic sum 
of the currents, considered as positive when flowing toward the point 
and negative when flowing away from the point, is zero, 

II. The algebraic sum of all the e.m.f.'s and potential drops around 
any circuit is zero. 

To illustrate the classic procedure for any given network and to 
lead up to the general operational analysis of circuits, we apply Kirch- 

* These laws, restated here for convenient reference, were given also in Art. 
14(d). It is assumed that the method of applying the second law to simple dreuite 
is familiar to the student 
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haft’s laws to the network of Fig. 116. For either of the junction 
points of branches 1 } 2 , and 4, law 1 gives us the relation 

*i = %2 + H- (1) 

Law II applied to the circuits made up of branches 1 and 4, 2 and 4, and 
3 , in turn yields the further relations 


If If. d*i 

#i*i + RtU -|- — I h dt + ~ J *i dt + Li — =» E\, 
C 4 J Ci J dt 

dz <2 dt 3 1 [* _ 

#2*2 + ^2 —-h ^23 ^-~ I *4 dt — #4*4 ” 0, 

at dt L>\ J 

If d/3 d 

#3*3 + ~ I *3 A + L 3 —-h L 2 3 — = 0. 

C3 J dt dt 


( 2 ) 


We need not write the equation for the circuit consisting of branches 
1 and 2, since this relation may be obtained by adding the first and 
second of equations (2). If, now, we make use of equation (1) to 
eliminate u, our network e.m.f. relations (2) may be written in the 
form 


Li — + (#i + #4)*i + + C~)J* 11 ^ ~~ ^ ■" Ei> 

If. di 2 

“ #4*1 — — \ i\dt L 2 —h (#2 + #4)*2 
C 4 •/ uf 

1 f d*3 

+ -J t2 * + L 2 a- = °, 

di 2 ch ‘ 3 1 f 

L 2 3 ——h L 3 — - —b #3*3 + ~ I *3 dt * 0 . (3) 

of of C 3 

Equations (3) yield a system of three simultaneous linear differential 
equations in the three dependent variables ii, i 2 , *3. If we solve this 
system subject to suitable given initial conditions, and then find, from 
( 1 ), u as ii — z 2 , we shall have expressions for the currents in all four 
branches of the network. 

We next consider the same problem from another viewpoint, which 
is that usually adopted in circuit analysis. We regard the network as 
made up of three independent circuits (Fig. 117), the first consisting of 
branches 1 and 4, the second of branches 2 and 4, and the third of 
branch 3 , and let ii, / 2 , h denote the currents, conventionally assumed 
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to flow in the clockwise sense, in the three circuits. If we apply Kirch- 
hofFs second law to these three circuits in turn, we get directly equa¬ 
tions like (3) except that I it / 2 , I 3 , respectively, replace i\, t 2 , is. The 
new relations then determine the circuit currents / 1 ,/ 2 , I 9 , from which 



the resultant branch currents i\, 1 * 2 , 1 * 3 , i\ either are directly known, or, 
for branch 4, may be found by use of Kirchhoff’s first law. 

The fact that the equations for the circuit currents are exactly like 
equations (3) for the branch currents is of course due to the equivalence 
of I\ and i \, 1 2 and i 2 ,13 and i 3 . If the three circuits chosen for analysis 
in this network had been other than those indicated in Fig. 117, the 
correspondence in form between such circuit equations and (3) would 
not have been so complete, although the ultimate determination of 
branch currents t'i, i 2 ,13, u would necessarily lead to the same result in 
any event. There are, however, networks in which a circuit current 
may correspond to no actual branch current. For example, consider 
the network represented schematically in 
Fig. 118, where there are five independent 
circuits which may be taken as indicated. 
Here circuit currents Ji, J 2 , Is, I a are actually 
measurable as flowing in the outside branches 
of the network, but circuit current is ficti¬ 
tious in that it cannot be measured by an 
instrument placed in any branch. Instead, 
the current flowing in each of the four inner 
branches is the resultant of I 5 and other of 
the remaining four circuit currents. 

As indicated by our first example, the second method is usually more 
direct. Moreover, it is more readily applied to the general problem of a 
network possessing m independent circuits. We proceed now to con¬ 
sider this general problem. 

Let R kk , L kkf Cjtjb, respectively, taken as positive, denote the total 
resistance, inductance, and capacitance in series im circuit k, and let 
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Rjht Ljkt Cjk, with signs determined in accordance with the clockwise 
convention for positive current flow, denote the corresponding mutual 
elements common to or between circuits j and k . Evidently Rjk “ Rkj, 
Lik * Lk}, Cjk = Ckj- 

To illustrate these conventions and notations, let us refer again to 
the network of Fig. 117. We have here 


Ln — Z#i, 

Ru 

= Ri + R*> — '■ 

“ Ci + ( 

La* ■* L2, 

R22 

1 

= R2 + R*> 77“ 1 

G22 

1 

= cl’ 

L33 » L3, 

R as 

1 1 

~ R *’ cTa^cl' 


Li* ■ L21 

-0, 

Rl 2 *= R2I “ —Ri) 

1 

C12 

L23 “ L 32 

“ L23, 

R23 * R32 “ 0 , 

1 

C23 

Lai ** L13 

= 0, 

#31 * Rl 3 " 0; 

1 

c£"c 


Consequently the equations of this network may be written as 

dli 1 r 1 r 

L \i — 4- Rnh + —— I li dt + R 12 I 2 + 77 “ I la dt — E\, 
dt On J Cia J 




dl 2 1 

dt + L 22 — —f" R 23 I 2 + ~z — 
dt C 22 * 


r dl a 

I I 2 dt + Z/23 —— ™ 0 , 
dt 


dl 2 dl 3 1 r 

Laa —■ + L 33 ——h # 33/3 + —— 1 13 dt = 0. (3') 

dt dt C 33 a/ 

In the classical treatment of network equations (3) or (3'), we should 
begin by differentiating each equation with respect to t, in order to 
remove the integral terms, which are at present indefinite. However, 
we wish to treat such equations from the operator viewpoint, taking 
into account initial conditions. Accordingly, we shall stipulate that, 
in all our network problems, the charges, which are represented by the 
time integrals of the various currents, shall be initially zero. Then the 
integrals may have 0 and t as their lower and upper limits, respectively, 


and we may write QJ* for /'** 
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Consider now a general type of network made up of m simple inde¬ 
pendent circuits. Each circuit may contain an e.m.f., resistances, 
inductances, and capacitances, and in each a circuit current will flow. 
From the manner in which equations (3') were set up, it is now easy 
to see that we get by an application of KirchhofTs e.m.f. law to each 
mesh in turn, equations of the form 

df i 1 dl 2 1 

~—h R\Ji + 77 ” QIi + I'i 2 ”T—h R\2^2 + ~ 7 “ QI 2 + ■ * * 

dt On dt C 12 

+ Lim —-h R\mJm + ~—QAn * -^11 (0> 

at C i m 

dli 1 - dl 2 1 

L 2 i — + R 21 J 1 4- 77 ~ Qfi + I' 2 ? — + R 22 I 2 4- 77 - Q /2 4- 

dt C 21 dt C 22 

+ L 2m - -h ^2m^m 4“ - -Q^m “ ^22©» (4) 

CW C 2 m 


dl\ 1 dh 1 _ 

£ml —-1“ i?ml/l + —— QA + L m 2 H ^2^2 + ”— Q,h 4- 

dt dt C m2 

+ Imm ~ h RmmJm 4“ ” QJm = Emm(t)t 

dt '-'mm 

where En(t), ■ • •, E mm (t) are the e.m.f.’s applied to the m circuits. 
To save space, we may write equations (4) in the shorthand form * 

f L,k + Rjkh + --Qlk) = Ejj(f) U = 1,2, •••,»»). (5) 

If we operate upon (5) with Q, we get 
1 \ 

Ljk 4- Rjk Q 4- 77 - Qjh = ^ y Ljkho 4“ QEjj 

jk k -' 0 = 1,2 ( 6 ) 

where /jbo is the value of /* for < = 0 . These equations correspond to 
equation (14) of Art. 107. If we now operate upon ( 6 ) with p, and write 
1/p for Q, we find 

yi fl'jfcP 4- Rjk 4- ——^ I* = yi pLjiJko 4- Ejj 

C ‘"' U (7) 

* To follow the argument clearly, the Btudent should write out the subsequent 
equations in full for, say, m - 2 or 3. 
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which correspond to equation (1) of Art. 108. Letting z,*(p) denote 
the operator acting on It in the jth equation, 

*/*(p) - Ljk P + Rjk + -I—, (8) 

Cjt P 

equations (7) become, when written out in full, 

Zll(pKl + Zi 2 (p)7 2 + • • * + *lm(p)Jm 

= p(Ln/io + Lio/20 H“ • • ' + L-inJnto) + Ell, 

*21 (p) A + *22(p)7 2 H-b Z2m(p)Im 

— pCWlO + £ 22^20 “1“" * * + ^2nJmo) + #22» 


, (9) 


e ml(p)7l “1“ Zm 2 (p)7 2 "b * " * H“ *mjn(p)7 m 

— p(L w i/io + Lm2^20 H-- + Lmmlmo) + E mm . 


Equations (9) may, for any specific problem, be solved for the 
currents 7* by the methods given in Art. 108. Such a set of values I k 
would not only satisfy the network equations (4), but would automati¬ 
cally meet the initial conditions, 7* = 7* 0 for t = 0, without the 
necessity of solving for the proper values of the arbitrary constants 
in the general solution of system (4). 

In most network investigations, however, the problem of principal 
importance is to find the response of the network when initially in 
equilibrium, i.e., when no currents are flowing at time t = 0. We shall 
therefore assume in the following that 7*0 = 0 (fe « 1, 2, • ■ ■, m), and 
shall discuss methods of solving the system 

*n(p)7i + zi 2 (p)7 2 H-b zim(p)7 m = Eu, 

*2l(p)7i “h Z 22 (p)7 2 + * * “ + *2m(p)7 m = E 2 2) (10) 

*. 1 

Zml(p)7i + tin 2(p)7 2 + --b Z mm (p)7 OT ™ E m m, 

thus obtained from (9). 

We may make a second simplification m our general problem as 
follows. Since we are dealing here with the linear equations of circuits 
containing constant parameters, we may make use of the principle of 
superposition, which, stated for such circuits, says that when several 
e.m.f.'s are acting in a network of fixed parameters, each produces its 
own effect independently of the others, and the response for each may 
then be calculated separately and the results combined. That this is 
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legitimate may be shown from the theory yf linear differential equa¬ 
tions; from a physical viewpoint, it is evident that, when a circuit 
parameter is constant in value, a single e.m.f. will produce the same 
response no matter what other sources of potential may be acting at 
the same time. 

It follows that we may treat, instead of equations (10), a system 
of the form 

zn(p)h + Zi2(p)/2 H- h *im(p )Im = hV), 

Z2l(p)Il + ^22(p)-f2 H-h Z2m(p)Im = 0, (11) 


2w»l(p)-fl + ^m2{p)^2 H” * * H“ 


where we have written, for convenience, E(t) for Then if more 

than one source of e.m.f. is present in the network, we may consider each 
in turn, using equations of type (11), and combine the various results. 

With the proper interpretations of operators involving p, we may 
now solve equations (11) formally, regarding them as linear algebraic 
equations in the Fs, the cr^fificients Zjk(p) being treated as algebraic 
quantities. Solving by determinants, we therefore get 


Afufc(p) 

h - -TTT • 

A(p) 

where A(p) is the determinant of the system, 



*ll(P> *12 (P) • 

•• *1»(P) 

A(p) = 

*2l(p) *22 (P) • 

'• *2m(p) 


*ml (p) *m2 (p) • 

*mm(p) 


( 12 ) 


(13) 


and Afifc(p) is the cofactor, i.e., ( — l)* -1 times the minor, of 2i*(p). 
The operator Afnb(p)/A(p) acting on E(t) may evidently be expressed 
as a rational function of p. 

If E(t) is a constant, it is possible to find Ik by the use of Heaviside’s 
expansion theorem or similar operational formulas. But if E(t) varies 
with t, as does, for example, a sinusoidal e.m.f., some other procedure is 
indicated. We therefore consider next the superposition theorem, 
which bridges the gap, so to speak, between a constant e.m.f. and one 
vaiying with the time. 

110. The superposition theorem. Since is proportional to E(t) 
when the latter is constant, it will then suffice to determine the response 
to an e.m.f. of magnitude unity applied at time t = 0 to a network in 
equilibrium. 
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To bring into evidence the sudden change in the behavior of the 
network when a unit e.m.f. is applied at t = 0, Heaviside introduced 
into his work the concept of the “unit function.” This function is 
defined to be equal to zero for t g 0 and equal to unity for t > 0, so 
that it has a discontinuity at t = 0. The unit function was denoted 
by Heaviside by the symbol 1. 

Accordingly, the equation 


. Mp) 


1 


represents the current in mesh k at any time t, positive or negative, 
when an e.m.f. of unit magnitude is applied to mesh 1 at t = 0 . For, 
when t ^ 0, 1 = 0 and h = 0, but when t > 0, 1 = 1 and Ik is obtain¬ 
able as some function of t. 

However, since in all our work the network is in equilibrium at 
t *= 0 , it is known that Ik = 0 for t < 0 , and the expression for Ik 
when t > 0 is all that is needed. We shall therefore dispense with the 
unit function and take as operand the number 1 in all cases where the 
Heaviside teclmique would employ 1 . 

When E(t) = 1 , the current flowing in mesh 1, where the unit e.m.f. 
acts, is called the indicial admittajice, and is denoted by A u (t). The 
current in circuit A; (k 5* 1 ), due to unit e.m.f. in circuit 1 , is called the 
transfer indidal admittance, and is denoted by Au-(/). 

If E(t) is any varying function of t, the superposition theorem then 
states that the current in circuit k (k = 1, 2, • • •, m), is given by 

hit) = Ei0)A lk (t) + f A n (t - z)E'{z) dz, (1) 


where E'(z) denotes dE{z)/dz. Before deriving this formula, let us 

illustrate its application to a simple 

circuit (Fig. 119). Let an inductance L 

L and a resistance R be in series with 1 -nffiRnrCTT*- 

a sinusoidal e.m.f. Eq sin ut. If the 
e.m.f. were a unit e.m.f., the indicial 
admittance would then be given by 
the equation 


E 0 sin c ct 


dA 

L — + RA = 
dt 


1 . 


-vwvw- 

K 

Fig. 119 


We easily find, remembering that A (0) = 0, 


Mt) = - (i - e~ Rl,L ). 
R 
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Consequently the response to the sine e.m.f. will be, from equation (1), 

I = — I (1 — e~ RV ~ ,)/L )Eou cos b >z dz, 

R Jq 

from which we get, after some reduction, 

E 

I = —— — (R sin a )t — Ltd cos wt + Lwe~ Rt/L ). 

Rr + 

This is precisely what we should have obtained as that solution of the 
Gfjuation 

dl 

L -1- RI = i?o sin ut 

di 

which satisfies the condition 1 ( 0 ) = 0. 

To derive equation (1), we consider the current response as made up 
of two parts, which may be combined by the principle of superposition. 
For a time interval 0 ^ if* \ (Fig. 120), where t\ is any positive num- 



o ^ -t-H At t x 

Fia. 120 


ber, the first part will correspond to the sudden jump in voltage at time 
t = 0 , namely E( 0 ). Since Au(t i) is the response at time t = t\ to unit 
e.m.f., the initial contribution to the total current Ik(h) will be the 
product of the constant e.m.f. E(0 ) and the indicia! admittance,* or 
The second part, corresponding to the interval 0 < t ^ h, 
may be approximated by treating the voltage E(t) as a sum of similar 
but smaller jumps. Consider any time t = t as the initial time for one 

* When h > 1 , the indicial admittance referred to will of course be a transfer 
indicia! admittance. 
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of these small jumps A E occurring in the time At. Then the correspond¬ 
ing indidal admittance will be Amih — t), so that the contribution in 
the subinterval At will be A\k(t\ — t) AE. Now when At is small, AE 
will be approximated by dE = E'(t) At, so that the small contribution 
to h(ti) is approximately equal to A ik(h — t)E'(t) At. If we add up all 
these small pieces, and then take the limit as At approaches zero and 
the number of such subintervals becomes infinite, we get exactly 


\A lk (h - t)E’{t) dt. 
d0 

Hence the total response will be given by 

h(t i) = E(G)Aik(h) + Ai k (ti — t)E'{t)dt , 
do 

and since t\ is any value of the time, we got by changing into /, and 
also b} r changing the variable of integration from t to z, 

i*(0 = B(0 )A lk (t) + f A\k{t - z)E\z) dz, (1) 

do 

which is the desired result. 

111. Network problems. Let us now apply our results of the pre¬ 
ceding articles to a few network problems. Consider first (Fig. 121) a 
simple circuit consisting of an induct¬ 
ance L and a capacitance C in series 
with a source of sinusoidal e.m.f., 

E o sin c ot. 

The indicial admittance will be E 0 sin ut 
given by I 


-noniW' 


( Lp + ^)‘ 4n = 1, 


so that 


Cp/ 

-An 


( 1 ) 


c 

Fig. 121 


1 = 


Lp + 


h p 2 + o' 


-,-h 


Cv 


where a = l/VZc. By formula (8) of Art. 108, we then get 


An = — sin at. 
aL 


(2) 
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Hence, by the superposition theorem of Art. 110, the current response 
to an e.m.f. E 0 sin at will be 

h = E(0)A ll (t) + f A n (t - z)E'(z) dz 
Jo 

E 0 a /•* . 

--I sin a(t — z) - cos az dz 

aL Jo 

Eoa r* m 

*- I sin (at — az + az) dz (3) 

2 clL Jo 

E 0 a C* • / 

H-I sm (at — az — az) dz. 

2 aL J 0 

Now we nave to distinguish two cases, according as a is or is not equal 
to a. If a — a, we get 


M . 

= — Z SI 

2LL 


sin at + 


cos (at — 2az)~| l 


= —t sin at] 

2 L 

this is the familiar case of resonance. If a ^ a, there is found 


F 0 4 

cos (atf — az + a>z) j cos 

( 1 at — az — 

2aLL 

a — a 


w + a 

EqU I 

f cos cos at 

i_ 

cos at 

1 

cos at\ 

2oL' 

• . 

< a — a a ~r a 

1 

a — a 

a + a) 


L( a 2 - a 2 ) 


(cos at — cos at) 


2E 0 a . (a 4* a)t . - a)t 

----— sm-sin- (5) 

L(a 2 — a 2 ) 2 2 

Consider next the network shown in Fig. 122, in which the impressed 
e.m.f. E is constant. We have as the network equations, 


(LiP + R\)I\ — (Z/ip + Ri)h =* E y 
—(Lip + Ri)Ii + [(Li + Li)p + Ri + R 2 V 2 =* 0. 


(6) 



488 OPERATIONAL CALCULUS [Chap, XI 

Then we get 

A(p) = Lip + Ri —(JLip H- R\) 

— (/-1p + R \) (f>ip ■+■ Ru ■+■ (^2P + R>) 

= (LiP + Ri) (■f^p “1“ 

Afn(p) = (Ljj) + i?i) + (/^2P ~h /*j 1 

itfia(p) = /-iP + Ru 

and 



Fig. 122 


To evaluate 1 1 and 7 2; we must therefore interpret expressions of the 
form 

1 

-1. 

p + a 

By Heaviside’s expansion theorem, we have 



p + a a —al 


= - (1 - «-“)• (8) 

a 

Consequently we get 

7i«) - ^ (1 - e~ RlULl ) + (1 - e- R « /Lt ), 

Ri R2 

m - (1 - e _JWl ^ 

«2 


(9) 
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As a final example, consider the air-core transformer network shown 
in Fig. 123, with an e.m.f. E = 10 cos l volte impressed on the primary. 
The equations for this network are 


(2p + l)7i — pi 2 = 10 cos t, 
-p7i + (2p + 1)7, = 0. 


ao) 



Hmce the indicial admittance A u (/) and the transfer indicial admit¬ 
tance Au(t) are given by 


2p + 1 


2p + 1 - p j 

-p 2p + 1 ! 


1 


2p+ 1 


3p* + 4p + 1 


1, 


A12 = — 


3p* + 4p + 1 


1 . 


Using Heaviside’s expansion theorem, we get, since 3p 2 + 4p + 1 
= (3p + l)(p + 1), 


A " ' + (-l)(2r </3 + (-l)(-2)‘ 

- 1 - l'-< - \e-\ 


(ID 




Af, -- .,-‘13 J- e ~> 

l-S)(21 (-l)(-2) 


— - •>* 


From the superposition theorem, we find for the primary current Ii(t), 
using formula 414 of lViree, 


I / ‘ r'( 


10 sin z) dz 


(U) 


2 
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- 10 - he-* 1 * - be"* 


- 10 £-( 


e (« sin t — cos z) 

2(f+lj 


e ^'(sins — cosz)]* 

)'2(1 + 1) Jo 

— 10 — 5c _</3 — 5e”* — 10[—cos t — sin t + $$ cos t 

—1 sin t + 1 cos t + 1 — T^e“ f/3 — \e~ l ] 

— 4sinJ + 3-osi — — $€“*. (12) 

The secondary current / 2 (0 may be similarly obtained. Instead 
of using the superposition theorem, however, we shall determine / 2 (0 
by the procedure employed in the pendulum problem of Art. 108. We 
have, from equations (10), 

h - 2 P — ■ 10 coa t. (13) 

3p 2 * + 4p + 1 


Now from formula (9) of Art. 108, cos t — —-- 1. Consequently 


we may write 


P* + l 


7.-10- 


1* — lu —--A. —-— - - -r 

3p 2 + 4p + 1 p 2 +1 3p 4 + 4p s + 4p 2 * * 


1 - 10 —- - , , - 1 . 

3p 4 + 4p s + 4p 2 + 4p +1 


Using Heaviside’s expansion theorem, we therefore get, with <*i — — 
Oq — —1, oa - i, a 4 >= —t, and F'( p) - 12p 3 * + 12p 2 + 8p + 4, 


7 a - 10 


^ P —tt 

(-*)(¥) 


+ — 1 -s- 
(—1)( —4) 


-+■- c il -|- e 

C0(—4 i - 8) (-i)(4i - 8) 

1 5 2 — i 2 4- i 

- e </3 - e 1 4- e xi 4- e xi 

2 2 2 2 


=* t,z — fe * + 2 cos J + sin t (14) 

Whenever the impressed e.m.f. E(t) can be replaced by an operational 

expression, as in the above example, the circuit currents may thus be 

directly determined. This procedure obviates the necessity of first 

finding the indicial admittances Au(Q ana then using the supt*position 

theorem. However, the latter method has the advantage of complete 

generality, whatever the function E(t), and may be advantageously 
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employed when the expansion theorem does not apply or entails more 
awkward computations. 

The student will find it instructive to solve the examples of this 
section by the classical method and to compare his solutions with the 
ones given. As facility in the use of operational methods is gained, 
they will often be found to be quicker and more direct. However, 
the principal value of operational methods lies in their ability to 
handle the general theory and to attack new problems, rather than in 
their usefulness in simple numerical problems. 

PROBLEMS 

1. In the network shown in Fig. 124, the values of the parameters are Ri «■ R* 
= = 10 ohms, and L\ = L2 = 10 henries. The network is in equilibrium at 

time l = 0, when the e.m.f. E\ is impressed. Find the current flowing in each mesh 
at time t if (a) E\ — 100 volts; (b) Ei = 10 sin t volts. 



E 1 E 2 L 2 

Fig. 124 Fig. 125 


2. In the network shown in Fig. 125, which is in equilibrium at time t = 0, 
Ri = 10 ohms, Ri = 20 ohms, L% =* 20 henries, L 3 «= 10 henries. The e.m.f. Ei is 
applied at l “0, Find the branch currents if (a) E\ = 100 volts; (b) E\ =» 10 cos 2 1 
volts. 

3. In the network shown in Fig. 126, Ri = 500 ohms, R 2 1000 ohms, L% 

«■ 20 henries, C3 = 10 -B farad. The 3.m.f. E\ is impressed at time t =■ 0, when the 



Fig. 126 


network is in equilibrium, (o) Find the current in each mesh if E\ — 100 volta 
(6) Find the current flowing through Rt if E\ ■■ 160 cos 120*4 volts. 
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4 . In the network shown in Fig. 127, Ri — 2 ohms, R% - 4 ohms, fit — 5 ohms, 
L% — 2 henries, Lj - 3 henries, and ** —2 henries. If the network is in 




equilibrium at time t — 0, when the e.m.f. E\ - 2 cos 5f volts is impressed, find 
(a) the indicial admittance and transfer indicial admittances; (6) the current 
through i ?3 at time t. 

5. In the network shown in Fig. 128, each resistance is 3 ohms and each induct¬ 
ance is 1 henry. If the network is initially in equilibrium, and at time t-Oa 
unit e.m.f. E is applied, find the current through each resistance when t — 0.1 sec. 

Ei Ri 



PART E. OPERATIONAL METHODS BASED ON THE THEORY 
OF FUNCTIONS 

112. Bromwich’s line integrals. Problems involving only linear 
ordinary differential equations, such as the network problems considered 
above, will give rise to operators which are rational functions of p. In 
such problems, the interpretations by means of Heaviside's expansion 
theorem or similar devices can frequently be obtained without much 
trouble. However, many physical problems * lead, as we have seen in 
Chapter VII, to partial differential equations, which often give rise to 
operator expressions which are not rational functions of p, so that the 
methods outlined in Part I do not apply. 

* A few of such problems arc considered in Art. 113. 
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We shall therefore discuss, as a second method of interpreting 
operational expressions acting on unity or on a function of t, two power¬ 
ful methods or rules based on contour integration in the complex 
z-plane.* These rules are as follows. If 4>(z) is a function of z analytic 
except for possible isolated singularities, then for t > 0, 

4>(p) -1 - f — <*>(«) de, (1) 

2m J e z 

where c is a simple closed curve, for example, a circle, enclosing all the 
singularities of the integrand e*V(z)/z; if 4>(z) is analytic as before, or 
has isolated branch points, then for t > 0, 

*(p).l» J- f-<t>(z)dz, (2) 

2m z 


where c' is an open curve lying to the right of the imaginary axis, from 
—t» to +t’oo, and such that all singularities of the integrand are on the 
left-hand side of the curve. In those linear network problems for which 
the only singularities of 4>(z) — Jlfi*(z)/A(z) (see equation (12), Art 
109) are a finite number of isolated poles, formula (1) may conveniently 
be used; in some other physical problems, for which 4>(z) has branch 
points, or in which the singularities are infinite in number such that 
no closed curve can contain all of them, formula (2) is applicable. 

To show how formula (1) is applied, let us first use it to obtain anew 
some of the formulas of Art. 108. If tf>(p) « p“", where n is a positive 
integer, we get from (1), 


1 f e u , 

-if -^( i + te +?+-+^+---) |b - 

2m Jo z +1 V 21 n! / 


Evidently the only singularity of the integrand is the pole of order 
n + 1 at z = 0, and consequently c may be taken as any circle with 
center at the origin. Since the residue, namely the coefficient of 1/z, 
is f/nl, we get immediately 

p-*.l«fyn!, (3) 

which agrees with equation (4) of Art. 108. 

* These rules are due to Bromwich, foe. cil. Their derivation is beyond the soope 
of this book. 
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If ^(p) *■ p/(p — a)", formula (1) gives us 


(p - a) n 


l r e ta 
— I- da 

2i riJ c (a - dT 

ft r c' (M) 

2 iri J 0 (a — d) n 


and since the integrand, expanded in powers of (z — a), has the residue 
r"V(n — 1)! at the pole z = a, we find 


(P - °) n 


(n-1)!' 


which is the same as formula (6) of Art. 108. 

We next derive Heaviside's expansion theorem. If <fr(p) - /(p)/F(p), 
where/(p) and F( p) are polynomials with no common factor, the degree 
of /(p) being no greater than that of F(p), and in particular 

F (P) = &(P - ai)(p - a 2 )• • • (p - a n ), 
with all the a's distinct and different from zero, we have by (1), 

/(P) lrB 1 re u _ f(z)dz _ 

F(p) 2iri J c z 6(z — a x )(z — 02 ) • • • (z — a n ) ^ 

Now the integrand has simple poles at z = a* (A *= 1, 2, ■ ■ •, n), and, 
if /(0) 5 * 0, also at z = 0. Suppose first that /(0) 7 * 0. Then the 
residue of the integrand function at z = 0 is given (see Chapter X, 
Art. 105) by 

.. W)i «/(*) /(°) 

lim z - = lim - * -- 

.-0 LzF(z)J • -*0 F(z) F(0) 

Consequently /(0)/F(0) is one term in the expression (5) when/(0) 0. 
If /(0) =* 0, the integrand is analytic at z — 0, so that the contribution 
to the sum of the residues for this point is zero. But here f{0)/F(0) is 
also zero, and therefore we may write as the first term in (6),/(0)/F(0), 
whether /(0) vanishes or not. For the simple pole z = a kf the residue 
of the integrand is 


lim (z — a*) 


e“/0) e at> f(a k ) dz ^ ^ 

-=*-lim ■ ■ 

zF(a) at d 

-F{z) 

da 

ra 

auF'iflk) 
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Hence, since the line integral (5) represents the sum of all the residues 
of the integrand function, we get 


Art 1 _m 

>(P) ’ FW+tta^at)' 


which is formula (7) of Art. 108. 

Consider next the operator p/(p 2 + a 2 ), where a is any constant. 
From (1) we get 


p I r e tz 

p 2 -f a 2 2wi J c z? + a 2 ^ 


Now the singularities of the integrand are simple poles at z = ±io. 
Hence 

P 


p 2 + c 2 


e tz e ta 

1 = lim (z — id) — -- + lim (z + id) 


* —»*o z 2 + a* * — 

e u e u 

= lim -— + lim -— 

k -*ia Z ia m -* — ia Z — id 


^ia 2 


2 ia —2 ia 


= - sin at. 
a 


Similarly, we get 


(7) 


p 2 + a 2 


1 = lim 


+ lim 


. — ia z + ia t — -iaz — ia 


= T + 


cos at. 


( 8 ) 


Equations (7) and (8) are, respectively, identical with formulas (8) and 
(9) of Art. 108. 

Let us now get an interpretation of p w • 1, where n is a positive integer. 
Although, as we have seen, the operator p” 1 = Q is the basic operator, 
with the proper interpretation of 4>(p) being that obtained when <£(p) 
is expanded in powers of p” 1 , formula (1) gives us 


P n l 


= — (V-v* 

2rt 


-1 e < * dz = 0, 


00 
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since the integrand is analytic for all finite values of z. This suggests 
the interpretation of p as d/dt } at least in certain cases. Now if we 
differentiate both members of (1) with respect to t, we get 



But this line integral is tne expression for p<l>(p) • 1. Hence 
d 

~r 0 (p) ■ 1 = p*(p)-l, (10) 

at 

which shows that p may be regarded as a differential operator when the 
operation it denotes follows an operation involving Q = p" 1 . This 
agrees with our previous interpretation. 

Up to the present, our operational expressions have all been rational 
functions of p, or of p _1 , and these two operators have been inter¬ 
pretable as differential and integrating operators, respectively. More¬ 
over, since a rational function is analytic eveiywhere except for a finite 
number of poles, Bromwich’s line integral (1) has been applicable to 
each of these expressions. In some physical problems, however, 
formal manipulation of the operator p leads to the necessity of inter¬ 
preting the rather curious operational expression p^.* Now = z** 
is, as we have seen in Chapter 
X, Art. 96, a two-valued and 
therefore non-analytic function 
of z in the neighborhood of the 
origin, having a branch point 
at z — 0 as a singularity. Con¬ 
sequently formula (1) cannot 
he used to interpret p** • 1. But 
by means of the line integral 
(2), p H -l may be given a mean¬ 
ing, as follows. Consider the 
contour c\ shown in Fig. 129. 

ABC is i\ contour beginning on 
the negative y-axis and ending 
on the positive y-axis, passing 
through the fourth and first 
quadrants; CD and HA are quadrants of a large circle of radius R and 

* We make use of this ooerator in Art. 113. 
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center 0: EFG is a small circle of radius r and center 0; DE and GH 
are segments of the negative x-axis, oppositely sensed as indicated by 
the arrows, and on which z is taken as pe lT and pe~ tT , respectively. 
Evidently the function e tx <f>(z)/z = z~^e tx is analytic on and within the 
{contour c x : ABCDEFGHA } so that Cauchy’s integral theorem gives us 


x 


z~V* dz = 0 


(ID 


Since z — Re' 6 on CD and HA, and z = re* on EFG, we may then 
write (11) as 

f z~*e u dz + f R-He- a/2 e ,n( ° a> ,+i 8in e) Rie a dd 

J ARC Jrl9. 


+ 

+ 


J p~\~ iwl2 e~ tf e iw dp + J 

i: 


r ~ »+•'«“ »rie a d» 


p~' A c iTl2 e-“’e- <T dp 


X -r/2 

R- A e~ i{ 

-T 


In the second and sixth of these integrals, we have 
| R M e -ie/2 e tR(<x» e +,- Bin 9)ft ie i6\ = ftVijR cos 5 


-idl2 e tR('x*9+inm*) Rie i6 dft = q ( 12 ) 

r h 


(13) 


Remembering that t and R are positive whereas cos 6 is negative in the 
second and third quadrants, we see that R ]4 /e~ tR 00,16 approaches zero as 
R becomes infinite, and therefore in the limit the second and sixth 
integrals vanish For the fourth integral, 

(14) 


| wi 2 c tr( ' COfi 6 +i * in 9 ) rie i9 1 = i ■ 1 V rcos * 


which approaches zero with r, and consequently this integral contributes 
nothing in the limit. Now as r approaches zero and R becomes infinite, 
the path ABC becomes a contour c' of the type designated in connection 
with equation (2), and hence we have from (12), 


p H l 


— f z~ A e u dz 
2iri J c f 

= - 1 - f p -« c -‘ 0( e "/2 _ e~" 12 ) dp 
2iri J o 


p A e ip dp. 


(15) 
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Letting s = tp, so that ds = t dp, (15) becomes 

p M l *= *4 f’s-He-'ds. fl6) 

ict J o 

But this integral we recognize as the gamma function r(£) « -y/x 
(equation (6), Art. 54), and therefore 



(17) 


which is the desired result. It is of interest to note that formula (3), 
which holds for n a positive integer, will formally yield (17) when n is 
set equal to — for we get 

X.1 _ r * _ 1 _ 1 

P ■ (—I)! r(5)V< Virt 


This circumstance, however, is in no sense a derivation of (17). 

Consider next the operator p0(p — 6)/(p — b), where <f>(z — b) is 
some function of z — b. By formula (2), we have 


p»(p - to 
P - b 


J_ r e lz <t>(z - b) 

2iri J C ' z — b 

e bt 

2iri J C f z — b 


d(jz - 6 ). 


If we replace (z — b) in the last integral by z, which amounts to a trans¬ 
lation of axes in the z-plane, we get 


whence 


P0(P ~ &) 

p - 6 


2iri 



dz 


«“*(P) • 1, 


0(p)-l 


P»(P ~ &) 
p-5 


(18) 


This relation, which we shall refer to as the shifting formula , may often 
be advantageously applied when we suspect the presence of an expo¬ 
nential function e~ bt in the expression <t>( p) • 1 after interpretation. For 
example, let us obtain the formula (cf. Problem 12 following Art. 108), 


ap 


■ 1 = e~ bt sin at. 


(p + b )* + a® 
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-2-_! 

(p + «* + o’ (p 1 + «‘)(p - W 

,, ap 

= e "* 1 --- 1 

p 2 + a 2 

ap 

But by formula (7), —- - • 1 =- sin at, and the desired result follows 

p + o 

immediately. 

Suppose that </>(p) * 1 is known as some analytic function of f, say 
/(<). Let us examine the effect of operating on f(t) with where h is 
any constant. From formula (1) we get 

.. ».. 1 , 


e* p /(0 = =~f 


1 r e (t+h) ‘4>(z) 


= ~f 

27 Tl J c 


But this is similar to 


*(p)-i = 


1 r 


the only difference being that t is replaced by t + h. We therefore infer 
that 

- f(t + h). (19) 

Formally, we have also 

, / h 2 p 2 h 3 p 3 \ 

^■m = (i + h P +—+—+■■■)-m 

h 2 f(t) h 3 f"{t) 

-m + hf(t) + +• • • 

- fit + h), 

by Taylor's expansion. We therefore call e hp the Taylor 1 8 operator , 
and define it by equation (19). 

We next examine the operator where a is positive. Since 

e -o^/i hag a branch-point at z — 0, we use formula (2), from which 

_ 1 Ce u ( w a 2 z aV* \ 

e^-1 = — I — (l + — H-Ids. 

2 irt z \ 2 ! 3 ! / 
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Now it is not difficult to see that all the positive integral powe rs of t 
contribute uothing to the integral. We therefore get by term-by-term 
interpretation, 


<r°VM 



o 3 p* 


3! 


a*p w 


5! 



• 1. 


It may be shown by direct differentiation with respect to t of formula 
(17), that for n a positive integer, 


pM+*.l 


Hence 


- 1 


ar(i) a 3 r(i) 

Tt* ~ Tt* 


(-i)?r(» + J) 

rt n+H ■ 


a 5 r(f) 

T < W 


2 r a 1 a 3 1-3 a* 1-3-5 a 7 ] 

V7L2« h 2 2 -3! ft ' 2 3 -5! £ w 2 4 -7! < ,/4 + ' " J 

</ 

_2_F a 1 / a V 1 / a V 1 / a V 1 

“ 1 " V^L2^“3V2?V + + ”’J 


Now this is the series for the error function (equation (16), Art. 88), 


erf s 


Vi 


f‘e-*da 
*0 

2 '[ _S? _, 1 

VvL S 3 + 5-21 7-31 ' J 


Consequently we may write 

fji,. 

Another operational expression which appears in a number of physi¬ 
cal problems is —t = - - • 1. This may be interpreted by the use of 
V p 2 + a 2 

formula (2) since the function z/Vz 3 + a 3 has only branch points, At 
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z ™ ±td. Since the procedure here is veiy similar to that employed in 
obtaining the formula p H *l = l/y/Vt, we shall indicate merely the 
principal steps and leave it to the student to fill in the details. We take 

as our contour (Fig. 130) the 
7 path ABC from —iR to +tR 

^——- as before, the quadrant CD of 

radius R, the rc-axis from D to 
jT ^7 then OE, where E is the 

/ point z = i(a — r), and on the 

/ E F left of the y-axis, then the circle 

/ ] of radius r about z = ia, the 

■ ▼ straight line FOG on the right of 

7) - * * ~ o b x the y-axis, the circle of radius r 

, f I about z = — ia, the segment 

\ I | HO on the left of the ^-axis, OD f 

\ and finally the quadrant DA of 

r j radius R. On OE and FO, 

X* z = ip, where p is real and 

_ positive, and on OG and HO, 

A z = —ip. Along FO and OG, 

p lQ 130 we have the branch V^a 2 — p 2 

of V 2 2 -J- a 2 , while along OE 


and HO, we have the branch 
integral theorem, 


— p 2 . We then get by Cauchy's 


f ._<■* + r 

*M.BC Vz 2 + a 2 •'r /2 


e lS< °°" ,+ '' ,in d0 f n e -1 * dp 

V ffV" + a 2 JrVp 2 + a 2 


+ r^L= + f 

Jo — V a 2 — p 2 J 3 * 


W2 +tr(oos 0 +«sin 0 )flQ 

2 VrV a + 2 m ire" 


C° e^ji dp) r-' e-^j- idp) 
+ Ja-rV^7 Jo V^T- 

Z.-3./2 e -^+<r(oo.*+i.m*) n -g« ^ 


a 2 -, 2 


l, - | - i,i, “ , >ne*dfl f° dp) 

— 2iarc ld ^a-r —Va 2 p 2 

“‘•’dp C-* 12 (P^'+^Rie*d» 


p * e~*dp 

o Vp 2 + < 


r* + l 
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Hie second end last of these integrals approach aero as R becomes 
infinite, and the fifth and eighth approach aero with r. Consequently 
we get in the limit 


p 1 r e te dg 1 f° e itp + e~*' J 

Vp*+^? 2vt vV + a 2 r Jo y/ a 2 — p a 

2 p coetpdp 
t Jo y/a, 2 — p a 

This last expression is of course a function of £; call it F(f)> This 
function satisfies the differential equation tF ,f + F' + o 2 iF — 0. For, 


we get by differentiation under the integral sign (Art. 67), 

2 r* dp 

tF " + F f + (PtF ■ — j yfji' p (—$p 2 006 *P “ Psin tp + cos tp) 

■; r(‘°" " v/ ° rr? ‘ * 

■ - f"id(sin £p • Va 2 — p 2 ) 

t «/o 

— - £sin tp-y/a 2 — p 2 ]^~ 0. 


Moreover, 

F(P) 



We therefore identify F(f) as the Bessel function of order zero, with 
argument at , whence 


_P_ 

v^~+ 





( 21 ) 


113. Applications. We shall discuss in this article a few physical 
problems which give rise to the operators previously obtained. Our 
treatment, following Heaviside’s technique, will be purely formal, but 
will serve to indicate the manner in which operational calculus may be 
employed in connection with partial differential equations. 
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at 2 “ax 2 
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which gives the transverse vibrations of a stretched string (Chapter VII, 
Art 70). Suppose that the initial displacement of each point of the 
string with end points at x * 0 and x = L is given by 


o £x£L, 


( 2 ) 


where/ is a known function of the distance x along the string, and sup¬ 
pose the string then released from rest. Let D == d/dx, and let Q again 
denote the operation of integrating with respect to time from 0 to t 
Applying Q twice in turn to (1), we get 

% - « 2 QD 2 y - 0, 

at 


V - o 2 Q 2 D 2 !/ - f{x). (3) 

Now let p - d/di, and operate upon {3) with p 2 . Then 
(p 2 - a 2 D 2 )j/ - p 2 /(x). 

Symbolically, then, 



Now 

t l ( p | p 

p 2 - a 2 D 2 2\p-sD p + oD 


so that from formula (4) of Art. 112, 

y = + e^ D )-/(x). 

Consequently, by the Taylor’s operator (19) of Art. 112, we get 

y(x, t) = -j[/(x + at) + fix — a£)\. (4) 

That y as given here satisfies the differential equation (1) as well as 
the condition (2) is readily checked. Equation (4) gives the well-known 
solution which represents two waves traveling in opposite directions 
with velocity a. It is thus informative, but its usefulness in computa¬ 
tion is restricted to those cases in whioh f(x) is of the proper form and 
may be suitably specified outside the interval 0 £ x $ L.* 

• Sea Jeffrey!, “Operational Methods,” second edition, p. fiO. 
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Consider next die partial differential equation for one-dimensional 
heat flow (Chapter VII, Art. 71), 


du . a*u 

-or —- 

at dx 2 


(« 


Let a uniform rod with insulated sides and of length L be initially at 
temperature Uo, and let the end x == L be cooled to temperature fero 
at time t = 0 while the end x = 0 is left at temperature uo- Applying 
Q to (5), and p to the result, we get 


a 9 2 u 


puo. 


( 6 ) 


Now let an operator q be defined by the relation 

p - «V; (7) 

if we treat p as if it were an algebraic quantity, we then get an opera¬ 
tional solution as a function of q, which must be expressed ultimately 
in terms of p when the operational solution is interpreted. Equation 
(6) may now be written as 

d 2 u * 

— - q a u -* -q a uo- (8) 


If q were constant, the general solution of (8) would then be 
u = wo + Ci sinh qx + C 2 cosh qx. 

From the boundary conditions, u * uq when x =* 0 and u«0 when 
x — L, we find 

Uo * Uo + C2, 

0 ■* uo + ci sinh q L+c% cosh qL, 
whence ci — — uo/sinh qL, ca * 0, and 


( sinh qx\ 
sinhqL/ 


wo- 


sinhqL/ 

We have now to interpret the operational expr e s s ion 
sinh qx 


( 9 ) 


mnh qjj 
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qV qV 

smhqx qi+ 3! + 5! + 


sinhqL r , q 3 L 3 q®L 5 

qL + -zr + ~u + 


qV qV 
* + -rr- + 


3! 


5 ! 


q 2 L 3 q 4 L 6 

L + -iT + -iT + - 


px' 

* + -^ + 


p 2 x 5 


a 2 3l qc 4 5! 


pL 3 p 2 L 6 
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this operator is an analytic function of p. But since sinh im r = 0 for n 

x\Z~z / L\f~z 

an integer or zero, the function e u sinh-/ z sinh-has infinitely 

a / a 

many simple poles at z = —rfiPoP/L 2 . Hence formula (1) of Art. 112 
does not apply. Instead, we use Bromwich’s second line integral, and 


write 

sinh qz . 1 C e iz sinh (xy/z/a) 

-— • I = —. I -:- y =— az. 

sinh q L 2 iri J c > z sinh {Ly/z/a ) 


( 10 ) 


Using the contour shown in Fig. 131, where ABC is a path from — iR to 
iR lying to the right of the poles, and CDA is a semicircle of radius R, 
we then get for the residues at the points inside this contour, 

1 r e tz sinh (xy/z/a) 

2vi Jabc z sinh (Ly/z/a) 


_1_ f 3x/2 e mooB9 + iain9) sinh (xR^e^/a) 

2t J t / 2 sinh (LR H e i0l2 /a) ^ 


(ID 


The residue at z = 0 is given by 

e?* sinh (xy/z/a) ta x + zx z /a 2 31 + • • • z 

.tS sinh (Ly/i/a) “.To C L + zl*/c?3\ H-~ L* 
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and that at z « —nVa 2 /^ 2 (n ^ 0), by 

e u sinh (xy/z/a) (z + nVa 2 /^ 2 ) 

jim 

M - -n'w'a'/L* z sinh (Ly/z/a) 

e -nWi/x* sinh (imcx/L) z + n 2 r 2 g 2 /L 2 

— rPiPoP/L 2 z - —nV«VL a sinh (Ly/z/a) 

iL 2 e- nKtatt/Lt sin (mre/L) _1_ 

nVot 2 f -» (L/2ay/\z) cosh ( Ly/z/a ) 

^ t*L 2 e~ n **' g>f/L> sip jnrx/L) 2imro? 

n 2 «*a 2 L 2 cosh tnr 

ir n L 


If we now allow R to become infinite, the second of integrals (11) will 
approach zero, and we get 


sinhqz 

sinhqL 


X 2 

L n 


nrx 

sin-e 

L 


-»V«tyL* 


Consequently we have from equation (9), 



2y^(-l) n 
*4z( n 


nwx 

sin- e 

L 




]• 


(125 
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This gives the temperature at any point x and any time t. Equation 
(12) may, of course, also be obtained by the methods of Chapter VII. 

Now when ray/t/L is small, the series (12) converges slowly, and 
is thus not very suitable for computation. In this case, we may express 
the solution of our problem in a more convenient form. We have 

sinh qx ^ e qx - e~* x t _ c -q(l+*) 

1 ~ “ 1 ~ e qL - r* £ = 1 1 - e -2qi 

- 1 - (fi-oO--*) _ 4 - e - 2 ii 4 . c -*a£ 4 -) 

m J g—q(L—z) _|_ g—q(L+z) g—q(3L—z) g—q(3L+*) 


But 


_ g-q(5L-z) g —q(5L +z)__ 


= 1. - erf 


2 ay/} 


by formula (20), Art. 112. Hence we get from (9), 

“ * *• +(■ - * f&) - (* - erf!+ ■■■■• ] <is) 


This series, the terms of which may be calculated by the tables in 
Peirce, converges rapidly for t small since 1 — erf s is small for 8 large. 

As our final application, we consider briefly * a transmission line or 
cable, originally in equilibrium, with resistance r (ohms/mile), induct¬ 
ance L (henries/mile), and capacitance C (farads/mile). The differ¬ 
ential equations for such a line are (Chapter VII, Art. 74) 


dE 

dl 

- = 

\ 

1 

■a 

1 

dx 

dt 

dl 


dx " 

dt ’ 


(14) 


where E (volts) and I (amp.) are the potential and current, respectively, 
at distance x (mi.) from one end and at time t (sec.). Elimination of I 
and E in turn from equations (14) gives us 


d 2 E 

a? 


- (LCp 2 + rCp)E « 0, 


d 2 I 

— - (LCp 8 + rCp)7 


(15) 


0, 


* A move complete discussion may be found in V. Bush, “Operational Circuit 
Analysis,” Chapters XI and XII. 
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whe r e we have written p for d/dt. Treating these equations as if p 
were a constant, we readily find as solutions of (15) the operational 
expressions 

E(x t t) = e-^K^t) + <rK 2 (t), 

(16) 

I{x, t) - e-~K z (t) + (TKM, 

where a is an operator given by 

a 2 = LCp 2 + rCp, (17) 

and the K’s are, instead of constants, to be interpreted as functions of t. 
Suppose now that we are dealing with a cable so long that it may be 
considered as infinite in length, and let an e.m.f. be impressed at the 
end 1 = 0, the voltage and current decreasing as x increases. If p 
were a constant, we should then necessarily have K 2 *» K 4 = 0, and 

E(Xj t) = e~ xa Ki, 

(IB) 

7(x, t) = e~*°K z . 

Now let Eqj a constant, be taken as the value of E at x = 0, and let 
1 = I\(t) be the entering current. Then E 0 = K x , I x (t) = K 3) and 

E(x , t) = e'^Eo, 

(19) 

7(x, 0 = r-m. 

Substituting these values of E and 7 in the first of equations (14), we get 
-ae-^Eo = —re~ Xa I\(t) - Lpe"* 0 /^), 
so that, putting x = 0, we find 

a I Cp 

T /A I * TTT 


r+ Lp 


'r+ Lp 


Letting a = r/2L, (20) may be written in the form, 




1T2H7P 

Using the shifting formula (18) of Art. 112, we have 
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But the last operator is that of formula (21), Art. 112, with a replaced 
by to. Hence we get finally 

hit) = E 0 ^ ( 21 ) 

Since E 0 is constant, Ii/E 0 is an indicial admittance. By use of the 
superposition theorem of Art. 110, the entering current corresponding to 
any impressed e.m.f. may be found, the necessary integration being per¬ 
formed by graphical or mechanical means. The values so obtained, 
when the e.m.f. is sinusoidal, have been found to agree very well with 
experimental results.* The operational method here employed may be 
0 *tended so as to yield expressions for the voltage and current at any 
distance x along the cable and at any time t. 


PROBLEMS 

Establish the operational formulas in Problems 1-5. 
(sin mir)r(m) 


1. (o) p"-I - ■ 


(0 < m < 1 ); 


/¥X m+n , (-lj n (sinm7r)r(m + u, - v 

(6) p m+w -1 —-- w c **>< 1, n a positive integer); 


k *2< 


(c) p • 1 — 2y/tjr. 


wt m+n 


2 . (o) 


<*) 


1 - 


\/p 4- a \Tiri ’ 


1 .a 1 

VP + O’ V V J 0 


(c) Vp + a.l-^ + ^jfrHr- dl. 
S. ^(p)-6-°* « e"“°fy(p — a)■ 1. . 


4. p.-v'M - 

6. - /«(2Vo«). 

6. A tightly stretched string with fixed end points, x ■» 0 and x « L, is initially 
in a position given by y(x, 0) — y 0 sin (vx/L). If it is released from rest from this 
position, find the displacement y(x, t) at any distance x from the left-hand end and 
at any time t, using equation (4) of Art. 113, and Bhow that your result is identical 
with that obtained in Chapter VII, Art. 70. 

7* A glass rod 20 cm. long, for which the specific gravity is 2.40, the thermal 
conductivity 0.0015 eal./cm. deg. sec., and the specific heat 0.180 cal./gr. deg., is at 

• See E. E. Research Bull. 50, Massachusetts Institute of Technology. 
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A uniform temperature of 100° C. If one end is suddenly cooled to 0° C., find the 
temperature at a point 5 cm. from the hot end 1 hr. after the change (a) using series 
(12) of Art. 113; (h) using series (13) of Art. 113. 

8. An infinite cable with negligible leak&nce, resistance 0.1 ohm/mi., inductance 
0.2 henry/mi., and capacitance 2 X 10~ 7 farad/mi., h&B impressed at the home end 
a constant e.m.f. of 100 volts at time t — 0. Find the value of the entering currant 
for t - 0, 1, 2, and 4 sec. 

0. An infinite cable with resistance r ohms/mi., capacitance C farads/mi., and 
neg^gible inductance and leakance, is subjected to a constant e.m.f. Eo at the home 
end at time t — 0. Using the operational method of Art. 113, show that the entering 
currant at any subsequent time t is 

hit) - E 0 


10. An infinite cable with resistance r ohms/mi., capacitance C farads/mi-, 
inductance L henries/mi., and leakance y mnos/mi., is subjected to a constant e.m.f. 
Eo at the home end at time t - 0. Show that the entering current at any subsequent 
time t is 


where 


hit) - *o e-*%m + Eo J o 'e-*Vo(*t) dt. 


am r ' -L hm--JL 
° “ 5 curre £ 1 0 “ or o r 


2 L 2C 


If the line is distortionle ss, i. e., if r/L — g/C , show that the entering current is 
steady and equal to FoV C/L for all t > 0. 


PART m. LAPLACE TRANSFORMS 

114. The Laplace transformation. An approach to operational meth¬ 
ods which frequently appears in the literature is that based on a cer¬ 
tain type of integral-function which we here take in the form 

Q{V) - f e-*'M dt, (1) 

• / 0 

where p is a parameter . It is assumed that the function f(t) is defined 
for all positive values of the real variable t and such that the improper 
(infinite) integral (1) exists. We call the function g{p) thus obtained 
the Laplace transform of /(£), and for brevity and convenience write 

p(p) - L{/(f)|. (2) 

Unfortunately, there is lack of uniformity in the definition of the 
Laplace transform by various writera. Some use (1) as their defini¬ 
tion, others take that integral multiplied by the factor p. Aecord- 
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THE LAPLACE TRANSFORMATION 


m 

ugly, each usage of a Laplace transformation should be examined in 
order to make sure which of the two forms, our present g(p) or pg(p), 
is being employed. The p-multiplied form has certain advantages, as 
pointed out in N. W. McLachlan’s “Modem Operational Calculus” 
(page 2, footnote); in particular, it yields an exact correspondence be¬ 
tween many Laplace tranc forms and Heaviside operatipnal formulas. 
However, the form (1) hao been chosen here because it lends itself 
more readily to a number of techniques and operations, notably the 
exponential shift (cf. relation (18), Art. 112, and equation (12), below), 
derivatives and integrals of transforms, and the solution of linear dif¬ 
ferentia 1 equations with variable coefficients, as will be found. 

The Bromwich integral (equation (1), Art. 112) may be used, as we 
have seen, to find the result of operating on unity with a given oper¬ 
ator 4>(p) to produce a function of the variable t. On the other hand, 
the Laplace transformation serves directly to obtain a function of the 
parameter p corresponding to a known function of t. Later, we shall 
see how to apply the Laplace transform to the solution of differential 
equations; first, however, let us find the transforms of a few familiar 
functions, and thus build up a short table of transforms for convenient 
reference. 

If f(t) = t n we get, from (1), 


L\t'\ =£ e~ p ‘t n dt *~ (p,) (pt) n d(pt) 

r (n + 1) 


n n+l 


(3) 


by (3), Art. 54. When n is a positive integer, T(n 4-1) ** n 1, and 
consequently relation (3), giving p“ (n+1) as the Laplace transfonn of 
t n /n \, is analogous to equation (4), Art. 108. When n is any real con¬ 
stant greater than — 1, we get a more general result, which includes, 
for example, the analog of equation (17), Art. 112, for n * — 

If f(t) - e a \ (1) easily yields 


L{e“} 


■r 


e-*'-? 1 dt 


L p — a 1 



e -(p—0)1 fa 



(4) 


provided only that p > a. This constitutes the analog of relation (5), 
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Art. 108. From (4) we then readily get 

fe°‘ - e-* 1 ] 1/1 1 \ 


and 


L{coshaJ} = L 


p 2 - a 2 ’ 
fe°‘ + C 


2 


*1 » 1 / i | 1 \ 

J 2 \p — a p + a/ 




p 2 -^’ 


( 6 ) 


which match with equations (10) and (11), Art. 108. By formally re¬ 
placing a by ia in (5) and (6), we may infer the existence of the trans¬ 
forms 

ia 

L{sinh iat] =L{z'sinaJ) = —-- , 

V + or 


Hein o<| = , 

V + o 

(7) 

P 

L{coshioJ) =Llcosa^) = —-- , 

V + a 

(8) 


corresponding to relations (8) and (9), Art. 108. To validate this for¬ 
mal procedure, however, we shall derive transforms (7) and (8) by 
other means. 

We next determine Laplace transforms of derivative functions 
/"(<), • • •, / (n) (0* Applying integration by parts, we have 

L\m\ = f e-*nt)dt 

Jo 

- * 

Now if f(t) is a function such that | e~ kt f(t) | < AT, say, for t > t\, 
k and M being some positive constants, then f(t) is said to be of expo¬ 
nential order. When f(t) is of exponential order, as is true of the usual 
functions arising in practice, e~ pi f(t) will approach zero as % becomes 
infinite; assuming this, we get 

- -/(0) + pL{/(0). 


(9) 



Aar. 114] 


THE LAPLACE TRANSFORMATION 


S» 


One application of (6) may be made as follows. Let F(t) ■» I f(t) dt, 
so that F'(t) - /(<) and F( 0) - 0. Then, from (9), 0 

Hf(t)} ~ L[F\t)\ = P L[F(t)\, 

or 

L {X /(<)d< ) (io) 

Therefore division of the transform of a function by p corresponds to 
integration of that function from 0 to f. The parameter p in Laplace 
transformations thus plays a role precisely analogous to the Heaviside 
operator p (equation (2), Art. 107, and Art. 108). 

Likewise, under similar suitable assumptions on /'(f), we find, from 

(9) ’ L{/"0)| - -/'(0) + pL{/'(<)} 

- -/'(0) ~/(0)p + p 2 L (/(<)) 

and, in general, 

= p n L(/(<)} - /(0)p B—1 - /'(0)p- 2 -/ ( "-*>(0). (II) 

To illustrate the use of (11), we may now derive relation (7) directly. 
When/(f) = sin af,/'(f) = a cos at and/"(f) - —a 2 sin of, whence (11) 
gives 

—a 2 L(sinaf) = p 2 L{sinaf( — 0-p — a, 

(p 2 + a 2 )L{ sin af| = a, 

a 

L(sin of | = ——«* 

V + a 

The transform of cos of may similarly be found to be given by (8), and 
the transforms of other functions are also obtainable by these means. 

Another important property of Laplace transforms, from which fur¬ 
ther useful results can be derived, is the following. If we replace p by 
p — 6 in a transform g(p), where b is some constant, (1) gives 

g(p - b) - f «-<*-»'/(<) dt = [ e -* l \e bt m\ dt 

•'O •'O 

= £{e 6, /(<)}. (12) 

Thus, the replacement of the parameter p by p — b in a transform 
corresponds to the multiplication of the original function /(f) by e bt . 
Relation (12), which may be referred to as the exponential shift (cf. 
equation (18), Art. 112), immediately yields the following new trans- 
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forms. From (3), we get 




from (7), 


and from (8), 


r(» + D . 

(p - b)" +1 ’ 


L|e 6 ‘ sin ot| - --j—5 ; (14) 

(p - 6)* + o a 


L[e bt cos at] 


(p - b) a + o» 


If we differentiate ration (I), with respect to p, under the integral 
sign (Art. 67),* we get x 

ff '(p) - r «-**[-tm)dt - l \-</«)}. 

•'o 

Similarly, ff"(p) = L|< 2 /(0I» and, in general, 

- ? <“>(p) -L{(-1)7(0). (16) 

Applying (16) to (7), for example, we find 

or 

■ (,■+«*)■■ (,7) 

Likewise, (8) and (16) give 

L\t cos al| - (18) 


(p 2 + o*) s 


Integration of a Laplace transform also produces useful relations and 
properties. If c is sufficiently large, we have 

Jff(p) dp - f‘ [ f e~>‘m d«] dp 

■r-tf-*]- 

r* r e-» , Y 

-IH—ri* 

- f -e-“)dt. 

J 0 * 

* This is valid provided that /(<) is continuous, except possibly for a finite num¬ 
ber of finite discontinuities, for i > 0, and is of exponential order. 
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Now, assuming that the limit of f(t)/t exists as t -+ 0 + , anti that f(t) 
is piecewise continuous and of exponential order as before, we may let 
c become infinite; then 


f g( P ) dp =r 


t III 


(19) 


This result gives, for instance, from (7) with a = 1, 


(sinO r* dp 

l t J J p p 2 + I 


= [arctanp]p 


=-arctan p = arccot p. 

2 

Since, by (10), division of a transform by p corresponds to integration 
of a function from 0 to t , we get 

f r 1 sin / I arccot p 

L I - dt\ = L[Si(0) =-- (20) 

l J o t J p 

The integral function denoted by Si(/) is called the sine-integral func¬ 
tion. It arises in various physical applications, and its values are given 
in certain tables, including those of Jahnke-Emde. 

116. Applications. To illustrate the manner in which the Laplace 
transform may be used in solving linear ordinary differential equations 
with constant coefficients, we consider Problem 18 following Art. 27, 
The planar motion involved there is given by the system of equations 

D 2 x = 2 y, ’ D 2 y - -2x, (1) 

where D = d/dt and t is time, accompanied by the initial conditions 

x = -1, y = 0, r>x = 0, D y = 0, (2) 

for t « 0. Elimination oly from equations (1) gives 

D 4 x = 2T) 2 y = —4x, 

or 

B 4 x + 4z = 0. (3) 

Corresponding to t = 0, we also get, from (1) and (2), 

x«-l, Dx = 0, D 2 x = 2t/ = 0, D 3 x = 2Dy = 0. (4) 

The problem is thus reduced to that of finding the solution of the fourth 
order equation (3) which satisfies the initial conditions (4). Once that 
solution x = f(t) has been determined, the first of equations (1) yields 

y =*D 2 X = iTM- 
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Now, by relation ( 11 ) of Art. 114, together with conditions (4), the 
Laplace transform of D 4 x is 

L{ D 4 x) * p A L\x) + p 3 , 

and consequently 

L(D 4 x + 4z| = p 4 Lfx) + p 3 + 4 L\x] = 0, 



Resolving this rational algebraic function of the parameter p into par¬ 
tial fractions, we find 

P 3 = 1 / V ~ 1 V + 1 \ 

p 4 + 4 2 \p 2 — 2p + 2 p 2 + 2p + 2/ 

so that 

if P - 1 , p+1 ] 

L|X) = _ 2L(p-l) 2 +l + (p+l) 2 +lJ' 

Fonnula (15) of Art. 114 thus yields immediately 

x — — cos t + cos <) * — cos t cosh (5) 

whence we get 

y = £D 2 x - sin t sinh f. ( 6 ) 

These relations, (5) and ( 6 ), are the desired equations of the path of 
the particle. 

Using formula (16), it is also sometimes possible to solve a linear 
ordinary differential equation, whose coefficients are non-constant poly¬ 
nomials in the independent variable. As an example, consider Bessel’s 
equation of order zero (cf. equations (9) and ( 11 ), Art. 107), 

ty" + y' + tv = 0 : (7) 

accompanied by the initial conditions 

y - if y f - °t 

for t = 0. By (16) and ( 11 ). Art. 114, we have 

L\ty"\ - - [p a ff(p) - p] - -pV(p) - 2pff(p) + 1, 

dp 


(8) 
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where g(p) denotes the transform of y = f(t). Likewise, 

L \ y '\ = pg ( p ) ~ i, 


517 


and 


L[ty I ~ - — g ( p ) = -p'(p). 

dp 


Hence the transformed equation, corresponding to (7) and (8), is 
-pV -2pg+l + pg-l-g' = 0, 


or 

{p 2 + l)j- + pg = 0- 

dp 

Separating the variables and integrating, we find 

dg pdp 
9 + V 2 + 1 " ’ 

In g + % In (p 2 + 1) = Inc, 

say, where c is a constant. Consequently our Laplace transform is of 
the form 

’ {p) ' vTt t m 

Now, by the binomial series, for p > 1 (Peirce, 750), 

c( \\~' i c ( 1 1-3 \ 

8 (p)--(l + ? j + -•••) 

( — l)"(2n;! 


-L: 


frrf 2 2 "(«!)V" +1 
Applying formula (3), Art. 114, to this transform series, we get 

(-l) n < 2n 


v=m = c'£— 


flo 2 2 "(n!) 2 

Both of the initial conditions (8) are satisfied by taking c = 1, and the 
summation is readily identified as the series for the Bessel function 
Relation (9) thus yields a new transform formula, 




Vp 2 + l 


(10) 
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SIS 


Another application of the Laplace transformation is to the evalua¬ 
tion of certain integrals. Consider, for example, the function 



01 ) 


For convenience, we replace' sin"/.r by its equivalent, 2 O ~ cos2Ar). 
Then, assuming it to be permissible to interchange the process of trans¬ 
forming (11) as a function of / and that of integration with respect 
to .r, we get (from (3) and (7), Art. 114) 


L |/(01 


1 r\± _ v 1, 

2 J„ px 2 + 4x-)_ 


-r 


2 dr 


p(p + ) 


1 2.r]°° 

— arctan — = 

Ip j) Jo 


2 / 


Therefore, from (3), Art. 114, 



sin 2 tx 


x 


2 



02 ) 


When t = 1, (12) yields Peirce’s formula 480. Incidentally, it may be 
remarked that the substitution y = tx in (11) gives 



sin 2 y 


T~ dl J> 


so that /(0 is indeed of the form kt, where k is a constant; the Laplace 
transformation thus serves to evaluate k (that is, Peirce’s integral 480) 
as tt/2. 

As a final application, one which serves to illustrate the use of La¬ 
place transforms in solving partial differential equations, we reconsider 
the resonant forced vibrations of the string of Art. 92. We wish now 
to find an analytic solution of the equation 


_ 2 d JL 

at 2 a dx 2 ’ 


(13) 


satisfying the boundary and initial conditions 

ai/l 

y(j, 0) - 0, — =0, y(L, t) = 0, 

dl J/«o 

v(0, /) = A sin (airl/L). 


(14) 
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Let G(x , p) denote the Laplace transform of y(x , t) with regard to the 
variable t : 


H y(x, t)) = G(z, p) = f e pt y(z, t) dt. 


Then we have, from the first two of conditions (14) and relation (11) 
of Art. 114, 


d 2 y 
di 2 


= p 2 £[2/(*, 01 = p 2 GO, p)- 


Moreover, assuming that the processes of integration with respect to t 
and of differentiation with respect to x are interchangeable in order, 


L 




f e-”‘y(T, t) 


d 2 G 

a?' 


Accordingly, (13) is transformed into 


p 2 G = 


d 2 G 

dx 2 


Since the parameter p is independent of x } this transformed equation 
is, in effect, a linear ordinary differential equation with constant coef¬ 
ficients, and therefore (Art. 10) 

G(x , p) = + e~* pla K 2 (p), (15) 

where Ki and K 2 may be functions of p (cf. the transmission line prob¬ 
lem of Art. 113). 

The transforms of the last two of conditions (14) are 

A (an/L) 

ff(L,p)-0, C( °’ P) V + (.V/I'V <I6) 

Therefore, from (15), 

e Lpla K x + e~ Lpla K 2 = 0, K x + K 2 = G( 0, p). 

Solving this pair of linear algebraic equations in K\ and K 2 , we easily 
find 

X,(p) - 1 Gi0 e 'jl la = (1 + + «-"*'• + ■ • -)G(0, p), • 

K,(p) =■ + • • • )G(0, p). 

1 ” € 
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Inserting these expressions in (15), we get 

Q(x , p) - [T** la + e - (2L + s) * la + e - i * L + x) * ,a + - - -]G(0 t p) 

- [ C -M-x) P /a + ^-(4 L-.)ptm + . . .]0( O> p ). ( 17 ) 

We have now to determine the effect of multiplying ^ transform by 
an exponential function e~ cp t where c is a positive constant. For any 
function/(0 possessing a transform g(p), we have, by definition*. 


Hence 


0 (.p) - f e-*'m dt. 

J o 

p g(p) . f e-r^m dt 
•'o 


Letting a — t + c, we then get 


”g(p) e P V(« - c) 

=J 0 ds + J e~ p ‘f(s - c) dt. 


We define a new function / c (s), as follows: 


/*(«) “0, 0 < « < c; (18) 

/e( fi ) * /(* C), 8 > C) 

then 

e-*g{p) - f «-*%(«) ds. (19) 

•'o 

Consequently, if g(p) is the Laplace transform of f(t), e m ~ tp g(p) is the 
transform of f e (t ), where f e (s) is given by (18). The function f e (t) may 
be called a translation function , for its graph is that of f(t) translated 
a distance c to the right, augmented by the segment of the /-axis be¬ 
tween 0 and c. 

Applying these findings to relation (17), and remembering that 
G(z, p) and G(0, p) denote the transforms of the required functions 
y(x, t) and y(0, t) = /(/) = A sin ( avt/L ), respectively, we obtain 


. , / 4 L + X\ ( 2L -x\ 

+ /(«£+•)/« y --- J H-/(2L—x) la - a~~) 



(20) 
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All the translation functions appearing here obey the defining condi¬ 
tions (18). If we introduce the symbolism sint 0 to denote the frone- 
latum-9ine function , which is such that sint 0 = 0 when 0 < 0, and 
sint 0 “ sin 0 for 0 ^ 0, we may then write 

\ r{at — x) 7r (at — x — 2L) 

y(x 9 0 ■= A \ sint-h sint- 


ir(at — x — 4 L) ir(at + x — 2L) 

+ sint —-+-sint —-- 


ir{at + x - 4L) 1 

— sint-—- I • (21) 

This is the desired analytic expression for y(x, t). For every pair of 
values of x and t, equation (21) will contain a finite number of non¬ 
zero terms; when at — x < 2 (n — l)L, the nth and following terms in 
the first (positively signed) set will vanish, and when at + x < 2mL, 
the mth and following terms in the second (negatively signed) set will 
vanish, since only those terms involving positive angles can contribute 
to the value of y(x,t). For example, at the end of the first cycle of 
oscillation of the left-hand end of the string, the displacement of the 
midpoint of the string is 



after two periods, 

/L 4L\ / 7w 5ir t \ 

v (2 ’ T) ' A v in 7 + sin T ~ sin 7 " sin 2 ) “ -4ili1 

and so on. 

PROBLEMS 


Determine the Laplace transforms of each of the functions in Problems 1-6. 

1. at — sin at. 2. sin at — at cos at. 

5. sin at + at cos at. 4. sin at sinh at. 

6. (t — a) n (t > a). 6. 1 2 sin at. 

7. If g(p) is the Laplace transform of /(<), show that ag(ap — b) is the transform 

of f* l/m t f(t/a). 

8. IfJtO is a periodic function, with period T, so that/(f + T) m /(*), show that 
the Laplaee transform of /(/) is given by 



e- p 'f(8) da 
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9. Using the result of Problem 8, show that 

t 1 1 _j 11 a coth (tj>/2o) 

r.(| I)-— 


10. Show that 


L\um 


(p’ + 1 )*' 


where J i(l) is the Bessel function of first order, (a) directly from the series expansion 
of /i(<) and relation (3), Art. 114; (b) using the fact that J\{t) * —/q( 0» together 
with relations (11) and (16), Art. 114. 

11. Show that /(p)/F(p), where F(p) = (p - ai)(p — a*) - ■ (p - a„), a’s all 
different constants, and where /(p) is a polynomial of degree less than n, is the La¬ 
place transform of the function 

/(flfc)e afc * 
t=\ F’(a k ) ' 

This is the analog of Heaviside’s expansion theorem (equation (7), Art. 108). 

12. Show that the Laplace transform of the cosine-integral function , defined as 


is — [In (p 2 + l)]/2p. Hint: Let x ■» ty, and transform cos yt. 

13. The exponential-integral function is defined as 


X 1 e x 
-dx. 


Show that the Laplace transform of Ei(— l) is —[In (p 4- l)]/p. 

Using the Laplace transformation, find the solution of each of the linear differen¬ 
tial equations in Problems 14-19, subject to the given initial conditions. 

14. y" - 3y' + 2y = 0; t - 0, y - 0, y' « 1. 

15. y ,n + 2y" - y' - 2y « 0; t - 0, y « 1, y' - 2, y" = -2. 

16. y" + 2y' + 2y = 0; t - 0, y - 0, y' - 1. 

17. y lv - y - 0; t - 0, y - 2, y' « 2, y" = 0, y'" * 0. 

18. ty" - y' + ty - 0; * « 0, y - 0, y’ = 0. 

18. ty" + (1 - 2n)y' + *y - 0; t - 0, y - 0, y' - 0 (n > 1). 

Evaluate each of the integrals in Problems 20-22. (Cf. Peirce’s formulas 484, 
490, 491.) 

r sin tx 

- dx (t> 0). 

x 

J ' 00 cos tx 

7— 2 dx «>0). 

o 1 4* i 

^ r 80 sin tx , , . 

22. I —dx (t > 0). 

Jo V 1 

23. In the vibrating string problem of Art. 115, show that, theoretically, 
y{L/ 2, 2nLja) — — 2nA for every positive integer n. 

24. Using relation (21), Art. 115, verify the computations tabulated in Art. 92. 
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Units and Dimensional Analysis 


In this book, as in others dealing with physical problems, a variety of physical 
quantities and units are employed. Often one physical quantity may be ex¬ 
pressed in terms of other quantities regarded as more fundamental, so that 
functional dependencies arise. New entities are sometimes defined by such 
relationships. 

For example, in the centimeter-gram-second (c.g.s.) system, the dyne is 
defined as that unit of force which, acting on a mass of 1 gram, produces an 
acceleration of 1 cm./sec,. 2 Similarly, in the foot-pound-second (f.p.s.) sys¬ 
tem, the poundal is defined as that unit of force which, acting on a mass of 
1 lb.,* produces an acceleration of 1 ft./sec. 2 In both systems, acceleration is 
further expressible in terms of the more basic concepts of length and time. 

When changing from one system of units to another, it is necessary to use 
suitable conversion factors. In mechanics and heat, relations between c.g.s. 
and f.p.s. units are needed. For convenient reference, the principal mechanical 
and thermal units employed in this book, and the corresponding conversion 
factors, are hsted here: 


Quantity 

C.a.s UVits 

F.p.s. Units 

Conversion Factors 

Mass 

gram 

pound 

1 lb. = 453.6 gin. 

Length 

centimeter 

foot 

1 ft. = 30.48 cm. 

Force 

dyne 

poundal 

1 pdl. = 13,826 dynes 

Energy, work 

erg 

foot-pound 

1 ft-lb. = 1.356 X 10 7 ergs 

Power 

watt 

horsepower 

1 hp. = 745.7 watts 

1 watt = 10 7 ergs/sec. 

Quantity of heat 

calorie 

B.t.u. 

1 B.t.u. =* 252 cal. 


In electricity and magnetism, relations among electromagnetic units (e.m.u. 
ab units), electrostatic units (e.s.u., stat units), and the practical units (such 
as volt and ampere) are required: 


Quantity 

Potential difference 
Current 
Electric charge 
Resistance 
Inductance 

Capacitance 


Conversion Factors 

1 statvolt = 2.998 X 1C) 10 abvolts = 299.8 volts 
1 abamp. ■» 2.998 X 10 10 statamp. = 10 amp. 

1 abcoul. * 2.998 X 10 10 statcoul. = 10 coulombs 
1 statohm — 8.988 X 10 20 abohms = 8.988 X 10 11 ohms 
1 stathenry = 8.988 X 10 20 abhenries = 8.988 X 10 u 

henries 

1 abfarad * 8.988 X 10 20 statfarads = 10 9 farads 
521 
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The feet that various physical quantities are expressible in terms of certain 
fundamental quantities gives rise to the concept of dimensionality. In me¬ 
chanics, the fundamental quantities are commonly taken as mass (Af)» length 
(L), and time (T). We give here the dimensions of some of the mechanical 
and geometric quantities that are frequently used. 

Quantity Dimension 


Acceleration 

LT ~* 

Angular acceleration 

J.-S 

Angular momentum 

ML i T~ l 

Angular velocity 

T -i 

Area 

L■? 

Curvature 

L~ l 

Density 

ML -* 

Energy (work) 


Force 

MLT' 1 

Frequency 

T~ i 

Moment (torque) 

ML'T-* 

Moment of inertia 

ML * or L 4 

Momentum 

MLT~ l 

Power 

ML'T~* 

Velocity 

LT~ l 

Volume 

£* 


Sometimes force (F), instead of mass (Af), is regarded as the third basic 
quantity in mechanics, with length (1) and time (T) retained as the other two. 
Then mass is a derived quantity whose dimension is FL~ X T L } power has the 
dimension FLT~ l y and so on. We shall not discuss this system of dimensions 
further, since only the M-L-T system is used throughout this book. 

In heat and thermodynamics, it is usual to augment the three mechanical 
units (Af, L, T) by temperature (0). For convenience, thermal units are some¬ 
times employed; then quantity of heat ( H) is also taken as a fundamental 
quantity. However, if we regard heat as a form of energy, so that it has the 
mechanical dimension MIST"*, it suffices to express thermal quantities in 
terms of Af, L, T, and 0. 

Quantity Dimension 

Thermal Unite Mechanical Unite 
Entropy, gas constant H9~ l 

Quantity of heat H M&T^* 

Specific heat (per unit mass) //Af” 1 *" 1 I^T J Hr x 

Temperature gradient L~ l Q L~ l 9 

Thermal conductivity FL" 1 ! 7-1 * -1 

The dimensions of electrical and magnetic quantities may be expressed in 
terms of Af, L, T and Q, where Q represents electric charge or quantity of 
Electricity. 
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Quamtitt 

Capacitance 

Conductance 

Current 

Electric field in tenuity 
Inductance 

Magnetic field intensity 
Potential difference 
Resistance 


T-m 

MLT^Qr 1 

MLHT* 

L -i r -iQ 

ml't-ht 1 

ML 2 T~ l Q~ 2 


The concept of dimensionality has one application in checking the “balance” 
of a differential or functional equation or in determining the dimension of a 
quantity appearing in such an equation. Thus, in the differential equation 
of a damped mechanical vibration, 


m 

g dP 




each term has the dimension of mass M. Hence, since x has the dimension L 
and dx/dt has the dimension LT~ l , we see that fc* and K have the dimensions 
ML~ l and ML~ l T, respectively. 

The methods of dimensional analysis also enable us to predict the form of a 
functional relation in many instances. As an elementary mechanical illustra¬ 
tion, consider the simple pendulum. The period of oscillation t may conceiv¬ 
ably depend upon the length a of the pendulum, its mass m, its amplitude of 
swing a, and the acceleration of gravity g: 

t - /i(o, ffh 

Now the dimensions of these five quantities are as follows: 


Quantity: t a m a g 

Dimension: T L M 0 LT~ 2 


(The angle a is a pure number, the ratio of two lengths, and therefore has no 
dimension.) Since Ilf appeals only in the mass itself, we see immediately that 
a change in the unit of mass cannot be compensated by any corresponding 
change in the units of the other quantities, whence it appears that t is independ¬ 
ent of m. The functional relation will then be of the form 


t - M“>«, «)• 

We may note next that L appears only in a and and to the 
each. Hence we conclude that a and g can be present only in the 
so that 

t - /»(<*/«,«). 

But the dimension of a/g is T*, whereas we need T as the 
Therefore we have 

n 


in 
iou/g, 


oft 


<-/.(*) 
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The form of /»(«), being dimensionless, cannot be determined by dimensional 
analysis; we have found, however (Chapter III), that a is involved in an elliptic 
integral, and our discussion then led to just the last form of functional relation 
determined above. 

We consider now a more systematic method of determining the form of a 
functional relation, taking as an example a problem in the kinetic theory of 
gases. Suppose that we wish to find the pressure p exerted by a perfect gas. 
Conceivably p will depend upon the mass m of the gas atom, the density p 
of the gas, the temperature 0, and the gas constant K which expresses the 
average kinetic energy of an atom as a function of temperature. We have 
then the following quantities: 

Quantity: p m p 0 K 

Dimension: ML~ l T~ 2 M ML~' 0 

Assume that the pressure p is expressible as a product of powers of the other 
four quantities/ bo that we have 

p — km x p v 0*K v t 

where k is a dimensionless constant and x, y, z, w are exponents to be deter¬ 
mined. Using the dimensions of our five quantities, we then get the identity 

ML~ l T~ 2 m M x (ML ”*) *0* (ML , 7 T_2 0“ 1 ) W 

m M z+v + v L-* v+ * B T-' iu d a ^". 

We therefore have the system of equations 

x + V “I - w ™ 1, —3 y + 2fc « —1, 

—2w — —2, t — w — 0, 

from which we easily find x = — 1, y — 1, z * 1, w » 1. Hence the desired 
relation is 



m 


As a final example, consider the problem of finding the energy W stored in a 
condenser of capacitance C, holding a charge q, the potential difference between 
the plates being V . We then have: 

Quantity: W C q V 

Dimension: ML*T~* Q ML 2 T~ 2 Q- 1 

Assuming a relation of the form 

W - kC*q*V g , 

• The validity of this assumption may be established on other grounds; see P. W 
Bridgman, “Dimensional Analysis,” Chap. II. 
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where k is again a dimensionless constant, we get 

ML 2 T~* m (M- l L^THF)Ht*(ML*T-*Q- 1 )* 

5 M _:t+ 'L _2r+2i r 2x_2r 0 2 * + * , “’*, 

which yields the equations 

— x + z = l, — 2x -h 2z = 2, 2x — 2z = —2, 2x + y — z = 0. 

We see immediately that the first three of these equations are equivalent, so 
th^t we have only two independent equations in three unknowns. This would 
seem to indicate that the energy W can be expressed in terms of two of the 
three quantities C, q , and V. In fact, if we set x = 0, we find y = 1 and z 1, 
whence 

W = kqV; 

setting y = 0, there is found x = 1 and z = 2, and consequently 

W = kCV 2 ; 

if z = 0, x -- —1 and y — 2, so that 



All these relations are correct, for the quantities C, q, and V are functionally 
related: q = (const. )CV, as may easily be checked dimensionally. 

We have considered here only a few systems of dimensions and the elements 
of the subject of dimensional analysis. More extensive treatments will be 
found in Section 3 of the ‘'Handbook of Engineering Fundamentals,” edited 
by 0. W. Eshbach, and in Bridgman’s “Dimensional Analysis.” 



ANSWERS TO PROBLEMS 


Arts. 1-3. Page 9 


la (x 4 + c)y* 4 1 - 0. 

2. e*" - x 8 + e. 

3. y* 4 cos 2x « c. 

4. sin y »■ c sin x. 

8. 1/(2 - y) - Vl -f- x 4 c. 

6. In y *» £ In 2 x 4 c. 

7. y — tan (sin x 4 c). 

8. (4 4 y 2 )( 1 - x 2 ) - c. 

9. xy — x 2 4 c. 

10. 4xy - x 2 4 y* 4 c. 

11. y - xY 4 c. 

12. 2y* — x - cy. 

13. y - Jx(ln x 4 c). 

14. (x 2 - y 2 ) 2 - 4x + c. 

16. y — xy 2 — cx. 

16. y — x tan (c — x). 

17. In [(x 4 y)/(x - y)J - 3x* 4 c. 

18. y — x Vy - cx. 

19. x sin y — y 4* c. 

20. 2y - x(x 2 + y 1 4 c). 

21. y(2xy 4 c) 4 * - 0. 

22. x*y - y* 4 e. 

23. y* — x« -v — c. 

24. y coe x — x 1 4 c 

Arts. 4-5. 

Paces 16-16 

M 

1 

cT 

I 

F 

N, 

2. y - (4x 4 c)* 2 *. 

3. coa (y/x) — cx. 

4. y - c/Vx — 3/x. 

6. y(csc x 4 cot x) — x 4 c. 

6. 4x 2 4- y l — cx 8 . 

7. y — x*(ln x 4 c). 

8. x 2 y - x 4 -f c. 

9. y — cos x + cx. 

10. y — x In (In x 4 c). 

11. - Iny +e. 

12. x 2 y * 2 In 2 x 4 c. 

13. y ■■ x sin (c — In x). 

14. y — x 4 c sin x. 

15. x - y 1 + <**. 

16. (x — e I/ )(y — 1) =■ c . 

17. cot (y/x) - c — In x. 

18. In 2 (y/x) — 2 In x 4 c. 

19. y + V'** + y* - cc a . 

20. 2x 4 y - c(x - y) 4 . 

SI. — y* + c. 

22. y cos x — x 2 4 c. 

13. x — y In cy. 


94. (o) 2i + y — 5 - c<* — y — l) 4 ; (6) 5 In (4z + 8y - 7) - 4x - 8y + 

25. 3x* 4 x*y — cy. 


Art. 6. 

Pages 18-19 

1. y — 2 sin x — x cos x — 2x 4 + cix 4 cj. 

2. y - c*e 4 **. 

8. y ■■ to x 4 c\fx 4 ca- 

4. y — In oos (i + cj + e». 

8. (x - cx) 2 4 (y - <*) 2 - 4. 

6. y-*xln*x+eixlbx + csx — 3 In t 4 <*. 

7. y ■» -|ln(21n* 4«i) + c* 

8. y 4 ci to (y - cx) — 2x 4 cj. 

9. y 1 - cix + cj. 

10. ciy 4 cos (x 4 Ci) — 1. 
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11. y » sin kx + c% cos kx. 

12. In (1 4- ciy) - cix + ci. 

18. In (ciy — 1) 4* c\y — ci 2 x + c*. 


14. y - ?x* - ci In [(ci + x*)/(ci - 

x*)] 4- c>z. 

15. y - ci sec (2x 4- c$). 

16. ci(y — x) + 2 tan -1 cjx — c*. 

17. 1/ - - \ In (x 2 4- ci) + ci. 

18. y » x* 4- 2cjx 4- 2c? In (x — ci) 4- c*. 

19. (x - ca) 1 4- y 2 - <*. 

20. In tan (c\y 4- ca) ± x — cj. 

Art. 7. 

Pages 32-38 

1. 3xy*4-s* -c'. 

2. x - \y + i - ic*»-*. 

3. y 4 - c'(2x* - ?/*). 

4. 3 In (x 2 4- y 2 ) ± arctan ( y/x ) — c\ 

6. 2.88 ft./sec. f 1.05 ft. 

7. 105 ft./sec. 

8. 2.42 ft./sec. 

10. L — v 2 /(2*>i — W 2 ). 

9. 6.68 ft. 

11. (a) e - L(1 - c" 1 ^) ft./sec.; (5) O.Stil. 

12. 2.15 sec. 

13. 0.0748 sec. 

14. 0.295 sec. 

16. 6.49 sec. 

20. 1.12 sec. 

22. 4.71 sec. 

23. 34.5 min. 

24. (a) 1000 dynes; (5)0.676 sec. 

26. 27.5 min. 

26. (a) 36.7 lb.; (5) 0.980 lb./gal. 

27. (a) 61.3 min.; (I b ) 141 lb. 

28. 118 1b. 

29. 4.75 lb./gal. 

30. 38.6 gal. 

31. 1501b. 

32. 10.9 1b. 

33. 18.3 min. 

34. (a) 1.29 X 10 7 cal./hr.; ( b) 63.4°. 

35. 1.60 cm. 

36. 28.3°. 

37. 67,000 cal./hr.; 55,000 cal./hr. 

39. 2 min. 28 sec. 

40. (o) 0.475 amp. ; (b) 0.299 amp. 

41. 8 volts. 

42. 149 volts. 

43. (a) 43.0 volts; ( b) 0.120, 2.18 sec. 

44. / - E(e~“ - e- R,ll ')/(R - aL) amp.; t - Lin ( R/aL)/(R - aL) sec. 

45. (o) 3.68 amp.; (5) 3.64 amp. 

46. —0.0135 amp.; 0.000068 coul. 

47. 95.8%. 

48. (a) 1.55; (b) 1.60. 

49. (a) 11.3 min.; (fc) 13.5 min. 

50. 25:1. 

61. 29.3%. 

62. (6) 8.00 lb./in. 2 

53. 17.8 mi. 

64. 64.9 lb./ft. 3 

65. Max. defl. - qL'/mEI ft. 

66. (qh + 2P)L*/3SAEI ft. 

57. Ely - Px(3L 2 - x 2 )/6 + qx{U? 

- x 3 )/24. 

68. 0.422L ft. 

69. Above. 

60. Ely - 10i a - 5i 4 /6 - 640z/3; 3.37 ft. 

61. Ely - 1920 - 640x/3 - 5(12 - 

*) 4 /6. 

62. 1 ft. 

83. 76P/3EI ft. 

64. 501b. 

66. £ 

66. A- 

87. 2wkL l /SEh* ft. 

60. (a) 6 BILy - P(L - c) x(z* - 2cL + e 2 ); 6 EILy - Pc(L - x)(c* - 2Lx + **); 
(6) (Pc/3EIL)[(L* - c 2 )/3] h . 


Arts. 8-9. Pages 46-47 

1. 3x(cos x 4- sin x) — 3 cos x — 4 sin x — 15. 

2. 2 sec* x tan x + 2 sec* x — 3 tan x 4- 2(3x* + 2* — 2)/*^ 
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8. 

5. 


6 . 

8 . 

10 . 

12 . 


21n2x + (x 1 - 5x 2 + 2x - 18)/x 4 . 4. 4e-*(cosx - sinx) 4- 8c 2 * 

In cos x — 24 tan 4 x — 31 tan* * — 2 tan x — 7. 

0. 7. 6 + 18x + 6x 2 . 


—7 cos x — 3 sin x. 

0 . 

0 . 


9. 12x + 12x 2 + 4x*. 
11. e*(coe x — 4 sin x). 
13. -10X6-* 1 . 


14. 0. 

16. -2e 8 *cos2x. 

18. 0. 


16. 0. 

17. 0. 

19. (a + In a) r a*. 


1. V 
3- V 
5. y 
7 . y 
•. V 

11 . y 

12. y 

13. y 

14. y 

15. y 

17. y 

18. y 

19. y 

20. y 


Art. 10. Pages 63-54 


cie- 2 * + C2C-**. 

Cl 4- c 2 e* 4- c$e 3 *. 

(ri + c 2 z)e x/3 . 

(ci -f C 2 X 4- c 3 x 2 )e 2x . 
ci 4- c 2 sin 3x 4- c 3 cos 3x. 


2. y - cie** + C 2 e"* /2 . 

4. y - cje* 4- c 2 c“* 4- esc 8 *. 

6 . y - ci 4- (C 2 4- c 3 x)e x/2 . 

8. y - ci 4- C 2 X - 1 - (c 3 4- c 4 x)c*. 

10 . y »= e 2 l (c! sin x 4- c 2 cos x). 


ci^ 4- e - 2 x (r 2 sin 3x 4- c 3 cos 3x). 

ci + (c 2 4- c 3 z) sin 2 x 4- (c 4 4- cbx) cos 2x. 

ci + C 2 j 4 - c^s^ x 4- c 4 e" *'**. 

cic~ 2x -h e x (c 2 sin \/3 x 4 - c 3 cos \/3 x). 

ci 4- c 2 x 4- cjjx 2 4- c 4 c 2 *. 16. y = ci 4- c 2 x 4- c 3 sin 2x 4- c 4 cos 2x. 


cic 3x 4- C 2 e“ Sl + c 3 sin 3x + c 4 cos 3x. 
ci + c 2 z 4- c 3 x 2 4- c 4 sin 3x + c 6 cos 3x. 
ci 4- c 2 x 4- (c 3 -I- c 4 x)c v ^* 4- (eg 4 - C 6 j)e“ v ' 5 * 

c*(ci sin i + cj cos x) -f- e _x (c 3 sin x + c 4 cos x). 


Art. 11. Pages 67-68 

1. y — Ci« 2x 4* c 2 c -2 * 4- e x — x. 2. y — cic 2 * + c# 3 * + 2x 2 — xe 2x . 

3. y ci 4- c 2 x + c 3 e~ x 4- x 3 — 2xc“*. 

4. y ■■ fi sin x 4* c 2 cos x 4- x sin x 4- cos 2x. 

6. y * c _, (ci sin 2x + c 2 cos 2x 4- sin x) — 2. 

6. ‘ y — cic 2x 4- C 2 C~ 2x + c 3 sin x 4- c 4 cos x -f sin 2x -1- 2xe~~ Zx . 

7. y » ci -f cjx 4- (c 3 4- e+z)^ 4- 3x 2 e x — x 2 . 

8 . y — ci 4* C 2 sin 2x 4* c 3 cos 2x 4“ 2x 3 — ic sin 2x. 

9. y - C\€ 2x 4- c 2 e~ xl2 4- zh 2x - xc 2x + 6c x . 

10. y — cje“ x 4- C 2 C -3 * 4- x sin x — ze _x . 

11 . y - ci 4* C 2 X 4* c 3 sin x 4" c 4 cos x 4- 3z 3 — 2x cos x. 

12. y — c**(ci sin x + cj cos x 4* x sin x) — 1. 

13. y « e 4 *(2/x 2 4- cix 4- cs). 14. y - (c x 4- ax — In cos xje 2 *. 

15. y ■* Ci sin 3x + ci cos 3x 4- 2 — 3x sin 3x — cos 3x In cos 3x. 

18. y - ci sin x 4- c 2 cos x 4- 8 sin x In (esc x 4- cot x) 4- 3x. 

17. y ■■ e”*(ci sin 2x 4- C 2 cos 2x — cos 2x In (sec 2x 4- tan 2x)) 4- fe*. 

18. y - ci 4-ci sin x 4- cj cos x — In (sec x 4" tan x) — sin x In cos i4i cos x 4* 2x. 

19. y • ci 4- cic* 4- cs«“* 4- 4 In (e* 4-1) — 4x — 2 4- 2e* In (e* 4- 1) — 2xe* 4* 

2«-*in(e* 4- 1). 

20. y - e*(ci Hhcisinx + cgcoax — In (esc x 4- cot x) — x sin x — cos z In sin x|. 
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Arts. 12-13. Page 73 

1. y “ cix 4 a/x 2 — 2 + lx 2 . 2. y — ci/Vx + — x — ** In x. 

3. y ■* (ri 4 r 2 In x)x 4 3x In 2 x 4 2x 2 . 

4. i/ •» [r-! sin (2 In x) 4 c 2 cos (2 In x)]/x 4 2 — 1 /x. 

5. y * fix 2 4 lea sin (\/3 In x) 4 e 3 cos (\/3 In x)]/x — x 4 1- 

6. y * (ri 4- c 2 In x)x 4 r-j/x 4 x 2 In x — Jx 2 — 2x In 2 x. 

7. y = (ci 4 r 2 In x 4 r 3 In 2 14{ In 5 x)x 2 . 

8. y - c,(2x -1)4 c*»(2x - l) 2 - (2x - 1) In (2x - 1) 4 i- 

9. y - 2, r - Jr* - 4x 4 <4 

10. y = 2x 2 — 3ri«* 4 3x 4 r = cie x — 1. 

11. ?/ = 2c* sin x, z = Jc*(cos x — 5 sin x). 

12. u = (rj 4 r 2 x)c~* 4 W 2 * - Je*. z = —2(ci 4 c 2 x 4 <*)«”* 4 r 3 c 2 * — \c*. 

13. // = (ri 4 r 2 x)e x 4 (c 3 - x)e~ x , z = -r 2 e x 4 (2x - 3 - 2ra)c -x 4 1. 

14. y = x 2 4 Ci, z — — 3x, w =* 0. 

16. // = cic* 4 c 2 e~ xl2 sin (J\Z3x 4 a), z — oc x 4 c. 2 er xl2 sin (J\/3 x 4 a 4 $*), 
w = ric* 4 c 2 e ~ xt2 sin ( J\/3 x 4 a 4 -J^)* 

16. // « nx“ 4 r 2 /x 2 — 1, z = -£rix 22 4 ic 2 /x 2 4 5. 

17. y * fix 4 fj/x 2 4 2, z = $r 2 /x 2 4 4x — 1. 

18. y » f jx 4 f 2 /x 4 4 ?x In x, z = ^x — c 2 /x 4 4 $x In x 4 £x. 

19. i/ * fix 4 c?/x 2 — Jx In x, z = — 2rjj 4 4c 2 /x 2 4 fx In x 4 fx 4 5. 

20. y = fix 2 4 f 2 X H 4 cos In x — sin In x, z = fix 2 4 ri>f 2 X^ 4 2 cos In x 4 

sin In x. 


Art. 14. Pages 86-93 

1. \/2 ft.; 2*-/3 sec. 

2. 2 r^L/g sec.; = a cos (/Vp/L) rad. 

3. 2^g/L sin (a/2) rad./sec. 4. 11.3 ft./sec. 

5. 2.01 ft./scc. 6. 0.561 see.; x « 0.244 cos 11.2/ ft. 

7. 66.5 lb. 8. (a) 42.2 min.; (b ) 14.1 min. 

9. x - le-2v'it(v'2sin 4 cos V2(/ 0 ft. 


11. a = 0.0351, b = 5.03. 

13. 0.198 sec. 

16. (I ) 2 4 9.371) 4 39.5)x = 0 . 

17. (a) -0.16 ft./scc.; ( 6 ) -8 ft./scc. 
19. 49. r. 

21. 1.28 ft. 


24. 3 sec.; -0.893 ft. 


10. 3.98 lb./ft. 

12. 1.81, 14.5 lb. 

14. 0.00294. 

16. -9.82 ft./sec . 2 
18. Yes: K - 2.98 lb. sec./ft, 

20. 80.4%. 

22. (a) x - fc" 2 ‘ - c“ 3f ft.; ( 6 ) 0.437 ft 

23. (a) 0.540 sec.; ( 6 ) 2.16 ft. 

25. (a) (Ce - ®' sin ut)/(lr — a 2 — w 2 ); (h) -(Cte~ at cos w0/2w. 

26. (a) -1.93 ft.; ( 6 ) -3.14 ft. 27. -0.364 ft. 

28. 0.462 ft. above. 29. \ lb. 

80. (a) 0.952 ft.; ( 6 ) 1.025 ft. 

31. («) 4 y/g lb. sec./ft.; (b) x - (J 4 V17 Of 2 ' 7 *' - J cos 2Vg / ft. 

32. 0.705 ft./sec. 33. 0.875 ft. 

86. (a) 0.0000460 coul., 0.0841 amp.; ( 6 ) 0.00000783 coul., 0.0225 amp.; 
(8) 0.0000151 coul., 0.0421 amp. 
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37. 0.0168 amp. 38. ) c - -0.0410, I P - 0.0701 amp. 

39. 0.691. 40. 0.00972 amp. 

41. Q ” Eq[(Rui cog oiit + (wX 4- alt) sin w.i t)e~^ at — X<*>i sin a >t — Rw\ cos u>(]/ 

uwiZ 2 coul.; a» =» 4LC — 2R } C 2 /2LC rad./sec. for resonance. 

42. Q - X„[(/e -f («X + aR)t)t~ at - X sin ^ - 72 cos a;/|/a,Z 2 coul. 

43. Q * E 0 [(wX + alt + «*«)«“ - (coX + alt - a> 2 /7)e” (fl+a, * ) V2w a - 

X sin ait — ft cos w/]/wZ 2 coul. 

44. ( 6 ) 7i = 1.67 amp., h = 0.505 amp. 

46. 7>i must be decreased by 1 /Cm 2 henries. 

46. A7 \p = E(\oiC\( 1 — L 2 C^oj 2 ) cos ut, A/ 2 p = Ei\\iC\C 2 uP cos w£; 

A - {L X L 2 - A^CiCza, 4 - (LiCi + /<A)« 2 + 1. 

47. 38.5 lb. 48. 9.05 ft. 

49. (vf) sin 2 a)/2 g ft.; (vq sin 2a )/g ft. 

60. x = uto(1 — e " Ag,/W )(cns a)/Kg, y = —wt/K -f 

v'(Kijq sin a 4- i»)(l — e ~ h * t/,r )/K 2 i 7 ; 

(uwo sin a)jKg — (v; 2 /I\ 2 g) In [(A'ry sin a 4- «’)/w) ft. 

61. x * i( 2\/2 4- (3 - 2y/2 ) cos oy/2y t) ft. 

64. x - l j 0 (c“‘ 4- <T W ‘) + («b/2« - 0/4u*)(«“‘ - e~“") + ( g/2u > 2 ) sin S.H.M. 

for xo = 0, co = j?/ 2 tj. 

55. (a) u - A -//. 3 + (l/r 0 - ft/A 2 ) cos 0 ; ( 6 ) u = ( e V*+ < .-V«-*»»/»)/ 2r|) 

(ft > A 2 ); » = l/r„ (ft = A 2 ); u =» (1/Vo) coafv^/r — ft. 0/A) (ft < A 2 ). 

66 . (7>) u In (r]/r 2 ) — ui In (r/r 2 ) 4* i *2 In (n /r); (c) 9-1.6°. 

67. ( 6 ) u = (r 2 U 2 - rii/i)/(ra - n) 4- - u 2 )/(r 2 - r{)r; (r) 94.3°. 

68 . 1.40, 1.07. 

69. Ai|/* = [(fr| 4- krig 2 — M’ 2 w 2 f/1.4 siri to/, A.r 2 /> = fcif/M sin wf; A *■ wp/^td 4 — 

(k\W\ + k 2 w i 4* frii0a)0 « 2 4 k\ku) 2 \ two values. 

60. 0.910 ft. 

61. (M (i) x ** 2 cos 2 /, y = —2 .sin 2 /; (ii) .r — sin 8 £, y = cos 81. 

63. ( 6 ) 0.365 in. 


Arts. 16-17. Pages 99-100 

2. 0; 1; 0; 0; 0; 0; 1; In 2. __ _ 

4. 1, Vx 2 4-~’i; dbl/Vi* -1; 1/(1 - x 2 ); Arl/xVl - * 2 ; ±1/xVx 2 4 1, 

.r £ 0; 1/(1 - x 2 ). 

7. 0,198. 8 . (1, 1.22), (-1, -1.45). 

9. 1. 


Arts. 18-22. Pages 106-107 

1. (a) 21.5 ft./sec.; ( 6 ) 14.0 ft.; (c) 4.63 ft.; (d) 6.91 sec. 

2. 2.73 sec. 3. 53.7 ft./sec*.; 1.80 sec. 

4. 4.69 sec.; 138 ft./sec. 6 . 7,99 ft./sec.; 6.61 ft. 

6 . 0.615 ft. 8. 6.52 ft./sec. 

9. 0.185 sec. 10. 0.0834 ft.; 2.01 ft./sec. 

11. 3.31 ft,.; 1.06 ft./sec. 12. ( 6 ) 0.843. 

13. (a) 13.2 in., 21.2 in.; (b) 6.65 in., 13.8 in. 

14. Jnv/3. 16* 0.95 in. 16. 0.71 in. _ 

17. uE/(l 4- 0-J2 - sech 0 - $ tanh 9)/P 2 4- QL{9 - tanh 6)/P$, $ - LVp/£7. 
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Arts. 23-27. Pages 122-124 

1. (a) 11.8 ft.; ( 6 ) 37.6 ft.; (c) 19.0 1b„ 34.0 lb. 

2. 18.8 ft. 3. 85.5 ft. 

6 . (a) 0.293 cm.; (h) 0.143 cm. 8 . (±0.552L, 0.464y 0 ). 

9. (a) 389 rad./sec., 882 rad./ see.; (6) 0.707yo, 0.544 j/q. 

10. (a) 101 volts, 0.00151 amp.; ( 6 ) 151 volts, 0.101 amp. 

11. 0.577 amp. 

12. (a) 649 volts, 0.586 amp.; (b) 88 mi.; (c) 566 mi. 

13. 1.61 X 10 ~ 6 cm. 3 /sec. 14. -5.82 ft./sec.; 1.38 ft. from O. 

16. 1.14 sec .” 1 

17. x ■= 2(cosh t + cos 0, y * 2(cosh t — cos t); (4.17, 2.01). 

18. (a) x « — cos t cosh t, y = sin t sinh t; ( b) (3.83, 3.70). 

19. (a) y =* ?yo[cos ax cosh ax. + (sin aL cos ah + sinh ah cosh aZ/)(sin ax cosh ax 

— cos ax sinh ax)/( cos 2 aL + cosh 2 aL) 4 - (cos 2 aL — cosh 2 aL) 

(sin ax sinh a:r)/(co.s 2 aL + cosh 2 aL)\ a 4 = k/4El, P = 

8 E/a 3 i/o(sin aL cos aL 4- sinh aL cosh aL)/(cos 2 aL + cosh 2 aL); 

(b) k « 8.80 lb./in. 2 , \jl “ 0.434 in. 


Arts. 28-30. Pages 136-138 


1. */2, no max.; 1 , ir/ 2 . 

4. 0.747. 

8. 0.623. 


3. [F(Ar, 0 ) - E(k, *)]A 2 ; (K - E)/k\ 
7. 2.62. 

9. 0.398. 


12. (a) 1.41; (b) 1.19. 13. 1.004. 

14. (a) 3.82; ( 6 ) (2.68, 0.442), (3.60, -0.442). 


16. 0.553. 

17. 0.134 sec. 

19. 0.402 sec. 

21 . 1.08 ft. 

23. 3.10. 

26. 0.329 sec._ 

27. (o) 2 £(Vn’ - 1/n); (6) 9.69, 6.68. 


16. 1.58 sec.; 4.54% decrease. 

18. (a) 93°; ( 6 ) 0.168 sec. 

20 . 1 . 12 l 

22. 2 y/2 F[\y/2, sin” 1 (y/2 sin c)J; 5.24. 
24. ( b) 0.462 see. 

26. (a) 5.24; (b) 0.584. 

28. (a) 2.935a 2 ; (b) 0.413a 2 


Arts. 31-36. Pages 164-166 


1. 49° 27'; 36°. 

3. (a) 130° 42'; (b) 0.392/. in. 

6 . (a) 0.48 lb.; (b) 3.9 in. 

7. (a) 4.35 in.; (fe) 2.40 in.; (r) 2.01 in.; (d) 1.18 in. 

8. 3.91 in. 9. 0.164 lb., 7.63 in. 

10. (a) 1.01 ft., 0.75 ft.; ( 6 ) 264 pdl., 4.09 ft. 

11. 0.764. 12. 0.810. 

13. 4.02. 14. 0.985. 

16. 0.74 sec. 


2. (a) 0.31 cm.; (b) 0.40 cm.; (c) 0.30 cm. 
4. 0.258// in. 

6 . 1.6 1 b. 
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Arts. 36-40. Pages 178-179 


1. (a) x - z'f 2! + ■ - ■ + (-l) l, - l * 1 "- 1 /(2n - 2)! + ■ ■ | x | < «; 

(6) x 2 - x 6 /3! H-h ( —l)"“ I x 4n ~ 2 /(2n - 1)! + ■ ■ -, [ x | < «; (c) 1 + x 

-h (\/2 ) n cos (mr/4)x n /n\ H-, | x | < »; (rf) 1 + i + x 2 /2 + x*/3 

+ 5x 4 /24 + •■■, \x\ < »; ( C ) x + x 3 /3 + ■ • ■ + x 2n -7(2n - 1) + ■ ■ 

| x | < 1; (/) 1 + x 2 /2 + x a /2 -f x 4 /3 + •• *, | x | < «. 

2. (a) 0.7468; (6) 0.6205; (c) x - z 2 /2 2 + x 3 /3 2 - x 4 /4 2 + • * ■; (d) 0.2838; 

(«) 0.3103; (/) 0.2126. 

3. (a) j, + ^/6 + 3y B /40 4- • ■ •; (b) y + y*/4 + s/*/72 4- yV57G +• ■ •. 


4. 0.650. 

6. 1.06. 

8. 0.241. 

10. 0.216. 

12. 0.5417. 

14. 7.62 X 10~ 15 erg/cm. 3 deg. 4 
17. (b) 3.75. 


5. (1.45, 0.339). 

7. 2.78. 

9. 0.105 ft./sec. 

11. 1.468. 

13. 0.503 sec. 

16. (a) 2.17 in., 12.6 in.; (6) 0.990 in. 


Arts. 41-42. Pages 165-187 


1. 3/ 4 «1+i+i 2 4- x 3 /3 + x 4 /12 + x B /120; y - 2e* - 1 - 


2. 1.78. 

4. 12.4 1b. 

8. y - ci(l -f x) + r 2 y/x. 
10. y * c\e x + e 2 Vx- 
IS. 1.97 sec. 


3. 8.76 ft./sec. 

7. y = ci cosh V~x + c 2 sinh y/~x. 
9. y » a/(l - x) + c 2 /x. 

12. 1.53 sec. 

14. (a) 0.311 in.; (6) 0.290 in. 


Arts. 43-46. Page 196 

1, ~ - ^cos x + ^ cos 3x 4- ^ cos 5x + ■ ■ * ^ + sin x — £ sin 2x + £ sin 3x 

2. — r 2 — 8 ^cos x 4- p cos 3x 4- — cos 5x 4-^ 4- - £-^ sin x 4- 


, z ’ 3 * 1 4 \ 

-8m2x + ( 1 -- §5 ) 


sin 3x H-sin 4x 4- ■ 

4 


3. 


sinh 7 


[ 1 + 2^* ■ - — (cos nx — n sin nx)l ■ 

h\ n +1 _ J 

. cos nx 

4. — 1 + r am x — h cos x + 2 > ~r-- • 

^ ” 1 


2\/2 


h 


cos nx “J 


[i+^x; 

L n - 1 


( —1)" cos nx J 


O 1 1 1 . 2 V^ 

8 . - 4- 2 sin x- 7 j 

*■ ’£?" 


a 2 — n* 
cos 2nx 


' + i 


cos nx. 
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Arts. 46-48. Page 204 

1 -;[(T"J) 8 ini ~¥ ei “ 2 l+ (i _ J) 8 in 3 iC_ i 8in4l+ -] 

—— 4 ^coa x — — cos 2x + ^5 cos 3x — ~ cos 4x H-^ ■ 

2 ^ n(l - (— l) n e r ] . c T - 1 2^1- (-l)V' 

2. - -j—;-sin tu; -> -r— cos tlx. 

t n + 1 » ir “i n 2 + 1 

4^(-ir+ l . /i% „ T 2 ^ cos 2(2n - l)x 

3 -; g srnji - < 2 * - ** 4 -; g -^r^- 

. /2 4 \ . xx 1 . 2xx / 2 4 \ 3xx 1 . 4xx 

4 I - + -s J sm —-sin — + I ---r-= J sin —-— sin — + 

\x rV 2 t 2 \3x 3VV 2 2x 2 

K 2 ^ sin 2 nxx 8 ^ cos ( 2 n — 1 )xx 

-*h. » : <2 »-ij*“ 

. . ^ (-l)" +1 n sin nrx /-^ (-l) n **' 1 nsin (nx 2 /4) 

«. 1 + (2» mn 1) g - „ V -l : - 1 - 2. Wg nV _ , - 

3 4 1 (2n — l)iri 2 1 run 

7 T?L^nji “»—2 - 

a 8 ^ cos i( 2 n — l)xz 
( 2 n — 1 )* 

_ 32 / . tcx tt 2 . 2xx 1 . 3xx x* . 4xx \ 

•• -?ri + ?” n i- + 3s 8 ,n ^- + i6 B,,, T + -; : 

' 8 -32(l-± + ±-±+--). 

2 16 ( —l)" +l cos (nn/ 2 ) 

3 «*£l »* 


64 sin ^(2n — l)ire <o « , b cos nrx 

| ( 2 n — 1 )* - 3 + ? b 4 { _ ^ - ' 

13 . — sin « + — sin 2vx + sin 3rx + — sin in — • • • J • 

"■'i + i£ s 3 s "‘-( ,+ i + i + -)- 

Arts. 49-61. Page 213 

5. 1.30 + 0.92 cos x — 0.42 cos 2x + 0.18 cos 3x + 1.10 sin x — 0.68 sin 2 
0.21 sin 3x. 


4 . 8 r-' cos nxx 


Art. 52. Page 217 


. 2V2Vw 

*• x*EJ 

4. 1.02 in. 


( 1 + h~b~h + ~ )' 


6. 0.279 in., 0.283 in., 0.280 in.; 43 ft. 
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Ait*. 88-56. Pages 224-227 


*. («) 0.8^3; ( b ) 0.451; (c) 1.31; (d) 2.22. 

A 2.85. 6 . 5.24. 

6 . 3.01. 7. 0.431. 

8 . 3.50. 0. 8.13. 


10. (a) 2r(l + l/2n)r(l/2m)/mr(l + l/2m + l/2n); (5) 1.18. 

11- 0.275. 18. r(l/n)/nr(J + 1/n); 151. 

1A V^o H " +1 r(l/n)/2nr(t + 1/n); 78.5. 


18. 6.01; (2.89, 1.13). 
18. 0.421. 

24. 1.05. 

26. 2.22 sec.; 1.69 sec. 
28. 0.327 sec. 


17. 0.356; 0.340. 
23. 4.38. 

26. 0.607. 

27. 37.9 min. 

29. 0.457 sec. 


30. 5.43 sec. 31. (a) 0,736 sec.; ( 6 ) 0.126 sec. 

32. y V/(2n - 2) T[(n + l)/( 2 n - 2 )]/r[n/(n - 1 )]; 1.11 sec. 

S3. W/(2n + 2) T[l/(n + l)]/r((n + 3)/(2n + 2)]; 1.57 sec. 


34. r(a)r(6)r(c)/r(a + !> + c + l). 36. i; (i, i, J); 


Arts. 57-64. Pages 245-247 

1. 0.2239; 0.4401; 0.6366; 0.9903. 6 . 0.3367. 

10. V"2/ti|( 3 — i ! ) sin x — 3x coe 0.1374. 

14. ci - V2/Z, c» - 0. 16. 0.390. 

16. 0.545. 

20. i* d < y/dx i + 2x 5 (Py/dx l — x (Py/dx* + dy/dx + x a i/ ■» 0. 
^28. 0.36 in.; 1° 28'. 27.1.86. 


Art. 66. Pages 256-267 
A i* - &P t (x) + iP 3 (x) + 


Arts. 66-67. Pages 266-268 


1. 0.693. 

8 . 0.785. 

5. -0.218. 

10. (5) A -J* (sin y dy)/^. 

12. n - 1/AV5. 

16. 2.83. 


2. 1.64. 

4. 0.458. 

8 . 0.216. 

11. 0.690. 

14. 1. 

17. (o) V2; ( 6 ) 0.208 sec. 


Arts. 68-70. Pages 279-280 

. yo /_ . rx art 3 rx 3fl7r<\ 

l.V- 7 (3s.n-cos T -s,n — cos— )■ 

A (a) (9 Bin — sin ^ — sin sin ^ ; (b) 0.081 in. 

120f \ Jj Jj L Li r 
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. , , 24 L* -^ X . (2» - l)iri . (2n - 1W . 

>• w Tir £ an —r— 81,1 —i— : (b) °- 814 ,n 

4. V am coa =£. 6 . 0.235 in. 

25ir* " 7i* L L 

18m 1 / . mr . 2 wir\ , nrrx . nairt 

«• £ n 3 ( a,n T + “ n TV s,n T 8111 “■ 

SSL-^ ( —0" . (2n — Dirt (2n - l)a,ri 

10 - PI £ T„—T)^ m 2L -~2L - 

’6 gU ^ X . (2n - l)ir:r (2n - Dart 

13 - - -sr £ tfT-Tji ffln “ST - cos 2L- 


Art. 71. Pages 284-286 


1. («) V n -f ■ e-Wv*. (b) 4.70°. 

* hi » L 

2. (a) X + - V sin — • e -»V*Vi«oo. (fc) l 

xr f n 40 


-»r **«*!/] 000. m 1070 


; (b) 12.7°. 


100-t 200 A 1 . (2 n - \)ttx f2n n , 

3. ww+ __ a 1 

4 . (a) 25 + -y- - — y~] - sin ( 6 ) 26.9°. 

L * n L 

8000 v-» 12 — (2n — 1)V ( 2 n — Drx <2n-n W 1/100 

6 ‘ T r £ (2« ~ D‘ «) 


■ (fc) 65.7° 


6 . 7 . 52 °. 
8. 88.7°. 


7. 32.3°. 

9. 7.73 min. 


in 1 8/1L V (_1) “ '.in (2 " ~ ‘ ),r;C Wvu, 1 

1 °. AX + _ P“ n 4 { ( 2 »-D 1 2 L 


( —l) n n , nrz x 2 f/ ,« 

16. W*.-* g Bzhrvv s,n t - 

18 !f?I V 1 gin (2n ~ 1)Trr . e - 
x*r (2n - 1)* a 

19 . A + 25d V izir 8in 5= . ,-WW. 

irr ““4 fi 


Art. 72. Pages 292-293 


1 . 0.278uo. 

200 ip (-D" +i / L y-‘ 

2 ‘ » £(2n - l) s VlO/ 


Hin (2n — 1)0. 


4. 100 ain (rx/8) -e~ W,/S . 


*.(«)- T) -—-—- sin 1n ' )TI ■ e -(6) 8.1 cm., 2.8 cm. 

it ^r{ 2 » - i 10 
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* 512 f 

7 ' ^( 2 n - 1 )» 


. (2n - 1 )rx 


8 


. e - (2n — l)ry/8' 


•* « » 


9 ???? V' 

■ * 2 t=\ ( 2 » - 1 )* 

10. 25.0°, 679°. 

4a y, (-l)"* 1 

ir 2 ( 2 n — l) 2 sinh ( 2 n — l) 7 r 


(- 1 )" 


. (2n — 1 )ttx 


10 


. t -(2n-l)*v/10 


11 . 


. (2jt — l)rx . ( 2 n — l) 7 r|/ 
am-sinh-—. 


12 . 


3200 


V 1 . 


r* ( 2 n — 1 )* sinh \{2n — 1 )tt 


. (2n - l)ira; . (2n - l)iry 

-smh - 


20 

-i« 400 ^ ( —l) n+, (2n — l) 7 r — 2 (2w. — \)rx . (2n — l)ir y 

M - TT If (2» 1)* sinh (4n — 2). 8mh -Hi-" m -15- 


20 


Arts. 73-74. Pages 304-305 

a. V - Po - 9p(i 2 + l/ 2 ) 2 /20. 4. p « p 0 - p/20(x 2 + t/ 2 ). 


5. 1200 - 1.2z 

- 1.2 . 2.2 


2200 { — I }" 

->-si 

T n-1 n 

T+T%-” 


k (“0" 


sin-- ■ «”" 2r2,/1 ° ,rf7 . 

1000 


1000 

7. 0.007 amp., 0.144 amp. 

1 — «” 1 cos nr nrx 


-*V£/10 8 rC 

8 . 5.3%, 61.7%, 87.1%. 


i — « cos nr nrx 1ivn . 

0. 272 2_^ — j — n2 ^ 2 — cos — ■ e 100, (cos 100nW - nr sin lOOmrf) + 
0.859e“ l00t . 

Arts. 75-76. Pages 320-321 

1. (a) —4.9, —14, 27 lines/cm. 2 ; (b) 8.1 watts. 

4. 0.125, 0.095, 0.075, 0.061 lb./ft . 8 6 . 0.159, 0.144, 0.133, 0.125 lb./ft . 3 


Art. 77. Page 324 


8. 8o s A^ 

n- l 


J 0 (g w r/fl) 
a\J i(a n ) 


ca n t 
cos- 


a 


Art 78. Pages 328-429 

1. 50(1 + (r/o) cos 0). 

G + i G) 008 * - ^ 0 ,(s c ° 8 ’ 9 _ 3 ^ + 

~~ (a) ^ COe * 8 — 70 co** t + 15 oae *) + • • • J * 
8 . *F [1 - (r/o)»P^cos*/!. 
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•* * U © p,(coe,) ■ i © Ps(co8 #)+ © Pt(co8fl) 

[ J>^ -6 "Tj 

1 — r*Pi(cos 9) + — P 4(008 9) — — P,(cos 9) H-I • 

8. + (5i* - 3z)e~ m ']. 


Arts. 83-66. Pages 369-371 


_ CfC r /d^W dPw 3~U'\ du dw du Sw du dull 

7 - }j)v L“ + a? + 5?7 + Tx te + * * + * * J rf7 " 


/•f /dw dw 

11 u I — cos a H-cos 0 + 

JJs \ dx dy 

f d 2 w . a 2 u> 


axe 

~ez 


cos 7 


)dS; 


rrr r t bw . a ™ , 6w \ f du ,* w ,* “\i JTr 
JJJk L u (a** + a^ + a**) w W + a»* + a* J )J d 


M au> au\ / dw 

U - w — J cos a + I u — 

dx dx) V dy 

( dw du\ "I 

u - w — J cos 7 dS. 

dz dz / J 


8 . p 0 - (a + b)Vu + frvV. 


du\ 

W 7y) COafi + 


Arts. 87-89. Pages 886-387 


2. Points where y — 9. 4 . (a) 0.021; ( b ) 0.042. 

5. 57. 6 . 1.743, 0.005. 

7. 32.18, 0.04. 8 . 2.1 in., 39.8 in. 

9. (a) 83.288, 0.021; ( 6 ) 0.014; (r) 3, 4; (d) 0.774. 

10. 97° 36' 39.45"; 2.05*, 1.38". 


Art 90. Pages 391-394 


1. 24.4 mm . 9 

2. p - 2.28 + 0.1879io lb.; 30 lb.; -0.01, 0.32. 


8 . y - 54.9 + 0.500x gr.; -0.7, 4.83. 
5. R - 6.7 -I- 0.0092F 2 lb./ton 
7. M - 0.3793 + 0.675r; 0.0006 
10. 24.7 ft. 

12. l.OGOohms. 

14. t * (3.I5J + 0.0035J 2 ) X 10 - 6 volt. 


4. y - 0.0476 + 0 00407P in. 

6 . b/a * 1.063 - 0.0505r. 

8 . Q ~ 101 - 51e~ tf60 lb. 

11. x - -1.172, y - 1.039. 

13. x =» 7.1, y - 3.9, * - 2.3 gr. 
15. 21° 13' 28.36". 


Arts. 91-92. Pages 402-403 

6 . 0.7652. 

8 . -6.00A. 


7. 6.06 sec. 

12. 53.7°, 47.1°, 42.0°, 37.8°, 34.1°. 


Arts. 93-96. Pages 418-419 

6 . (6) (4» + l)x/2 + i cosh -1 2, n an integer or zero. 

8 . ( b ) sinh -1 2 4- 2nirt, — sinh " 1 2 4 (2n 4- .*; an', n an integer or zero. 

9. ( 6 ) sinh -1 1 .+ (4n + l)m/ 2 , -■ s?oh -1 1 4- 'Art. + 3)ri/2, n an integer or se.ro. 
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Arts. 97-101. Pages 436-487 

6 . ( 8 ) (D* + R? — - &)/2D, (D 2 - E? + «2 - ft 2 )/2D, E»/X); 

E*-0 4 +E} + J^ - 2(D 2 R\ + 2> 2 ig + £?$). 

7. V - c(u 8 - 3uc 2 ), 5 - c(3u 2 v - v>). 

8. V — c(u* — 6uV + ti 4 ), S — c(4u*t> — 4u»*). 

10. u - c(V ' 2 — S 2 ), v - 2cVS. Streamlines and equipotentials are confocal 
parabolas; focus at O, u-axis as common axis. 


Arts. 102-105. Pages 459-160 

8 . f (-1 ± V3tV9. 

Arts. 108-107. Pages 468-469 


1. v - 31 2 . 

8. y - 2e‘ - 3e~‘ - t. 

5. y — I 2 4- e‘ — e~ u . 

Art. 108. 

1. y — 2 + sin 1 — cos (. 

8. y - 2 - «' + 3c“‘ + e”. 

8 . |/ — e* + sin 1 + cos 1 — 1 . 


2. y - e»‘. 

4. y - (3s * 1 + 29e-‘)/4. 


Pages 476-476 

2. p — 3 sin t — (i + 1 ) cos 1 . 

4. y «• 1 -f 21 — sin 1 + 2 cos 1. 


Arts. 109-111. Pages 491-492 

1. (o) h - $(4 - 3e-‘ - e _JI ), h “ f(2 - 3<r‘ + <r»‘); (i») /j - 5 * 0(8 sin t - 
6 cos 1 + 5e~‘ + e - *'), h = 2 * 0(2 sin 1 — 4 cos 1 4 - 5<~ ( — <~ 31 ). 

8 . (o) »i - V(3 - e"" 2 - 2e -2< ), h - -y*( e -" 2 - c~ 2 '). i 3 - ‘ : ,°(3 - 2c~" J - 
e- 2 '); ( 6 ) *1 - -j*r(18 cos 2t + 21 sin 2t - e~'- 17-' -*>, a, - nh;(15 cos 21 
+ 9 sin 21 + 2e~" s - 17e“ 2 '), i B - r^(21 cos 2i h 3.3 sin 21 -- 4c- ,/2 - 
17e- 2 ‘). 

8 - (•) h - A(1 - fle- 10 “ 4- 8 e —150< ), /, - -Ad - 4- 2e~ wc '}; ( 6 ) i, - 

0.0060 sto120t 1 - 0.0081 cos 120irl - O.OaiOe- 100 ' 4- 0.0291e-‘“'. 

4. (o) A a - 5*5(27 - 4e-‘ - Se" 10 '), A B - *(9 - 4e~‘ - 5e-«"). A a - 
. i(c-' - e -1#< ); ( 6 ) / a - *-^(99 cos 51 4- 27 sin 51 + 5«-' - 104e~ 10 '). 

6 . 0.153, 0.051, 0402, 0.024, 0.078 amp. 


Arts. 112-113. 

7. 99.7°. 

Arts. 114-116. 

1 . aVp^P 2 + a 2 ). 

8. 2ap 2 /(p* + a 2 ) 2 . 

6. f-“"r(n + l)/p« +I . 

14. y m e 21 — c*. 

16. 3 / ”> e - ' sin 1 . 

18. v * ct/i(l). 

20 . r/ 2 ._ 

22 . -\/ir/2t. 


Pages 609-610 

8 . 0400, 0.0791, 0.0645, 0.0466 amp. 

Pages 621-622 

2 . 2 aV(p-' + a 2 ) 2 . 

4. 2a 2 p/(p 4 + 4o 4 ). 

6 . 2u(3p 2 - a 2 )/(p s + a*)*. 

16. p » e* + e~‘ — 

17. p— e‘ + coe t + sin I. 

19. y - rtV„(i). 

91. «-*/2. 
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Ab units, 523 
Abel, 127 

Absolute convergence, 158 
Absolute value, 405 
Acceleration, vector, 343 
Addition, of series, 161 
of vectors, 331 
Admittance, indicial, 484 
transfer, 484 
Air resistance, 21, 101 
Alternating current, 207, 305 
Alternating series, 159 
Ampere, 149, 368 

Amplitude, of complex quantity, 404 
of elliptic integral, 127, 132 
of forced vibration, 83 
of s.h.m., 75 
Analysis, circuit, 479 
dimensional, 525 
harmonic, 208 
vector, 330 ff. 

Angular velocity, critical, 115, 116 
Areal velocity, 344 
Argument, 404 
Ailed, see Del 
Atmospheric pressure, 36 
Auxiliary equation, 43 
Average deviation, 381 

Bagai, see Dwight 
Bar, vibrating, 280 
Bartlett, 384 
Bateman, 269 

Beam, cantilever, 35, 93, 104, 186 
elastic curve of, 27, 124, 214 
on elastic foundation, 124 
potential energy of, 28, 214 
simple, 29, 214 
uniformly loaded, 30, 216 
with fixed ends, 37 


Bei function, 239 
Bending moment, 28 
Ber function, 239 
Bernoulli’s equation, 16 
Bessel function, 227 ff., 267, 502 
ber and bei, 239 
expansion in series of, 236 
of first and second kinds, 239 
zeros of, 233 

Bessel’s equation, 228, 268, 464, 516 
Beta function, 223 
Biot-Savart relation, 149 
Boltzmann, see Stefan 
Brake, mechanical, 138 
Branch current, 477 
Branch-point, 418 
Bridgman, 526, 527 
Bromwich, 461, 492 
line integrals, 492 
Bush, 476, 507 

Cable, flow of electricity in, 117, 300 
suspended, 107 
Calculus, operational, 461 ff. 
Cantilever beam, 35, 93, 104, 186 
Capacitance, 3G, 83 
Capillarity, laws of, 110 
problems, 110, 139 
Carso and Shearer, 208 
Carson, 461 
Catenary, 109 

Cauehy-Ileimann equations, 410 
Cauchy’s equation, 68 
integral formula, 447 
integral theorem, 444 
ratio test, 158 
Change of interval, 200 
Channel, flow out of. 430 
Chemical reaction, 36, 85 
Chemical solution, 23 
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Chemistry, physical, 86 
Christoffel, see Schwarz 
Circuit, electric, 25 f 83, 476 
Circuit analysis, 479 
Circuit current, 479 
Circular current, 149 
Circular transformation, 418 
Coble, 62 

Coefficient of recombination, 120 
Combination, 372 
integrable, 4 
of series, 205 
principles of, 372 
Comparison test, 158 
Complementary function, 39, 47 
Complex quantity, 404 
Concentration, 23, 313 
gradient, 313 

Condenser, edge effect in, 430 
energy st ored in, 520 
Conductivity, thermal, 24 
Con jugu ! e functions, 412 
Conservative force, 303 
(Ymst.ni!., g, a rotational, 21 
(V.ntinui!.-.-, (filiation of. 296, 345 
Coat our 1 integral, m'i Lino integral 
(.convergence of series, 157 
absolute, 158 
♦’• (ziou of, 157 
uniform, lf>7 
Com “rsion fa<*tors, 523 
Cooling, Newton's laiv of, 35 
Cord, swinging, 1*15 
Cosin'*-integral funrtion, 522 
Couru nt - M il bert, 269 
Crilirai angular velocity, 115, 116 
Curl, 34J, 352 
vanishing of, 363 
Current, alternating, 207, 305 
branch, 477 
circuit, 479 
circular, 149 
eddy, 305 
effective, 207 
saturation, 120 
Curtiss, 404 
Curvature, vector, 343 
Curve, elastic, 27, 124, 214 
of error, 377 
probability. 373 


Curve-fitting, 208, 388 

D (operator), 42 ff. 

Dahl, 476 

Damped motion, 76, 525 
Damping factor, 78 
De Moivre’s theorem, 405 
Decomposition of radium, 36 
Definite integrals, evaluation of, 172, 
456 

Deflection of beams, see Beam 
Del, 340 

Dependence, linear, 41 
Dependent events, 373 
Dependent variable lacking, 16 
Derivative, of complex function, 406 
partial, 258 ff. 

Deviation, average, 381 
standard, 379 
of the mean, 385 
Difference equation, 395, 402 
Differential, total, 262 
Differential equation, Bernoulli's, 1G 
definition of, 1 
Euler's, 68 
exact, 5 

homogeneous, 9, 39, 68, 269 
integrable combinations, 4 
linear, of first order, 12, 461 
of higher order, 38 ff., 268, 465 
non-linear of higher order, 16, 17 
numerical solution of, 394 ff. 
ordinary, 394 
partial, 398 
order of, 1 
ordinary, 1 ff., 394 
partial, 1, 258 ff., 398 
reducible to homogeneous, 15 
simultaneous, 2, 70 
solution, method of Frobenius, 183 
numerical, 394, 398 
Picard's method, 179 
solution of, 2, 270 
variables separable, 3, 271 
Differential operator, 42, 469 
Differentiation, of series, 164, 171 
of vectors, 338 
total, 262 

under integral sign, 263 
Diffusion, 313, 403 
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Diffusivity, 281, 314 
Dimensional analysis, 525 
Dimensions, 524 
Dipole moment, 253 
Discontinuity, finite, 192 
Dispersion, measure of, 380, 384 
Divergence, 341, 352 
Divergence theorem, 354 
Division of series, 162 
Double Fourier series, 323 
Double interpolation, 128 
Dwight and Bagai, 313 

Eddy current, 305 

Edge effect in condenser, 430 

Edwards, 220 

Effective current and voltage, 207 
Elastic curve, 27, 124, 214 
Elastica, 143 

Elasticity, modulus of, 27 
Electric circuit, 25, 83, 476 
Electricity, flow of, 117, 300, 419, 426, 
433, 507 

Electromagnetic units, 523 
Electron, 93 
Electrostatic flux, 420 
Electrostatic units, 523 
Ellipse, length of, 125 
Elliptic functions, 133 
Elliptic integrals, 125 ff. 
amplitude of, 127, 132 
evaluation of, 173 
Jacobi's form, 133 
Legendre’s form, 133 
modulus of, 127, 132 
of the first kind, 131 
of the second kind, 127 
of the third kind, 134 
Empirical probability, 373 
Energy, potential, of bent beam, 28, 214 
stored in condenser, 526 
Equipotential, 297, 419 
Error, curve of, 377 
function, 378, 500, 507 
mean-square, 268, 384 
of observation, 374 
probable, 379, 384 
Eshbach, 527 
Essential singularity, 451 
Euler’s equation, 68 


Euler’s relation, 51, 405 
Evaluation, of functions, 172 
of integrals, 172, 456, 518 
Evaporation, 4, 313 
Even function, 196 
Events, dependent, 373 
independent, 373 
mutually exclusive, 372 
Exact differential equation, 5 
Expansion theorem, Heaviside’s, 473, 
494 

Exponential order, 512 
Exponential-integral function, 522 

Factorial, 218 
Faraday, 368 
Field, magnetic, l**), 305 
scalar, 347 
vector, 352 
Fisher, 372 

Fixed ends, beam with, 37 
Flow, of electricity, 117, 300, 419, 426, 
433, 507 

of fluid, see Fluid flow 
of heat, see Heat flow 
out of channel, 430 
Fluid flow, 294, 344, 420 
irrotational, 297 
out of channel, 430 
Fluid pressure, 36, 294, 52G 
Flux, electrostatic, 420 
Force, conservative, 363 
Forced motion, 80 
Forsyth, 385 
Fourier series, 188 ff. 
double, 323 

Fourier-Bessel expansion, 324 
Fourier’s theorem, 192 
Frank-v. Mises, 233, 269 
Frequency, of s.h.m., 75 
Fresnel integrals, 460 
Frobcnius, method of, 183 
Fry, 372 

Functions, analytic, 404 ff. 
ber and bei, 239 
Bessel, 227 ff., 267, 502 
beta, 223 

complementary, 39, 47 
conjugate, 412 
cosine-integral, 522 



544 


INDEX 


Functions, elliptic, 133 
error, 378, 500, 507 
evaluation of, 172 
even, 196 

exponential-integral, 522 
gamma, 218 if. 
harmonic, 412 
homogeneous, 9 
hyperbolic, 94 ff. 
inverse, 166, 415 
Legendre, 247 
linearly independent, 41 
mapping, 414 ff. 
multiple-valued, 415 
non-analytio, 407 
odd, 196 

of a complex variable, 404 ff. 
pi, 220 

r.m.s. value of, 205 
sine-integral, 515 
stream, 420 
translation, 520 
unit, 484 

Gamma function, 218 ff. 

Gas, ionization of, 119 
Gases, kinetic theory of, 526 
Gauss pi function, 220 
Gauss’s theorem, 360 
General solution, 2 
Gibbs-Wilson, 333 
Goursat, 409 

Goursat-Iledriek, 134, 192, 264, 416 
Gradient, concentration, 313 
temperature, 24 
vector, 341, 347, 349 
Grant, 372 

Gravitational potential, 349, 365 
Gravity, constant of, 21 
Green’s lemma, 441 
Green’s theorem, 361 
Gyrostatic pendulum, 93 

Half-range Fourier series, 198, 202 
Harmonic analysis, 208 
Harmonic function, 412 
Heat, specific, 281 
Heat flow, laws of, 24 
one-dimensional, 280, 403, 504 
radial, 286 


Heat flow, steady-state, 24, 282 
three-dimensional, 288, 362 
transient, 282 
two-dimensional, 286, 420 
Heaviside, 461 ff. 

expansion theorem, 473, 494 
Hedrick, 407; see also Goursat 
Henry, 368 
Hilbert, see Courant 
Homogeneous differential equation, 9 
39, 68, 270 

Homogeneous function, 9 
Hooke’s law, 26, 78 
Howe, see Soucek 
Hydrodynamics, 294 
Hyperbolic functions, 94 ff. 

Identical series, 165 
luce, 2, 41, 65, ISO, 183 
Independence, linear, 41 
Independent events, 373 
Independent variable lacking, 17 
Indicial admittance, 484 
Indicial equation, 185 
Inductance, 25 
mutual, 477 

Infinite .series, see Series 
Integrable combinations, 4 
Integral formula, Cauchy’s, 447 
Integral linear transformation, 418 
Integral theorem, Cauchy's, 444 
Integrals, differentiation of, 263 
elliptic, 125 ff. 
evaluation of, 172, 456, 518 
Fresnel, 460 
line, 437, 456 
particular, 39, 54 
probability, 378 
Integrating factor, 6, 13 
Integration, of series, 164, 170 
of vectors, 339 
Intensity of field, 149, 305 
Interpolation, double, 128 
Interval, change of, 200 
Inverse function, 106, 415 
Ionization of gases, 119 
Irrotational flow, 297 
Isolated singularity, 451 
Isotherm, 420 
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Jacobi, 127,123 
Jacobian determinant, 416 
J&hnkfeErode, 233, 234, 515 
Jeffreys, 461, 503 
Jones, 476 

Kasner, 407 

Kinetic theory of gases, 526 
Kircbhoff’s laws, 26, 83, 477 
Knopp, 159, 167, 206, 217 
Koenig, 213 

Lagrange, 63 
Langsdorf, 305 

Laplace transformation, 510 ff. 
Laplace’s equation, 289, 297, 346, 347, 
412 

Laplace's law, 149 
Laurent's theorem, 451 
Least squares, -method of, 387 
Legendre, 127, i 33 
functions, 247 
associated, 257 
polynomials, 249 
expansion in series of, 254 
Legendre’s equation, 247 
Leland, 384 
Level surface, 348 
Light, refraction of, 347 
velocity of, 368 
Limiting velocity, 23, 101 
Line integral, 437, 456 
Bromwich's, 492 
Linear dependence, 41 
Linear differential equation, 12, 38 ff., 
268, 461, 465 

Linear transformation, 418 
Lipka, 208 

Liquids, evaporation of, 4, 313 

Maclaurin’s series, 159 
MacRobert, 456 
Magnetic field, 149, 305 
Mapping, 414 ff. 

Marehbanks, 313 
Mavis, see Soucek 
Maxwell’s equations, 368 
McLaehlan, 227, 239, 241, 311, 313, 511 
Mean hydraulic radius, 155 
Mean-square error, 268, 384 
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Mean-square value, 206 
Measure, of dispersion, 380, 384 
of precision, 377 
Mechanical units, 524 
Membrane, vibrating, 321 
Mesh, electric, 477 
Miller, 372, 392, 400 
Milne, 394 

Milne-Thpmpson, 394 
Mises, v., 385; see also Frank 
Modulus, of complex quantity, 405 
of elasticity, 27 
of elliptic integral, 127, 132 
Moment, bending, 28 
dipole, 253 
vector,, 341 

Motion, damped, 76, 525 
forced, 80 

Newton's laws of, 21 
of fluid, 294, 344, 420 
of pendulum, 86, 128, 474 
orbital, 344 
planar, 515 

rectilinear, 21, 73, 100, 224 
simple harmonic, 75 
under conservative force, 363 
under resistance, 21, 76, 101 
Af-tcst, Weierstrass's, 169 
Multi pie-valued function, 415 
Multiplication, of series, 161 
of vectors, 334, 335 
Mutual inductance, 477 
Mutually exclusive events, 372 

Nabla, see Del 
Networks, 476 
problems, 486 
Neutral axis, 27 
Neutral surface, 27 
Newman, 313 

Newton’s laws, of cooling, 35 
of motion, 21 

Non-analytic function, 407 
Non-homogen ecus equation, 40 
Non-linear differential equations of 
higher order, 16, 17 
Numerical methods, 394 ff. 

Observation, errors of, 374 
Odd function, 196 
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Ohm’s law, 26, 117 
Ollendorf, see Rothe 
Ops tow ski, 138 
Operational calculus, 461 ff. 

0|>erators, del, 40 
differential, 42, 460 
Iiaplacian, 346 
p, 469 
Q, 461 

Taylor’s, 499 
Orbital motion, 344 
Order, of differential equation, 1 
reduction of, 55 

Ordinary differential equations, 1 ff., 
394 

Orthogonal trajectories, 19, 299, 413 
Osgood, 262 

p (operator), 469 
Parabolic reflector, 7 
Parameters, variation of, 63 
Partial derivatives, 258 ff. 

Partial differential equations, 1, 258 ff., 
398 

Particular integral, 39, 54 
Particular solution, 2, 270 
Peirce, 23, 110, 127, 128, J 32, 135, 138, 
174, 178, 205, 220, 223, 224, 278, 
284, 378, 379, 381, 458, 460, 489, 
507, 518, 522 

Pendulum, 86, 128, 474, 525 
gyrostatic, 93 

Period, of damped vibration, 78 
of pendulum, 132, 525 
of s.h.m., 75 
Permutations, 372 
Piaggio, 180, 183 
Pi function, 220 
Picard's method, 179 
Pivot, Schiele's, 103 
Planck’s radiation law, 179 
Pohl hausen, see Rothe 
Point source and point sink, 433 
Points, singular, 451 
Poisson’s equation, 367 
Polar representation of complex quan¬ 
tity, 405 
Pole, 451 

Polygon, field, 423 
Polynomials, Legendre, 349 


Polynomials, expansion in series of, 254 
Potential, dipole, 253 
due to charged sphere, 325 
due to point, charges, 251 
gravitational, 349, 365 
velocity, 297, 420 
Potential energy of beam, 28, 214 
Power loss, 312 
Power series, 159 ff. 

Practical units, 523 
Pratt, 174 

Precision, measure of, 377 
Pressure, atmospheric, 36 
fluid, 30, 294, 526 
Priestcr, 214 
Probability, 372 ff. 
a posteriori, 373 
a priori, 373 
empirical, 373 
of an error, 377 
statistical, 373 
Probability curve, 373 
Probability integral, 378 
Probable error, 379, 384 
Product, scalar, 333 
vector, 334 

Proportional flow weir, 174 

Q (operator), 461 

Radial heat flow, 286 
Radiat ing wire, 286 
Radiation law, Planck’s, 179 
Radium, decomposition of, 36 
Ratio lest, 158 
Reaction, chemical, 36, 85 
Recombination, coefficient of, 120 
Rectification of ellipse, 125 
Rectilinear motion, 21, 73, 100, 224 
Reduction of order, 55 
Reflector, parabolic, 7 
Refraction of light, 347 
Region of convergence, 157 
Repeated trials, 373 
Residual, 379 
Residue, 452 
Resistance, air, 21, 101 
electrical, 25 

motion under, 21, 78* 101 
Resonance, 83, 399, 474, 487 
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Reversion of series, 106 

Riemann, sec Cauchy 

Riemann-Weber, 260 

R.m.s. value, 206 

Robinson, see Whittaker 

Rodrigues’s formula, 251 

Rope wound on drum, 33 

Itorty, 372 

Rotating shaft, 113 

Rotation, of a fluid, 266 

Rot he, Ollendorf, and Poldhausen, 423 

Rumclin, 121 

Saturation current, 120 

Savart, sec Riot 

Scalar, 330 

Scalar field, 347 

Scalar product, 333 

Scarborough, 364 

Schiele's pivot, 103 

Schwarz-Christoffel transformation, 

419 ff., 454 

Series, addition of, 161 
alternating, 156 
combination of, 205 
comparison test for, 158 
convergence «if, 157 
absolute, 158 
uniform, 167 

differentiation of, 164, 171 
division of, 162 
Fourier, 188 tT. 

half-range, 168, 202 
identical, 165 
infinite, 156 ff., 448 
integration of, 164, 170 
Laurent’s, 451 
Maelaurin’s, 15!) 
multiplication of, 161 
of Bessel functions, 236 
of Legendre polynomials, 254 
power, 159 ff. 
ratio test for, 158 
region of convergence of, 157 
reversion of, 166 
sum of, 157 
Taylor’s, 159, 449 
trigonometric, 188 ff. 

Shaft, rotating, 113 

Shear, 29 


Shearer, see Carse 
Shifting formula, 498 
Shots fired at target, 373 
Simple beam, 29, 214 
Simple harmonic motion, 75 
amplitude of, 75 
frequency of, 75 
period of, 75 

Simultaneous differential equations, 2, 
70 

Sine-integral function, 51ft 
Singular points, 451 
essential, 451 
isolated, 451 
Sniail, 159, 167 

Solenoid, eddy currents inside, 305 
Solution of differential equation, 2 
general, 2 
particular, 2 

S'meek, Howe, and Mavis, 174 
Specific heat, 281 
Sphere, bent, flow in, 286 
Spring constant, 79 
Sl:md;ird deviation, 376 
of tie* mean, 385 
Slat uni is, 523 
Stttti 1 sti' , ;ii probability, 373 
Steady state, 24, 117, 2.82, 286 
Stefan-Rolt zmarm law, 176 
Stokes’s theorem, 357 
Stream function, 420 
Streamlines, 267, 462 
String, vibrating, 273, 368, 503, 518 
Sum. of series, 157 
Superposition., principle! of, 482 
Surface t.cnsii.o, 111, 140 
Suspended cable, 107 
Kutroweri. 171 
Swinging c<-< d, M5 
Systems of units, 21. 523 

Target, shots fired at, 373 
Taylor’s operator, 469 
Taylor’s series, 159, 449 
Taylor’s theorem, 449 
Telegraph cquatin:302 
Telephone equations, 30 i 
Temperature gradient, 24 
Tension, surface, 111, 140 
Test, comparison, 158 
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Test, ratio, 158 

Theorem, Cauchy’s integral, 444 
De Moivre's, 405 
divergence, 354 
Fourier’s, 192 
Gauss’s, 360 
Green’s, 361 
Heaviside’s, 473, 494 
Laurent’s, 451 
Stokes’s, 357 
superposition, 483 
Taylor’s, 449 
Thermal conductivity, 24 
Thermal units, 524 
Thermodynamics, 624 
Thomson, 93, 121 
Timoshenko, 214 
Total differential, 262 
Tractrix, 102 

Trajectories, orthogonal, 19, 299, 413 
•Transfer indictal admittance, 484 
Transform, Laplace, 510 ff. 
Transformation, circular, 418 
linear, 418 

Schwarfl-Chri stuff el, 419 ff., 454 
Transient solutions, 282 
Transition spiral, 179 
Translation function, 520 
Translation-sine function, 521 
Transmission line, 117, 300, 507 
Trial and error, 110 
Trials, repeated, 373 
Trigonometric series, 188 ff. 

Undetermined coefficients, method of, 
56 

Uniform convergence, 167 
Uniformly loaded beam, 30, 216 
Unit function, 484 
Unite, ab, 523 
c.g.s., 21, 523 
electromagnetic, 523 
electrostatic, 523 
f.p.s., 21, 528 
mechanical, 524 
practical, 523 
ratio of e.m. and e.s., 968 
sUt, 523 


Units, thermal, 524 

Variables separable, 3, 271 
Variation of parameters, 63 
Vector, acceleration, 343 
addition, 331 
analysis, 330 ff. 
curvature, 343 
differentiation, 338 
field, 352 

gradient, 341, 347, 349 
integration, 339 
moment, 341 
multiplication, 334, 335 
product, 334 
velocity, 343 
Velocity, areal, 344 
critical angular, 115, 116 
limiting, 23, 101 
of light, 368 
potential, 297, 420 
vector, 343 
Vibrating bar, 280 
Vibrating membrane, 321 
Vibrating string, 273, 398, 503, 518 
Vibration ;, damped, 70, 525 
forceu >0 

simple harmonic, 75 
Voltage, effective, 207 

Walker, 423 
Wallis’s formula*, 223 
Wave equation, 503; see also Vibrating 
string 

Weber, see Reimann 
Wei erst rass's Af-tcst, 169 
Weir, Sntro, 174 
Whittaker, 394 
Wills, 333 
Wilson, see Gibbs 
Wire, clamped at end, 241 
radiating, 286 
Work, 841 
Wronskian, 41 

Young, 392 
Young’s modulus, 27 

Zeros of Bessel function, 233 






